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Foreword by Norman F. Ramsey 



Studies of atomic hydrogen have been great sources for scientific discovery be- 
cause of that atom’s simplicity. These discoveries began with the Balmer series 
in 1885 and include atomic structure, early quantum theories of the atom, Dirac 
relativistic quantum mechanics, the anomalous magnetic moment of the proton 
(suggesting an internal structure of the proton) and observations of failures of 
the Dirac theory to correctly predict the hydrogen hyperfine structure, fine struc- 
ture and anomalous magnetic moment of electron. These failures stimulated the 
development of the first successful relativistic Quantum Electrodynamics (QED) 
with renormalization and the first successful gauge field theory. 

The delightful and scientifically exciting conference. Hydrogen Atom 2, in 
Italy on the Tuscan coast showed that experimental studies of atomic hydrogen 
and closely related atoms continue to be sources of new fundamental information, 
as shown by the reviews and progress reports in this edition. 

The absolute frequency of the fundamental 15 — 25 transition in atomic 
hydrogen has now been measured to 1.8 parts in 10^^, an improvement by a 
factor of 10^ in the past twelve years. This improvement was made possible by 
a revolutionary new approach to optical frequency metrology with the regularly 
spaced frequency comb of a mode locked femto-second multiple pulsed laser 
broadened in a non-linear optical fiber. Optical frequency measurement and 
coherent mixing experiments have now superseded microwave determination of 
the 25 Lamb shift and have led to improved values of the fundamental constants, 
tests of the time variation of the fine structure constant, tests of cosmological 
variability of the electron-to-proton mass ratio and tests of QED by measurement 
of g — 2 for the electron and muon. 

After years of pioneering efforts atomic hydrogen has now been successfully 
cooled to a sufficiently low temperature for Bose-Einstein Condensation (BEC) 
and high precision spectroscopy. 

With the recent advances in atomic theories and experimental techniques, the 
value of the information obtained from studies of atoms that are different from 
but similar to atomic hydrogen have increased. These studies include atomic 
helium, muonic hydrogen, positronium, muonium, antihydrogen, moderate Z 
ions, high Z ions, antiprotonic atoms and muonic atoms. 



Harvard University 
October 2000 



Norman F. Ramsey 




Preface 



Despite their intriguing simplicity two-body atomic systems such as the hydrogen 
atom continue to challenge physicists even after more than a century of research. 
The hydrogen atom has inspired the development of the fundamental theories on 
which our modern physical understanding of the world is based. Several simple 
atoms have been thoroughly studied over many decades. The hydrogen atom is 
the simplest and experimentally best accessible of them. The understanding of 
its spectra was something of a Rosetta stone in unveiling the laws of Quantum 
Mechanics in the first three decades of the twentieth century and - furthermore - 
was the spark that ignited the development of modern Quantum Electrodynamics 
(QED) after the discovery of the Lamb shift and an anomaly in the hyperfine 
structure interval in the ground state half a century ago. 

The list of simple atoms accessible now includes a broad range of very dif- 
ferent natural and artificial systems: hydrogen, helium, muonium, positronium, 
various few-electron ions, muonic atoms and exotic atomic systems containing 
a pion, antiproton etc. While hydrogen atoms form the essential part of our 
universe, the unstable atoms like muonium do not exist in nature at all. The 
investigation of simple atoms has provided us with important knowledge on fun- 
damental interactions between the particles these atoms consist of. 

Today, the simple atoms are still an important object of study, but nowadays 
they play a different role. The theory of such atoms, bound state QED, is a fruitful 
training ground for bound state Quantum Chromodymanics (QCD), the theory 
of strong interactions, and for few-body nuclear theory. The study of common 
atoms, such as hydrogen and deuterium, is opening intriguing new frontiers of 
higher and higher accuracy through new experimental technology, such as an 
entirely new approach to optical frequency metrology. 

In the cases of muonium, positronium, muonic atoms and multiply-charged 
ions, the study implies the development of new sources and new detectors. The 
application of spectroscopic methods is very attractive for pionic and exotic 
atoms, because of an extremely high (for particle physics) level of accuracy. 

The accurate study of some atoms (hydrogen, deuterium, muonium, helium 
and hydrogen-like carbon) and some free particles (electron, proton, muon) pro- 
vides us with new highly accurate values of the fundamental physical constants 
which are important far beyond the physics of simple atoms. 

This publication summarizes the progress of the last twenty years and it 
presents the state of the art in the field. It contains material from two confer- 
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ences: Hydrogen Atom (Pisa, 1988) and Hydrogen Atom 2: Precision Physics 
of Simple Atomic Systems. The latter took place in Castiglione della Pescaia, 
Italy, from May 31-June 3, 2000. As was the case twelve years ago, it was orga- 
nized as a satellite meeting to the International Conference on Atomic Physics. 
The Hydrogen Atom 2 meeting involved more than one hundred scientists from 
around the world working on different aspects of the physics of simple atoms, 
and offered them the opportunity for interdisciplinary exchanges between atomic 
spectroscopy, atomic theory, nuclear and particle physics, metrology and quan- 
tum field theory. 

Most of the contributions to the Hydrogen Atom 2 meeting are presented in 
this publication. The book consists of twelve review papers devoted to the main 
topics of the precision physics of simple atoms. The CD contains the electronic 
version of the book and, in addition, the contributed papers and a file with a 
scanned copy of the conference proceedings of the first Hydrogen Atom meeting. 

The study of such a simple thing as the hydrogen atom is indeed of gen- 
eral physical interest for a broad audience, while any conference proceedings 
reporting detailed information in the field may only be of interest to a nar- 
rower community. As a result of this, we decided to put the review papers into 
book form, while the contributed papers based on progress reports and poster 
presentations have been put onto the compact disk. We gratefully acknowledge 
Springer- Verlag for their understanding of the special nature of this endeavour 
and their agreement to promote the book + CD edition. 

Support from the Max-Planck-Institut fiir Quantenoptik (MPQ), the Euro- 
pean Laboratory for Non-Linear Spectroscopy (LENS), D. I. Mendeleev Institute 
for Metrology (VNIIM) is gratefully acknowledged by the organizing committee. 
Our special thanks go to Jurgen Kluge and Klaus Jungmann for their help in 
organizing the meeting. 

The Hydrogen Atom meeting of 2000 was the second in the series and we, as 
the meeting chairmen, would like to gratefully acknowledge efforts by F. Bas- 
sani, M. Inguscio and T. W. Hansch, who initiated the meeting series and gave 
essential support in the organization of the second Hydrogen meeting. 



Garching, Germany 
November, 2000 



Savely G. Karshenhoim 
Francesco S. Pavone 
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1 Historical Remarks 

It is really hard to overestimate the role which studies of hydrogen have played 
in establishing modern physics. Regularities in the spectrum of atomic hydrogen 
(known now as Lyman, Balmer, Paschen and Bracket series) inspired the ap- 
pearance of Bohr’s theory of the atom and the so-called old quantum mechanics . 
This model explained general features of hydrogen physics but not in full de- 
tail. A crucial success of the Schodinger theory was a calculation of the second- 
and the third-order terms of the perturbative expansion for the Stark effect in 
the hydrogen atom p. The non-relativistic theory was still not perfect and in 
particular it was not capable of dealing with the fine structure of hydrogenic 
lines. The problem was resolved with the discovery of the Dirac equation, which 
explained the fine structure and also a specific value for the spin component of 
the magnetic moment of the electron (g = 2). Some historical overview can be 
found in Ref. |2E|. 




Fine 




Dirac 


structure 


theory 


Lamb . . 


shift 


A 0 


QED 


Gross 

structure 


A n 0 


Bohr theory 
Schrodinger theory 


HFS 


AF?i0 


Schrodinger theory 


( 1 + a /27 i ) 


and QED 



hydrogen atom (not to scale) 



Later, after experiments performed by Rabi, Lamb and Kusch and their col- 
leagues, it was discovered that the actual hydrogen spectrum was in part in con- 
tradiction to Dirac theory (see Fig. 1). In particular, the theory predicted a value 
of hyperfine structure interval in the ground state of the hydrogen atom, differ- 
ent from the actual one by one part in 10^, and no splitting between 2 si /2 and 
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2pi/2 states, however the latter was observed. It was actually clear at that time 
that the theory was incomplete but there was no way to use any perturbation 
expansion because any perturbative radiative corrections contained numerous di- 
vergencies. A trial to resolve this discrepancy in the hydrogen spectrum led 0 
to the introduction of the renormalization method and the method of Feynman 
diagrams, which are now an essential part of any quantum field theory. After a 
successful application of these and other methods, the problem was set and both 
the Lamb shift and the anomalous magnetic moment {g — 2) of the electron are 
now an usual part of any university courses in modern physics. The progress in 
quantum physics with respect to the hydrogen spectrum is summarized in Fig. 1. 



2 Precision Physics of Simple Atoms 

Simple atoms are a basic physical object and their simplicity has been a challenge 
for theory and experiment for some time. One could expect that a simple atom 
should be explained with a physically transparent and simple theory and studied 
with experiments based on simple ideas. At present-day the field is still attractive 
to physicists because of the clear physical nature of different phenomena and 
a possibility to perform both precise calculations and measurements. After a 
century of work in the physics of simple atoms, the list of such atoms available 
for study is quite long: 

• hydrogen, and its isotopes: deuterium and tritium; 

• pure leptonic atoms: muonium and positronium] 

• muonic atoms; 

• the helium ion; 

• highly-charged few-electron ions at medium and high value of the nuclear 
charge Z; 

• exotic atoms, pionic atoms, antiprotonic atoms etc; 

• antihydrogen; 

• the neutral helium atom; 

• the Rydberg states etc; 

where we use italic letters for atoms, presented in this edition (see subject index 
for detail). 

The list of related studies of applications of simple atoms includes: 

• precision determination of fundamental constants; 

• precise tests of QED and bound state QED; 

• study of proton structure and other particle properties; 

• study of nuclear structure; 

• search for variation of fundamental contants; 

• search for violation of fundamental symmetries; 

• new frequency standards; 

• advanced quantum mechanics of Coulomb systems. 

An introduction to the theory of simple atoms can be found in Refs. m and 
the state of the art work in this filed as it was twelve years ago in Refs. 
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3 Studying the Simple Atoms 

3.1 Hydrogen and deuterium (see [6,7] and Part VI) 

Precision measurements of the hydrogen atom have played an important role in 
the development of frequency standards and for a long time the Is hyperfine 
structure interval was the most accurately known physical quantity, and the 
hydrogen maser was a candidate for a primary frequency standard. The study 
of the hydrogen atom is now a way to determine the Rydberg constant (i?oo) 
and to develop a natural standard of the frequency, based on the value of iZoo- 
That became possible after the development of the Doppler-free two-photon 
spectroscopy methods plfl The appearance of a new generation of frequency 
chains |B| and successful cooling of hydrogen atoms [Z| offer us an opportunity 
for further progress in a way to a iZoo-based frequency standard. However, the 
possibility of reaching an even higher precision is limited by our knowledge of 
the Lamb shift. In the case of the latter the largest source of uncertainty are 
the effects due to the proton structure which are not known with a sufficient 
accuracy jS| . The proton structure effects also limit a possibility to precisely test 
bound state QED in the case of the hyperfine structure and the Lamb shift. The 
same problem arises with the deuterium atom and helium ion. 

Indeed, since the atomic levels are affected by the nuclear structure, the 
study of the isotopic shift takes advantage of a significant cancellation of the 
QED uncertainty and offers an opportunity to study the nucleus. In particular, 
the study of the hydrogen 0 and the helium cm isotope shift provides us with 
information about proton and two- and three-nucleon systems. 

Perhaps a problem more important for applications is to eliminate the nuclear 
effects and to test the bound state QED precisely or use the bound state QED for 
the determination of some fundamental physical constants. There are a few ways 
to manage this problem El and to expand the accuracy of the tests of bound 
state QED beyond a level of our knowledge of the nuclear structure effects. 

• The proton can be simply removed from the atom and substituted for a 
lepton, a particle which is not involved in strong interactions. Such atoms, 
muonium (/r"'"e“) j1 ‘3j and positronium (e+e-) H3|, were successfully studied 
for decades. 

• One can study muonic atoms The muon orbit lies lower and much 

more close to the nucleus and its energy levels are much more affected by the 
strong interactions. However, to determine the nuclear contributions (for e. 
g. the one for the Lamb shift, which is completely determined by the nuclear 
charge radius) it is not necessary to know the QED part with an accuracy as 
high as in the case of the hydrogen atom. As a result, one can try to determine 
the parameters due to the nuclear structure and apply them afterwards to 
“normal” atoms. 

• One more way is to try to study specific quantities which are only slightly 
affected by the nuclear structure. One example of which is the fine structure 

For detail see contributed papers (Part VI) in the attached CD. 
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of the p states, the wave function of which vanishes in the vicinity of the 
nucleus. Another example is a specific difference in the results for the Is and 
2s states. 



3.2 Muonium and Positronium (see [12,13] and Part VII) 

Both pure leptonic atoms, muonium and positronium, are not stable: the muon 
lives 2.2 /rs and the positronium atom annihilates into photons in a much shorter 
time. However, they are compatible with the hydrogen atom as an object to test 
bound state QED. 

The hyperfine structure interval in hydrogen is known experimentally on a 
level of accuracy of one part in 10^^, while the theory is of only the 10 ppm 
level 0. In contrast to this, the muonium hfs interval m is measured and 
calculated for the ground state with about the same precision and the crucial 
comparison between theory and experiment is on a level of accuracy of few parts 
in 10^. Recoil effects are more important in muonium (the electron to nucleus 
mass ratio m/M is about 1/200 in muonium, while it is 1/2000 in hydrogen) 
and they are clearly seen experimentally. A crucial experimental problem is an 
accurate determination of the muon mass (magnetic moment) [1 2j . while the 
theoretical problem is a calculation of fourth order corrections {a{Za)'^m/M 
and {Za)^m/M) 

In the case of the positronium spectrum the accuracy is on the MHz-level 
for most of the studied transitions (Is hyperfine splitting. Is — 2s interval, fine 
structure) [O] and the theory is slightly better than the experiment. The decay 
of positronium occurs as a result of the annihilation of the electron and the 
positron and its rate strongly depends on the properties of positronium as an 
atomic system and it also provides us with precise tests of bound state QED. 
Since the “nuclear” mass (of positronium) is the positron mass and me+ = nig- , 
such tests with the positronium spectrum and decay rates allow one to check a 
specific sector of bound state QED which is not available with any other atomic 
systems. A few years ago the theoretical uncertainties were high with respect 
to the experimental ones, but after attempts of several groups I1VI18I19I20I the 
theory became more accurate than the experiment. It seems that the challenge 
has been undertaken on the experimental side M- 

3.3 Muonic Atoms and Nuclear Structure (see Part VIII) 

The muon is about two hundred times heavier than the electron and its orbit 
lies 200 times closer to the nucleus. The nuclear structure effects scale with the 
mass of the orbiting particle as (for the Lamb shift; i? is a characteristic 

value of the nuclear size) and as rri^R^ (for the hyperfine structure), while the 
linewidth is linear in m. That means, that from a purely atomic point of view 
the muonic atoms offer a way to measure the nuclear contribution with a higher 
accuracy than “normal” atoms. However, there are a number of problems with 
formation and thermalization of these atoms and with their collisions with the 
buffer gas. 
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3.4 Nuclear-Structure Independent Differences 

The nuclear effects (both for the hyperfine structure and the Lamb shift) are a 
result of short-distance contributions and in the leading order are proportional 
to the Schrodinger-Coulomb wave function at the origin, 

= ( 1 ) 

where oq is the Bohr radius. The value (1) vanishes for I yf 0 states and for a 
specific difference 

L;(1s) - ■ E{ns) . (2) 

A number of data are available for Is and 2s hfs intervals in hydrogen, deuterium 
and the helium-3 ion. The potential of this difference for the hfs intervals in 
the helium-3 ion 1211 with respect to testing bound state QED is compatible 
with the ground state hfs in muonium: both values are sensitive to fourth-order 
perturbative contributions. The difference of the Lamb shift plays an important 
role in the evaluation of optical data on the hydrogen and deuterium spectrum 

m- 



3.5 Fine Structure in Helium (see [23] and Part VI) 

The fine structure in hydrogen cannot be measured precisely because of the nat- 
ural radiative width of the 2p state, but it can be easily calculated. In contrast, 
while there was a problem with the accuracy of theoretical predictions, the he- 
lium fine structure has been measured precisely [23l24j . A higher experimental 
accuracy is possible because the helium triplet 2P states, 2^Pj, have a lifetime 
about 60 times bigger than the 2p states in the hydrogen atom because of a 
forbidden (in the nonrelativistic approximation) 2^Pj — IS" transition in helium. 
On the other hand, neutral helium, in contrast to the hydrogen atom, is a three- 
body system and even in the leading non-relativistic approximation, no exact 
solution is available, which causes troubles on the theoretical side. Fortunately, 
recently a significant progress in theory was obtained (see Ref. [23 and the ref- 
erences therein) . Other options for the study of an interval which is not affected 
by the nuclear structure and can be measured accurately I2nii are given by the 
hyperfine structure of 2S and 2P levels, caused by the spin-spin electron-electron 
interaction. 

Helium is not the only three body system under study, but it is likely the 
most complicated one. The electron-electron interaction is comparable with the 
electron-nucleus interaction and cannot be considered as a perturbation. The 
situation is different with helium-like (and lithium-like) ions, where the electron- 
electron interaction is as small as 1/Z with respect to the interaction of an 
electron and the nucleus. 
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3.6 Few-Electron Ions (see [26,27] and Part XI) 

A few-electron ion at moderate or high Z is a good example of a simple atom 
which is actually more simple than the neutral helium or lithium. The nuclear 
charge is large Z N (TV is the number of electrons, N = 1—3) and all electrons 
are essentially hydrogen-like ones and that differs significantly from neutral he- 
lium and lithium. The electron-electron interaction is a small perturbation of the 
same order as the radiative corrections. It is sometimes not even possible to split 
a calculation of radiative corrections (e. g. the self energy of an electron) and 
electron-electron interactions (the exchange-photon contribution) . The problem 
is that the few-electron wave function is an asymmetrical combination of prod- 
ucts of the single-electron wave functions and the two-electron Green function 
contains the electron-exchange diagram. The gauge invariant set must include 
interactions of any electron in the initial state with every electron in the final 
state (see e.g. Fig. 2). 




Fig. 2. Correction in linear order of a to the two-electron Green function 



Recently, in addition to the Lamb shift m and hyperfine structure, one more 
value was measured with a high accuracy - the g factor of an electron bound in 
a hydrogen-like ion m- 

Recent progress in the study of high- and medium- Z ions |2til2Vf make cal- 
culations of two-loop corrections an important problem and that involves more 
QED effects in the study and now the status of high-Z and \ow-Z physics is very 
similar: both need to take into account terms and both cannot only apply an 
expansion ia Z a. 

3.7 Medium-Z Physics (see [26,27] and Part XI) 

A special case of few-electron ions is the medium-Z case, when 

Za 1 and Z ^ N. 

One can hope that both technics, l/.Z-expansion (high-Z technics) and Za- 
expansion (low-Z technics), can be applied. At medium Z one can try to pro- 
vide a cross check of both theoretical approaches. Both use some expansion and 
that means that both are incomplete. It is necessary to somehow estimate the 
higher-order corrections which cannot be calculated now. The estimation of such 
corrections is a kind of art and it is very helpful HH if we can try to verify these 
estimates in the case of medium Z . 
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3.8 Higher- Order Corrections 

Recently, a problem of one- 1^ and three-loop m corrections at low Z was 
resolved with sufficient accuracy, while the two-loop effects are known only in 
part (for detail on theoretical calculation see a review ED). After the first 

calculation of some a'^{Za)^m terms | l32j there were few medium-Z calculations 
E3 which contradicted each other. They have showed that the a^{Za)^m term 
is expected to be large. 

There are two kinds of higher-order corrections that now limit the accuracy 
of theoretical calculations m-- 

• two-loop corrections in order a^{Za)^mc^; 

• radiative-recoil corrections in order a{Za)^rn?c^ /M^ and pure recoil terms 
in order {Z vr? (? / M'^ . 

The latter presents the largest sources of uncertainty in the theory of the muo- 
nium hfs interval, positronium energy spectrum and the specific nuclear-structure- 
independent difference for the hfs in the helium ion. The former are crucially 
important for the theory of the Lamb shift in hydrogen and medium-.^ ions, 
for the difference in Eq. (2) applied to the Lamb shift and hyperfine structure 
in hydrogen and helium ion, and for the bound electron ^-factor. In the case 
of high-Z, the Lamb shift, gi-factor and hyperfine structure require an exact 
treatment of the two-loop correction. 



3.9 Bound State QED 



The higher-order two-loop corrections are to be calculated within the so-called 
external filed approximation (i. e. neglecting by the nuclear motion), while the 
recoil effects require an essential two-body treatment. There are a few approaches 
to solve the two-body problem (see e.g. E2)- Most start with the Green function 
of the two-body system which has to have a pole at the energy of the bound 
state 



G{E ^ E„) 



\n) {n\ 
E — En 



( 3 ) 



The theory is needed to construct a perturbative approach to find a position of 
this pole. 



Bethe-Salpeter Equation 

The most straightforward way refers to the Bethe-Salpeter equation, i.e. an equa- 
tion for the two-body Green function. It may be solved for the Goulomb potential 
and a two-body perturbative theory can be developed starting from this solu- 
tion. This method was rarely used in the bound state QED calculations, being 
very complicated. 
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Effective Dirac Equation 

An obvious disadvantage of this approach is a complicated two-body pertur- 
bation theory. Actually, if one studies the Green function with some particular 
kinematics (i.e. with the nucleus in the rest, or with the nucleus on the mass shell) 
the Green function still has a pole. We can study equations for this Green func- 
tion with reduced kinematics. Since the nuclear degrees of freedom are strongly 
reduced, it is possible to find an effective single-particle equation. The price of 
this reduction is the appearance of new diagrams for interaction. This approach 
was applied numerous times to hydrogen and muonium. It is a single body per- 
turbation theory - the wave functions and the Green function are essentially 
the single-particle ones. Any two-body effects (beyond a kind of reduced mass 
effects) are put into a perturbative Hamiltonian. While nucleus is a real parti- 
cle and often treated non-relativisticly, the electron is a relativistic one and can 
be real (on the mass shell) or virtual (off the mass shell). It is described with 
the help of an effective Dirac equation which allows for the easy solution of the 
“unperturbed problem” with the Goulomb interaction. 



Effective Schrddinger Equation 

Reducing the degrees of freedom of the only nucleus is fruitful in the case of 
a heavy nucleus. In the positronium atom the nucleus has the same mass as 
the electron and it is useful to treat both particles symmetrically. It is well 
known that the a^m terms originate not only from relativistic effects, but also 
from annihilation contributions and the Fermi interaction. Due to that, the most 
useful approximation is a non-relativistic one and the final single-body equation 
is an effective Schrddinger equation with Goulomb interaction. This approach, 
based on an effective equation, was also developed for the few-body problem in 
nucleus physics. 



Effective Non-Relativistic Hamiltonian 

An alternative method was developed starting in the thirties. It was an approach 
with an effective non-relativistic Hamiltonian. The clear advantage is that if 
theory can be described with the help of a non-relativistic Hamiltonian, the two- 
body problem is not a problem at all. It is just a question of the introduction of a 
reduced mass. One of the equations of this kind is know as a Breit equation. One 
of the problems of any non-relativistic approaches is a divergency due to short- 
distance contributions. That is not a divergency which leads to renormalization 
of mass and charge. It has a different nature - any non-relativistic expansion is 
incomplete, because corrections become large with high momentum and some 
integrals are needed to be cut at relativistic momenta. An example of such 
a cut-off is a well-known calculation by Bethe of the Lamb shift, where the 
contributions of high and low energy were separated. 
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Different non-relativistic approaches developing these ideas were introduced. 
The most effective one, used successfully in positronium and muonium calcula- 
tions was introduced by Caswell and Lepage and is known as NRQED (Non- 
Relativistic QED) m- Some applications to positronium are presented in this 
edition in Refs. [T7l2n| . 

A similar approach (NRQCD) is applied to some quark-antiquark system. 
The idea of this approach is close to the so-called operator approach in particle 
physics. A cut-off is introduced everywhere to split distance/momentum/energy 
into two parts. The one uses perturbative physics and the other cannot. In the 
case of NRQED the perturbative effects are non-relativistic and they deal with 
the Schrodinger wave function and Green function. The non-perturbative part 
comes from relativistic contributions to effective operators and has to be de- 
termined beyond the non-relativistic expansion within NRQED. The relativistic 
operators are usually found by calculating relativistic scattering amplitudes and 
matching them with a phenomenological non-relativistic hamiltonian. 

3.10 Exotic Atoms (see [35,36] and Part IX) 

The situation is similar to when one used to deal with an object of a simple struc- 
ture of the states, but a complecated nature. There are a number of examples of 
such objects in atomic, nuclear and particle physics. An effective hamiltonian, 
described with a few parameters, is usually introduced and the parameters must 
be determined experimentally. A well-known example is the nuclear contribu- 
tions to the atomic energy levels in the hydrogen-like atoms 



We cannot calculate the nuclear structure but we can describe the leading cor- 
rection to the Lamb shift with the help of a simple delta-like potential, which 
depends on a single parameter, the nuclear charge radius R, calculated as (R^). 
The parameter must be found experimentally. Usually this contribution is small 
enough and if necessary some corrections can be calculated. 

There is a kind of atom where the nuclear effects are very large - exotic 
atoms, containing hadrons, i.e. particles that can interact strongly: pions, an- 
tiprotons, kaons etc. In such atoms any advanced high-accurate QED theory 
is not necessary and a goal to study such atoms is to measure these nuclear 
parameters. An important feature of any spectroscopic measurement is its high 
accuracy in respect to non-spectroscopic methods. That is very important for ex- 
otic atoms, because some, like e.g. pionium (7r+7r“-system or bound 7r/r-system) , 
are available in very small quantities (a few hundreds) 




Pionic Atoms and Antiprotonic Atoms 

Recently, serious progress was made in pionic and antiprotonic atoms and that 
gave new results about scattering lengths and the pion mass. The work with 
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these atoms is limited by the their lifetime because of the unstability of the pion 
and the annihilation of the antiproton with the nucleus. However, it was found 
that some atomic states in antiprotonic helium can have a long life time, because 
of a high value of the orbital momentum and, thus, a low annihilation rate of 
the orbiting antiproton and nuclear proton m- For such an atom we can expect 
some really precise measurements which can provide us with e.g. an accurate 
value of the (anti)proton mass. 

3.11 Antihydrogen and CPT Violation (Part IX) 

There is an atom which contains an antiproton and nevertheless it is stable. That 
is antihydrogerQ. Its spectrum must be the same as the hydrogen spectrum, it 
is questionable if it really is the same. A goal of two large international collabo- 
rations projects running at CERN is the production and spectroscopic study of 
slow (trapped) antihydrogen atom in order to test CPT invariance, which implies 
the same mass, charge, magnetic moment etc of particles and their antiparticles. 



3.12 Exotic Events 

While experiments with an antihydrogen atom (after experimental success in its 
trapping, cooling and keeping for a while in the trap) look like routine measure- 
ments (but an extremely accurate one), another kind of search for new physics 
is a search for exotic events which are forbidden within the Standard model but 
can nevertheless occur within its extensions. A few of them deal with simple 
atoms. 

One is based on a study of the possibility of the conversion of muonium 
(/i+e“-system) to antimuonium (/i^e^-system) ^2|- This is possible in the case 
of non-conservation of electronic charge (i.e. the number of electrons and elec- 
tronic neutrinos minus the number of positrons and antineutrinos) and muonic 
charge (i.e. the number of muons and muonic neutrinos minus the number of their 
antiparticles). Both must be conserved separately with the Standard Model. 

Another example is dealing with the search for different exotic modes in the 
decay of positronium Some of them involve no new particles but violates C 
and P symmetry, the others are supposed to produce new neutral particles. 

3.13 Variation of Constants (Part X) 

In contrast to the search for exotic events with a low probability, one can try 
to learn new physics with the help of high accuracy. The most promising way 
now is likely to look for a variation of results due to different circumstances. 
One possibility is a variation of fundamental constants with time. Some of these 
comparisons can be done over an astronomical time m- 

^ The couple atom-antiatom produced for the first time, was actually an exotic sys- 
tems: fj,~ and (see m for detail). However, only in the case of antihydrogen 

some precision study can be possible. 
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3.14 Precision Frequency Metrology ([38] and Part X) 

Precision frequency metrology is now compatible for the search of a variation of 
the constants m- A new generation of frequency chains |S] allows to easily do 
two kind of frequency measurements which were hardly available previously: 

• the comparison between two arbitrary optical lines; 

• the comparison between an optical line and a microwave signal. 

Recent progress in the development of the chain was inspired by the study of 
the Is — 2s transition at MPQ 0. 

3.15 Determination of Fundamental Constants ([39,40] and Part X) 

Another metrological application of simple atoms is the determination of values 
of the fundamental physical constants. In particular, the use of the new frequency 
chain for the hydrogen and deuterium lines provided an improvement of a 
value of the Rydberg constant (i?oo)- But that is not the only the constant 
determined with help of simple atoms. A recent experiment on g factor of a 
bound electron |27l11j has given a value of the proton-to-electron mass ratio. 
This value now becomes very important because of the use of photon-recoil 
spectroscopy for the determination of the fine structure constant (see also 
0 ). 

The fine structure constant a can be determined with the help of several 
methods. The most accurate test of QED involves the anomalous magnetic mo- 
ment of the electron m and provides the most accurate way to determine a 
value for the fine structure constant. Recent progress in calculations of the he- 
lium fine structure has allowed one to expect that the comparison of experiment 
PBE3 and ongoing theoretical prediction p.!| will provide us with a precise value 
of a. Since the values of the fundamental constants and, in particular, of the fine 
structure constant, can be reached in a number of different ways it is necessary 
to compare them. Some experiments can be correlated and the comparison is 
not trivial. A procedure to find the most precise value is called the adjustment 
of fundamental eonstants EH). A more important target of the adjustment is to 
check the consistency of different precision experiments and to check if e.g. the 
bound state QED agrees with the electrical standards and solid state physics. 

Fundamental physical constants are universal and their values are needed 
for different problems of physics and metrology, far beyond the study of simple 
atoms. That makes the precision physics of simple atoms a subject of a general 
physical interest. The determination of constants is a necessary and important 
part of most of the so-called precision test of the QED and bound state QED 
and that makes the precision physics of simple atoms an important field of a 
general interest. 

4 About This Publication 

Precision physics of simple atoms offers the opportunity of interdisciplinary ex- 
change between atomic spectroscopy, nuclear and particle physics and quantum 
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field theory. Our publication is devoted to the following main topics: the hy- 
drogen atom, muonium and positronium, the neutral helium atom and helium 
ion, few-electron highly-charged ions at medium and high Z, muonic and exotic 
atoms, and the determination and variation of fundamental physical constants. 
This publication is based on oral and poster presentations from the Hydrogen 
Atom 2 meeting, which took place in Castiglione della Pescaia (May, 31-June, 
3, 2000). The Hydrogen Atom 2: Precise Physics of Simple Atomic Systems was 
the second conference, following the initial Hydrogen Atom meeting in 1988. This 
publication consists of a book and a CD with reviews and contributed papers to 
both Hydrogen Atom meetings. 

The review contributions of the more recent meeting. Hydrogen Atom 2, form 
the book, which presents the state of the art in 

• high-resolution spectroscopy of hydrogen and helium; 

• the study of muonium and positronium; 

• precision spectroscopy and the determination of the fundamental constants; 

• spectroscopy of highly-charged ions; 

• the formation and spectroscopy of exotic atoms. 

The consideration of the basic problems and recent progress in the field is contin- 
ued in an electronic book of contributed papers, which is on the CD. To simplify 
the use of the books we also put onto the CD the book of reviews. 

The Hydrogen Atom 2 meeting covers advances in the physics of simple atoms 
made over more than a decade since the first meeting the Hydrogen Atom, which 
took place in Pisa in June, 30-July 2, 1988. The proceedings of this meeting jS] 
were published by the chairmen, G. F. Bassani, M. Inguscio and T. W. Hansch, 
and their scanned content is also included on the CD. 

Thus, this publication consists of: 

• The book The Hydrogen Atom: Precision Physics of Simple Atomic Systems, 
edited by S. G. Karshenboim, F. S. Pavone, G. F. Bassani, M. Inguscio and 
T. W. Hansch (XXIII, 293 pages); 

• The CD which contains, in pdf form, 

— The contents of the above book; 

— The Hydrogen Atom: Precision Physics of Simple Atomic Systems. Con- 
tributed papers, edited by S. G. Karshenboim, F. S. Pavone (509 pages) 
as a pdf file; 

— A scanned copy of the book The Hydrogen Atom of 1989, edited by 
G. F. Bassani, M. Inguscio and T. W. Hansch (351 pages). 

The book contains the author and subject indexes for the whole publication. 
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Abstract. We review advances in optical precision spectroscopy of atomic hydrogen 
achieved at Garching and Paris since the first symposium on the Hydrogen Atom at 
Pisa in 1988. The work at Garching has been focused on measurements of the IS — 2S 
and 2S— 4S two-photon transitions in atomic hydrogen and on the isotope shift between 
hydrogen and deuterium. The Paris experiments have been directed at the IS — 3S 
and 2S — nS/nD transitions. A general least squares adjustment combining different 
measurements yields the currently most precise values for the Rydberg constant and 
the Lamb shift of the IS ground state. 



1 Introduction 

Optical spectroscopy of hydrogen has played an important role since the be- 
ginnings of quantum physics because the simple hydrogen atom permits crucial 
confrontations of experiment and theory Doppler broadening limited classical 
spectroscopy to an accuracy of a few parts in 10^. The advent of tunable lasers 
and nonlinear techniques of Doppler-free spectroscopy in the early seventies led 
to major advances in resolution and measurement precision j2j. At the time of 
the first Symposium on the Hydrogen Atom at Pisa in 1988, laser spectroscopic 
experiments in different laboratories had reached a precision of a few parts in 
10^°, and they were approaching another formidable hurdle, the limits of opti- 
cal wavelength interferometry, as imposed by unavoidable geometric wavefront 
errors. 

Since then, hydrogen spectroscopy has inspired major advances in the art 
of measuring the frequency of light. With frequency interval divider chains jSj, 
frequency comb generators |4I5| and other new tools, it has become possible 
to measure and compare hydrogen transitions to new levels of accuracy. These 
experiments have now yielded precise new values for the Rydberg constant, the 
Lamb shift of the IS' ground state, the charge radius of the proton, and the 
structure radius of the deuteron. 
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This article will review the spectroscopic experiments at Garching and Paris 
with emphasis on recent results. In Garching we have focused on measurements 
of the IS” — 2S and 2S — dS” two-photon transitions in atomic hydrogen and on 
the isotope shift between hydrogen and deuterium, as discussed in Section 2. In 
Paris, we have studied the 15' — 35 and 25 — nS/nD transitions, as described in 
Section 3. Although both groups have independently determined values for the 
15 ground state Lamb shift and the Rydberg constant, a general least squares 
adjustment combining these measurements yields the most precise results which 
are summarized in Section 4. 

Right now, we are witnessing a dramatic change of paradigm in optical fre- 
quency metrology and precision spectroscopy. Femtosecond laser frequency comb 
techniques as pioneered in Garching have culminated in a compact and reliable 
single-laser frequency “chain” that permits the ultraprecise comparison of an 
optical frequency with the microwave frequency of a cesium atomic clock in a 
single step jS]. Precise optical frequency measurements are now, for the first 
time, within reach of small scale spectroscopy laboratories. We also have fi- 
nally a “clockwork” that makes it feasible to construct more accurate atomic 
clocks based on sharp optical transitions in atoms, molecules, or ions. Future 
comparisons of different spectroscopic precision measurements are likely to test 
QED and fundamental symmetries to unprecedented levels. Such experiments 
may even unveil conceivable slow changes of fundamental constants or possible 
differences between matter and antimatter. 

2 The Hydrogen IS — 2S Transition 

For almost three decades, the 15— 25 transition in atomic hydrogen with its nat- 
ural linewidth of only 1.3 Hz has inspired advances in high resolution laser spec- 
troscopy, quantum electrodynamic theory, and optical frequency metrology m- 
With increasing accuracy of the transition frequency measurements, it was pos- 
sible to determine new values for important physical constants 0. In the future, 
conceivable slow changes of some fundamental constants might be revealed, and 
a comparison between hydrogen and antihydrogen will allow for a stringent test 
of GPT invariance for leptons and baryons 0. 

2.1 Hydrogen 15 — 25 Two-Photon Spectroscopy in an Atomic 
Beam 

In 1990 an atomic beam spectrometer for Doppler-free continuous-wave two- 
photon spectroscopy of the hydrogen 15 — 25 transition became first opera- 
tional at Garching [^. Its underlying principles had already been presented at 
the Pisa Symposium in 1988 0. In contrast to former experiments which mea- 
sured this transition in a gas cell 1101111121 , the virtual absence of collisions in 
the atomic beam and the long interaction time between atoms and the excitation 
light due to the longitudinal geometry allowed measurements with several or- 
ders of magnitude increased accuracy. Fig 0shows that apparatus in its present 
configuration j I, 'ill 4) . 
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Fig. 1. Setup for Doppler-free two-photon spectroscopy of the hydrogen IS — 2S tran- 
sition 



A coumarin-102 dye laser pumped by a krypton ion laser emits about 500 mW 
radiation near 486 nm. Its frequency is servo locked to an external reference cav- 
ity by means of the Pound-Drever-Hall technique H3|. The reference cavity con- 
sists of two gyro-quality mirrors {F « 57 000) optically contacted on a Zerodur 
spacer, which is suspended by soft springs inside a vacuum chamber. An acousto 
optic modulator (AOM) shifts the laser frequency to match one of the cavity 
modes. Fast frequency fluctuations of the dye laser are compensated for by an 
additional intracavity electro optic modulator (EOM) . The blue light of this sta- 
ble dye laser is resonantly enhanced in a ring cavity which is locked to the laser 
frequency m- In this cavity, a Brewster cut /3-barium-borate crystal produces 
about 20 mW second harmonic light near 243 nm. After passing a mechanical 
chopper, the generated UV light is coupled into a linear enhancement cavity 
inside a vacuum chamber which is pumped by a 10000 1/s cryopump. The cavity 
is locked to the second harmonic frequency by a second Pound-Drever-Hall lock. 

Atomic hydrogen produced in a discharge outside the vacuum chamber is 
emitted collinearly to the axis of the enhancement cavity by a nozzle consisting 
of a small channel in a metal block. This geometry assures good overlap between 
the standing UV wave and the atomic trajectories, and long interaction times 
are possible. The block can be cooled, providing the opportunity to reduce the 
atomic beam temperature by collisions with the cold walls of the nozzle. After a 
distance of 15 cm over which the atomic beam is collinear with the UV standing 
wave, some atoms are excited to the 2S state by a Doppler-free two-photon 
transition. The atoms are then entering a 2S detector that uses a small dc 
electric quench held which mixes the 2S and the 2P states such that the excited 
atoms decay and emit a Lyman-a photon. This fluorescence is detected by a 
solar-blind photomultiplier tube. In order to reduce spurious background counts 
due to scattered 243 nm radiation, the light held is chopped, and signal photons 
are detected only during the dark times. A computer is used to control the AOM 
frequency and to record the data. 
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Fig. 2. Doppler-free spectra of the IS — 2S two-photon transition (F = 1 — > F = 1) in 
atomic hydrogen, a) Spectra for three different nozzle temperatures and no delay time, 
b) Time resolved spectrum (nozzle temperature 6.5 K). This plot gives the 2S count 
rate as a function of the absolute optical frequency for different delay times. The inset 
shows the spectra with longer delay times on a magnified scale 



With this experiment, it became possible to observe the Doppler-free two- 
photon 1S—2S resonance in a hydrogen atomic beam. At an atom temperature of 
roughly 170 K obtained by cooling the nozzle with liquid nitrogen, the measured 
linewidth was 60 kHz at 243 nm, corresponding to a resolution of 5 parts in 10^^. 
It was limited by the second order Doppler effect (« 25 kHz) and time of flight 
broadening. In subsequent experiments, the spectral resolution was significantly 
improved, mainly by the use of a copper nozzle cooled with a liquid helium 
cryostat, so that the temperature of the beam was reduced to 7 K. Spectra taken 
at different temperatures clearly show the decrease of the linewidth with lower 
temperatures (Fig. El a)). Noticeably, the second order Doppler shift (oc u^/c^), 
causing an asymmetry of the spectra, decreases faster for lower temperatures 
than the time of flight broadening (oc v). The second order Doppler shift gives 
not only a line broadening, but also a systematic redshift of the line center. 

In later measurements, very slow atoms from the broad Maxwellian velocity 
distribution were selected in order to allow for even narrower lines and smaller 
systematic shifts. For these measurements, the signal detection was enabled only 
at a (variable) delay time r after blocking the excitation light field with the 
chopper, such that only atoms with velocities v below Vmax = d/r (d being the 
distance between nozzle and photomultiplier) could contribute to the signal. The 
drastically reduced count rate at high delay times, however, makes data analysis 
difficult. Therefore, a multichannel photon counter is now used to register all 
signal photons tagged with their arrival times. An example for a recent time 
resolved measurement is shown in Fig. Elb). 

The transit time broadening has been further reduced by installing a small 
aperture in front of the photomultiplier. Thereby, only atoms that travel close 
to the axis of the enhancement cavity contribute to the signal. 
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Light power [mW] 

Fig. 3. Absolute IS' — 2S transition frequencies (F = 1 — > F = 1 component) derived 
from the line shape model and plotted versus excitation light power 



2.2 Theoretical Line Shape Model 

For an accurate data analysis, a detailed understanding of systematic effects 
is necessary. Although they are significantly reduced with the improved spec- 
troscopy techniques described above, they still broaden the absorption line pro- 
file and shift the center frequency. In particular, the second order Doppler shift 
and the ac-Stark shift introduce a displacement of the line center. To correct for 
the second order Doppler shift, a theoretical line shape model has been developed 
which takes into account the geometry of the apparatus as well as parameters 
concerning the hydrogen atom flow. The model is described in more detail in 
Ref. [T^ . 

By numerical integration of the Bloch equations describing the classical tra- 
jectory of an atom from the nozzle through the standing wave field at 243 nm to 
the detector and integration over all possible trajectories and over the velocity 
distribution of the atoms, a theoretical line shape is deduced which is then fitted 
to the experimental data. The solid lines in Fig. El are obtained from this fitting 
procedure. 

A single set of seven parameters is sufficient to fit all velocity classes si- 
multaneously, which means that not only the counts from slow atoms but all 
counts are used to find the true line center. The parameters are: a universal 
amplitude of the measured line profile, the laser detuning which describes the 
difference between measured and unperturbed line center, the slightly modified 
Maxwellian-like velocity distribution of the atoms modelled by three parame- 
ters, the beam temperature and the linewidth of a Lorentzian profile folded in 
which takes care of additional broadening effects like the linewidth of the laser. 
In this way, the second order Doppler shift is corrected for within « 20 Hz. We 
account for the ac-Stark shift by recording spectra at different light intensities 
and extrapolating the resulting line centers to zero laser power, as shown in 
Fig. 0. With the Garching line shape model, it has been verified that the shift 
is, as predicted, linearly dependent on the intensity with a slope that is in good 
agreement with the theory. 
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2.3 Optical Lamb Shift Measurements 

In initial experiments at Garching we have combined the IS' — 2S spectrometer 
with another atomic beam apparatus for the excitation of the 2S — 4S/4D transi- 
tion in atomic hydrogen similar to the experiments in Paris ittit™ . aiming at 
an improved measurement of the hydrogen ground state Lamb shift L(1S) m- 

By comparison of one quarter of the IS — 2S transition frequency with the 
2S — 4S and 2S — 4D transition frequency, the main energy contributions de- 
scribed by the simple Rydberg formula are eliminated. The remaining difference 
frequency (about 5 GHz) is determined by well known relativistic contributions, 
the hyperfine interaction, and a combination of Lamb shifts. Since quantum 
electrodynamic contributions scale roughly as 1/n^ with the principal quantum 
number, the Lamb shift of the IS level is the largest. 

The discovery of the 2S — 2P Lamb shift has led to the development of 
the theory of quantum electrodynamics. Today, radio frequency measurements 
of this splitting have reached the uncertainty limits imposed by the 100 MHz 
natural linewidth of the 2P state. The considerably sharper optical two-photon 
resonances used in optical experiments leave significant room for future improve- 
ments. 

To excite the 2S — 4S/4Z3 two-photon transition a Ti:Sapphire laser operat- 
ing near 972 nm is used. The laser is locked to a stable reference cavity using 
a piezo mounted mirror and an external AOM to compensate for fast frequency 
fluctuations. A second AOM allows the tuning of the laser over the atomic res- 
onance. The light is coupled into an external longitudinal enhancement cavity 
built around the 2S — 4S vacuum chamber similar to the IS' — 2S apparatus. 
However, here metastable 2S atoms are created by electron impact and are di- 
rected onto the laser axis as shown in Fig. 0 After an interaction region which 
is collinear with the standing laser wave, the remaining atoms in the 2S state 
are detected in a similar way as described by the Paris group in section rm A 
2S — 4:Sj4:D two-photon excitation leads to a decreased 2S count rate, as the 
excited atoms reach the IS ground state via an intermediate P state with 95 % 
probability. The typical observed decrease in the metastable yield was 5 % for 
the 2S — 4S spectra, and 20 % for the 2S — 4D spectra. 

A small part of the infrared light was frequency doubled in a KNbOa crystal 
to 486 nm and combined with the blue light of the dye laser that excites the 
IS — 2S transition. A fast photodiode is used to observe the frequency difference 
v{2S — 4S/ AD) — 1/4* i/(lS — 2S). Fitting the 2S — 4S and 2S — AD line profiles 
with a theoretical model calculated by Garreau et al. !17ll8ll9j and correcting 
for some systematic effects, the ground state Lamb shift could be determined 
with an accuracy of 1.3 parts in 10®, one order of magnitude more precise than 
in previous measurements |ZI|22|. 

Two years later, a detection system for Balmer-/3 fluorescence was added 
to the 2S — ASjAD apparatus. Because of the better signal to noise ratio of 
that signal a remeasurement for both hydrogen and deuterium m resulted in 
improved values. By that time, the relative precision of the IS” Lamb shift already 
exceeded that of radio frequency measurements of the classic 2S—2P Lamb shift. 
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Fig. 4. The first 1992 Garching frequency chain for the measnrement of the IS' — 2S 
transition in atomic hydrogen (#: phase-locked loop, SHG: second harmonic generation) 



An even more accurate value of the IS Lamb shift can now be derived from a 
comparison of absolute frequency measurements of the IS — 2S and 2S — nS, nD 
transitions in Garching and Paris, as discussed in Section 0-0 

2.4 Absolute Measurements of the IS — 2S Transition Frequency in 
Atomic Hydrogen 

Until 1992, the accuracy of spectroscopic measurements was limited to 1.6 parts 
in 10^° by the reproducibility of the l 2 -stabilized HeNe laser at 633 nm which 
served as an optical frequency standard, and by the unavoidable geometric wave- 
front errors in wavelength interferometry. To overcome this limitations it was 
necessary to measure the optical frequency rather than the wavelength. 

The first frequency measurement of the IS — 2S resonance made use of a 
transportable CH 4 -stabilized HeNe infrared frequency standard at 88 THz m, 
built at the Institute of Laser Physics in Novosibirsk/Russia. For calibration it 
was transported repeatedly to the Physikalisch-Technische Bundesanstalt (PTB) 
in Braunschweig/Germany where it could be compared with a Gs atomic clock 
using the PTB frequency chain [2S]. 

The first Garching laser frequency chain shown in Fig. 0 takes advantage of 
the near coincidence between the 28th harmonic of the GH 4 -stabilized HeNe laser 
frequency 28/ and the 15' — 25 transition frequency in atomic hydrogen being 
28/ — 4Z\/. With three frequency doubling stages, the 8th harmonic of the fun- 
damental frequency at 424 nm was generated. When combining that frequency 
with the sum of the dye laser frequency at 7/ — Af and the frequency of the 
HeNe standard / on a photodiode, a beat signal of Af could have been observed 
in principle. However, as Af « 2.116 THz and no fast counting technique was 
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Fig. 5. Principle of an optical frequency interval divider. An arbitrary large frequency 
interval /i — /2 is phase coherently divided by two by locking a third laser (/a) precisely 
in the center of the interval. This is achieved by phase locking the sum frequency /i +/2 
to the second harmonic 2/3. Then /a = (/i + f 2) j 2 holds 

available at that time, the dye laser was alternately locked to two modes of the 
reference cavity, one close to the fourth subharmonic of the IS” — 2S transition 
(Jf — Af) and the other at 7/ as obtained from the sum frequency 7 f + f = 8f 
as shown in Fig.0 The IS' — 2S transition frequency was then determined from 
the calibrated HeNe laser (/) and the measured frequency difference Af ob- 
tained by counting the number of reference cavity modes needed to bridge the 
gap. The mode spacing was precisely measured beforehand with the help of a 
84 GHz EOM The obtained accuracy of 1.8 parts in 10^^ represented an 
18-fold improvement, limited then by the interpolation of the cavity drift. 

The next big advance towards higher precision was the 1997 phase-coherent 
measurement of the frequency gap with an optical frequency interval divider 
chain The 2.1 THz gap was no longer measured by counting cavity fringes, 
but divided down to the radio frequency domain by a phase-locked chain of 
five optical frequency interval dividers |5filJ (see Fig. 0). The accuracy of this 
approach was limited by the secondary frequency standard to 3.4 parts in 10^^, 
exceeding the accuracy of the best previous measurements by almost two orders 
of magnitude. 

The most recent absolute measurement of the hydrogen IS' — 2S transition 
frequency m took advantage of the revolutionary femtosecond comb technology 
discussed in detail elsewhere in this volume lOj- We shall therefore describe this 
technique only briefly. The first direct link between an ultraviolet optical fre- 
quency and the microwave frequency of a cesium atomic clock has been achieved 
with the use of a femtosecond laser frequency comb using a modified version of 
the existing Garching frequency chain, as sketched in Fig. El From the dye laser 
for the excitation of the IS — 2S resonance, two optical frequencies A/7 f dye and 
l/2fdye are derived. While the first frequency involved the frequency chain shown 
in the left part of Fig. E] the second frequency is generated by phase locking the 
second harmonic of a diode laser near 972 nm to the dye laser. The frequency 
gap between 4/7/dye and lj2fdye, corresponding to 44 THz, is sufficiently small 
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Fig. 6. Comparison of the hydrogen IS — 25' transition frequency with a Cs clock nsing 
a femtosecond comb. This is a simplified version of the frequency chain shown in Fig. 4 
Ref. [6] in this volume 



that it can be measured with the wide comb of regularly spaced modes emitted 
by a mode-locked fs laser. The mode spacing is given by the repetition rate of 
the fs laser, which is phase locked to a Cs atomic clock. 

We wish to point out, that by use of a suitable fiber which further broadens 
the spectrum, this fs laser frequency measurement technique has now been sim- 
plified to a setup with a single laser, as described elsewhere in this volume jOj- 
With the technique of Fig. 0 the 15 — 25 transition frequency was measured 
twice, first with a GPS referenced commercial Cs clock EHl, and second with a 
transportable Cs atomic fountain clock constructed by A. Clairon and coworkers 
in Paris m- A total of 614 spectral lines was recorded in the latter measure- 
ment during ten days, and fitted with the described line shape model m After 
adding a correction of 310 712 233(13) Hz to account for the hyperfine splitting 
of the 15 and 25 levels, we obtain for the hyperfine centroid |2S| : 

^(15 - 25) = 2 466 061 413 187 103(46) Hz 

This measurement represents now the most precise measurement of an optical 
frequency, and the best realization of the meter. 

2.5 15 — 25 Isotope Shift and the Deuteron Structure Radius 

The deuteron, being the simplest compound nucleus, provides an important test- 
ing ground for theories of nuclear few body systems which predict the deuteron 
structure radius. Traditionally, this radius has been determined from accelerator- 
based electron scattering data. In an optical spectroscopy experiment in 1993, a 
new value for the deuteron structure radius with significant deviation from the 
previously adopted value was found m- 

We focus here on the description of the 1997 measurement of the hydrogen- 
deuterium 15 — 25 isotope shift carried out in Garching m, that confirmed 
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Fig. 7. Values for the deuteron structure radius 



the 1993 result. A passive comb generator was used to measure the frequency 
difference of 671 GHz between the IS'— 25 transition in hydrogen and deuterium. 
This comb generator m consisted of a single crystal passive optical resonator 
that is used as an efficient electro optic modulator to impose sidebands on an 
injected cw laser. At that time the achievable spectral width was limited by the 
crystal group velocity dispersion to a few THz External optical amplification 
with subsequent self-phase modulation in an optical fiber could today surpass 
that limit m- After applying gain to a passive modulator and compensating 
for the group velocity dispersion, the use of a mode-locked laser is just the 
consequential continuation of this technology. 

The Garching group obtained an experimental result for the IS — 2S transi- 
tion frequency isotope shift of 670 994 334.64(15) kHz, from which one also can 
calculate a value for the deuterium IS — 2S transition frequency: ^(IS — 2S) = 
2 466 732 407 521.74(16) kHz Most of the H-D isotope shift is caused by the 
different recoil/masses of the nuclei. The leading term is obtained by calculating 
the difference of the transition frequencies from the Dirac energies i?ooe(nZ) that 
include all mass dependent recoil corrections up to the order (Za)^ |34| . The 
resulting value already agrees with the observed value within 1.4 x 10“®. The 
remainder belongs to the Lamb shift of the corresponding levels which include a 
nuclear size dependent contribution. The complete calculation of the isotope shift 
without the size dependent terms yields 670 999 569.1(1.6) kHz jSS|- In subtract- 
ing this from the measured value, one obtains a frequency that is proportional 
to the difference of the mean square charge radii with a known coefficient 122 !, 
yielding 

-4c/. = 3-821 5(12) fm2. 

The deuteron structure radius can be written as = (r^ —r^ch~ 

3/ (4Wp) 123, where = —0.114(3) fm^ 123 is the neutron charge radius and 
TOp is the proton mass. From this equation one can derive a deuteron structure 
radius of 



= 1.975 44(82) fm 
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in agreement with a theoretical determination Vd^str = 1.9735(30) fm l.'iSj . The 
currently most precise value obtained from electron scattering Em (ra, str — 
1.953(3) fm) however disagrees by more than seven combined standard devia- 
tions. A summary of published values for the deuteron structure radius is shown 
in Fk.l7I ETMl3ll43l38< . 

The precision of this atomic table top measurement exceeds the accuracy of 
previous measurements based on elastic electron scattering by an order of mag- 
nitude. The reanalysis of electron scattering data by Sick and Trautmann |43| 
yields a value with an increased uncertainty, which is in good agreement with 
the data obtained in the Garching experiment. 

3 Spectroscopy of the 2S — nS and 2S — nD Transitions 

3.1 Method 

The principle of the Paris experiment is described in the references !17l1^19j . 
The experimental geometry is illustrated in Fig. 0 A metastable atomic beam 
is formed by electronic excitation of a 15 hydrogen atomic beam. Due to the 
inelastic collision with the electron, the atomic trajectory is deviated by an 
angle of about 20°. The deviation is used to make the 25 atomic beam collinear 
with the laser beams after the collision. This geometry reduces the transit time 
broadening. The metastable yield is monitored at the end of the atomic beam: an 
electric field quenches the metastable state and two photomultipliers detect the 
Lyman-a fluorescence. The two-photon transition is induced with a highly stable 
titanium-sapphire laser (the frequency jitter is reduced to the level of 2 kHz). 
The atomic beam is placed inside an enhancement cavity, where the optical 
power can be as much as 100 W in each direction. When the laser frequency is 
in resonance with the 25 — nS/D transition, the atoms in the nS or nD states 
undergo a radiative cascade towards the 15 state in a proportion of about 95 %. 
The optical quenching of the metastable level occurs before the detection region, 
and the optical excitation can be detected via the corresponding decrease of the 
2S beam intensity. 

Figured shows a typical signal obtained for the case of the 2 Si/ 2 {F = 1 ) — 
8 D 5/2 (the hyperfine structure of the 8 ZI 5/2 level is not resolved) transition of 
deuterium. In this recording, the decrease of the metastable intensity is 18 % 
and the linewidth is 2 MHz (in terms of atomic frequency). By comparison 
with the natural width of the 8D level (572 kHz), there is a large broadening 
which is mainly due to the inhomogeneous light shift experienced by the atoms 
through the gaussian profile of the laser beams. To evaluate this effect, the 
signal is recorded for several laser intensities and the line position is extrapolated 
to zero light power. For each recording, a theoretical profile is fitted to the 
experimental curve. This theoretical line shape takes into account the light shift, 
the saturation of the transition, the small hyperfine structure of the D levels, 
the photoionization, the small deviation of the atomic trajectories due to the 
light forces, as well as the second order Doppler shift. The velocity distribution 
is measured by monitoring the Doppler shifted 2S—6P transition. Each fit gives 
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Fig. 8. Experimental geometry of laser and atom beams to observe the 2S — nS and 
25' — nD two-photon transitions. When the laser frequency is scanned over the reso- 
nance, we observe a decrease of the metastable yield (see the inset) 




Fig. 9. Fit of the experimental line profile with the theoretical one for the 25i/2(F = 
1) — 8 D 5/2 transition in deuterium. The light power deduced from the fit is 90.6(2.2) W 
and the decrease of the metastable yield is 18 % 



both the experimental line center and the line position corrected for the light 
shift, the hyperfine structure of the D level and the second order Doppler effect. 
An extrapolation of these data is given in Fig. 

3.2 Optical Frequency Measurements in Paris 

In 1988, the Paris group carried out an interferometric measurement of the 
2 S'i /2 — 8 D 5 / 2 , 25i/2 — IOD 5/2 and 25i/2 — I 2 D 5/2 transitions in hydrogen and 
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Fig. 10. Extrapolation of the half maximnm center (o) and of the line position cor- 
rected for the light-shift, second order Doppler effect and 8 D hyperfine structure (•) 
versus the light power P in the case of the 2Si /2 (F = 1) — 8 D 5 ji transition of deuterium 



deuterium with respect to an iodine stabilized He-Ne laser gHS|. These mea- 
surements provided a determination of the Rydberg constant with an accuracy 
of 1.7 X 10“^°. In the last decade, the optical frequency measurements have 
superseeded the interferometric ones. In Paris, the optical frequencies of the 
2 S'i /2 ~ 85'i/2, 251/2 ~ 8 H 3/2 and 25i/2 — 8 H 5/2 transitions in hydrogen were 
measured in 1993 with a frequency chain using two standard lasers (the iodine 
stabilized and the methane stabilized helium-neon lasers). The precision was in 
the range of 10“^^ I45l4til . In 1996, these measurements were remade in hy- 
drogen and deuterium with an accuracy better than one part in 10 11 m A 
new frequency chain was used with a new standard laser, namely a diode laser 
at 778 nm stabilized on the 55i/2 — 5 H 5/2 two-photon transition of rubidium 
(LD/Rb laser). The frequency of this standard was measured with a frequency 
chain at the Laboratoire Primaire du Temps et des Frequences (LPTF) [48] , 
More recently, in order to check these 25 — 8S/D frequency measurements, a 
new chain has been built to measure the frequencies of the 25 — 12Z1 transitions 
in hydrogen and deuterium PI. These experiments are described in detail in 
reference [S3- 

The cornerstone of the recent optical frequency measurements in Paris is the 
LD /Rb standard laser |,^ llh2lh,4j . Three identical systems have been built, two at 
the LPTF and a third in Laboratoire Kastler Brossel. As the two laboratories are 
linked by two 3 km long optical fibers, it is possible to compare the frequencies 
of the three systems. The frequency shift due to the fiber has been checked with 
the highly stabilized titanium-sapphire laser. After a round trip of 6 km through 
the fibers, a maximum frequency shift of 3 Hz is observed M- This shift is com- 
pletely negligible for the optical frequency measurements. The main metrological 
features of the LD/Rb laser are a frequency stability (Allan variance) of about 
4 X per laser over 1000 s and a day-to-day repeatability of 400 Hz. 
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The frequencies of the three LD/Rb lasers stabilized on the 5Si/2{F = 
3) — 5Di^/2{F = 5) two-photon transition of ®®Rb were measured in 1996. 
The LPTF frequency chain connects the LD/Rb laser at 385 THz to a stan- 
dard at 29 THz, namely a CO 2 laser stabilized to an osmium tetraoxyde line 
(CO 2 /OSO 4 ) EHI. This standard had been previously measured in 1985 with 
respect to the Cs clock with an uncertainty of 70 Hz. In 1998, the measurement 
of the CO 2 /OSO 4 standard was remade with an uncertainty of 20 Hz {i.e. a rel- 
ative uncertainty of 7x10’ -13) ESI. Taking into account this last measurement, 
the frequency of the LD/Rb standard of LKB is, after correction of the light 
shift: i^kb = 385 285 142 376.7(1.0) kHz. 



Table 1. Experimental determination of the 2 S — 8S/D transition frequencies from 
the measurements made in hydrogen with the rubidium standard. All the values are in 
MHz and we have subtracted a frequency i/q of 770 649 GHz 



Transition in hydrogen 


25i/2 — 85i/2 


2 Si /2 — 8 D 3/2 


2 Si /2 — 8 D 5/2 


Result of extrapolation —i/q 


306.3175(70) 


460.0609(66) 


517.1958(40) 


Stark effect 


-0.0006(4) 


0.0005(3) 


- 0 . 0002 ( 1 ) 


Black body radiation 


-0.0005(1) 


-0.0006(2) 


-0.0006(2) 


2 S\j 2 hyperfine shift 


44.3892 


44.3892 


44.3892 


851/2 hyperfine shift 


-0.6936 






l'{ 2 Sif 2 — ^Si/2/SDj) — Uq 


350.0120(86) 


504.4500(83) 


561.5842(64) 


8S1/2/8D3/2 - 8 D 5/2 splitting 


211.5621 


57.1291 




u{ 2 Si /2 — 8 D 5 / 2 ) — z^o 


561.5741(86) 


561.5791(83) 


561.5842(64) 


Mean value and 


770 649 561.5811(59) 


X" = 1.69 



The frequency comparison between the 2S—8S/D transitions and the LD/Rb 
standard laser is easy, thanks to the quasicoincidence between these frequencies. 
We have: i/{2S — 8S/D) = v{LD/Rb) + A, where the residual difference A is 
about 40 GHz in hydrogen and 144 GHz in deuterium. This frequency differ- 
ence is measured with a Schottky diode. The 2Si/2 — 8 S'i/ 2 , ‘2-Si/2 — 8 D 3/2 and 
2 S'i /2 ~ 8 D 5/2 two-photon transitions in hydrogen and deuterium have been 
measured with this method. Table ^ gives the analysis of the results for hy- 
drogen with the corrections due to the Stark effect, the black body radiation 
and the hyperfine structure. The three experimental values of the 2 iS' 4/2 ~ 8 iS'i /2 
and 2 S'i /2 — 8Dj splittings can be intercompared using the theoretical values 
of the fine structure and of the Lamb shifts in the n = 8 levels. The three in- 
dependent values of the 2 Si /2 — 8 D 5/2 interval which are obtained are in very 
good agreement (see table Ql. For hydrogen, the average value of these data is: 
j/( 2 S' 4/2 — 8 D 5 / 2 ) = 770 649 561.5811(59) kHz. A similar procedure gives for deu- 
terium: i'{2Sii2 — 8 D 5 / 2 ) = 770 859 252.8483(55) kHz. These values are slightly 
different from the ones published in reference mainly because of the recent 
measurement of the GO 2 /OSO 4 laser. In addition to the uncertainties quoted 
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Fig. 11. Outline of the frequency chain between the 2S — 12D hydrogen frequencies 
and the LD/Rb and CO2/OSO4 standards. The details are explained in the text (Ti-Sa: 
titanium sapphire laser, LD/Rb: rubidium stabilized laser diode, LD(int): intermedi- 
ate laser diode, CO2/OSO4: osmium tetraoxyde stabilized CO2 laser, SHG: second 
harmonic generation, SFG: sum frequency generation) 



in the table, the final uncertainties take into account the second order Doppler 
effect (1 kHz), the measurement and the long term stability of the LD/Rb stan- 
dard laser (2 kHz) and the imperfections of the theoretical model (4.5 kHz). With 
respect to reference the uncertainties are also slightly more conservative. 

In order to test the measurements of the 2S — 8S and 2S — 8D transitions, 
the frequencies of the 2S — 12D intervals have also been measured in Paris m- 
This transition yields complementary information, because the 12D levels are 
very sensitive to stray electric fields (the quadratic Stark shift varies as n7), 
and thus such a measurement provides a stringent test of Stark corrections to 
the Rydberg levels. The frequency difference between the 2S — 12D transitions 
(A « 750 nm, 1 / « 399.5 THz) and the LD/Rb standard laser is about 14.2 THz, 
i.e. half of the frequency of the CO 2 /OSO 4 standard. This frequency difference 
is bisected with an optical divider m (see Fig. 1 ^. The frequency chain (see 
Fig. ED is split between the LPTF and the LKB: the two optical fibers are 
used to transfer the CO 2 /OSO 4 standard from the LPTF to the LKB, where 
the hydrogen transitions are observed. This chain includes an auxiliary source 
at 809 nm {v « 370.5 THz) such that the laser frequencies satisfy the equations: 

v{2S - 12D) + ^(809) = 2v{LD/Rb) 

v{2S - 12D) - 1/(809) = i/(C 02 ) 
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The first equation is realized at the LKB while the second one is carried out 
at the LPTF. A first titanium-sapphire laser excites the hydrogen transition. A 
laser diode (power of 50 mW) is injected by the LD /Rb standard and frequency 
doubled in a L 1 B 3 O 5 (LBO) crystal placed in a ring cavity. The generated UV 
beam is frequency compared to the frequency sum (made also in a LBO crystal) 
of the 750 and 809 nm radiations produced by a second titanium-sapphire laser 
and a laser diode. A part of the 809 nm source is sent via one fiber to the 
LPTF. There, a 809 nm local laser diode is phase locked to the one at LKB. 
A frequency sum of this 809 nm laser diode and of an intermediate CO 2 laser 
in an AgGaS 2 crystal produces a wave at 750 nm. This wave is used to phase 
lock, with a frequency shift 6, a laser diode at 750 nm which is sent back to the 
LKB by the second optical fiber. This 750 nm laser diode is frequency shifted by 
iy{C02) + S with respect to the one at 809 nm. In such a way, the two equations 
are simultaneously satisfied and all the frequency countings are performed in the 
LKB. Finally, the residual difference between the two titanium-sapphire lasers 
is measured with a fast photodiode or a Schottky diode. 

The two 2Si/2{F = 1,3/2) — 12D^/2 and 2Si/2{F = 1,3/2) — 12D^/2 two- 
photon transitions have been measured in hydrogen and deuterium. For these 
transitions, the corrections due to the black body radiation and to the Stark ef- 
fect are not negligible but amount to several kHz, especially the Stark correction 
of the 2 S'i /2 — 12 Z? 3/2 (6 kHz). With the same analysis as for the 2S — 88/ D 
transitions, the frequencies of the 2 Si /2 — I 2 D 5/2 interval are derived to be 
i^{2Si/2 - I 2 D 5 / 2 ) = 799 191 727.4028(67) MHz in hydrogen and iy{2Sif2 ~ 
12135 / 2 ) = 799 409 184.9676(65) MHz in deuterium. Ultimately, these measure- 
ments are slightly less precise than those for the 28 — 88/ D transitions, owing 
to the smaller signal-to-noise ratio and the larger Stark shifts. 

3.3 Comparison of the IS' — 3S and 2S — 68/ D Transitions 

The experimental set-up on the 28—n8/D transitions has also been used in Paris 
to deduce the Lamb shift of the IS level via a comparison of the frequencies of 
the IS — 3S and 28 — 68 /D transitions 1^ . The principle of this experiment is 
similar to the ones made at Garching and at Yale, where the IS — 2S frequency 
was compared to the 2S — 4S, 28 — AP or 28 — AD frequencies | 2 M. In the 
Bohr model, these frequencies lie exactly in a ratio 4:1, and the deviation from 
this factor is mainly due to the Lamb shifts which vary as 1/n^. 

Figure 1 1 21 shows the general scheme of the experiment. The same titanium- 
sapphire laser is used to observe, alternatively, the 28—68 or 28 — 6D transitions 
at 820 nm and the IS — 3S transition at 205 nm. The UV radiation at 205 nm 
is obtained from two successive doubling stages with a LBO crystal and a /3- 
barium borate (BBO) crystal which are placed inside two enhancement cavities 
panDi. The first frequency doubling produces up to 500 mW at 410 nm for a 
pump power of 2.3 W at 820 nm. The second harmonic generation at 205 nm 
is far more challenging and provides a UV power of about 1 mW. To reduce 
the transit time broadening the IS — 3S transition is observed with an effusive 
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photomultiplier 



1 S-3S apparatus 

Fig. 12. Experimental setup for the frequency comparison between the IS' — 3S and 
2S — 6S/ D transitions (TiSa: titanium sapphire laser, LBO: lithium tri-borate crystal, 
BBO: /3-barium borate crystal) 




Fig. 13. Hydrogen two-photon spectra, a) lSi/ 2 (F = 1) — 3 Si/ 2 (F = 1) transition, b) 
2 Si/ 2 (F = 1 ) — 6 D 5/2 transition. The two signals are shifted by about 2.37 GHz in 
terms of the laser frequency at 820 nm 



atomic beam collinear with the UV beams. To increase the two-photon absorp- 
tion probability, this atomic beam is also surrounded by a buildup cavity. The 
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two-photon transition is detected by monitoring the Balmer-a fluorescence due 
to the radiative decay 3S — 2P. 

The lS'i /2 — 3Si/2 frequency has been compared with those of the 2Si/2 — 
6 Z? 5/2 and 2Si/2 — GS 1/2 transitions. Figure IbH shows, on the same frequency 
scale, the recordings of the lS'i /2 — 3 Si /2 and 2 Si /2 — 6 H 5/2 lines. As the 2S — 
6S/D linewidth is larger than the IS — 3S one, the accuracy is mainly limited 
by the uncertainty in the 2S — 6S/ D line positions. Taking into account the 
results of these two measurements, one obtains for this frequency comparison 
j/( 2 Si /2 - 6 D 5 / 2 ) - - 3S) = 4 699.1006(98) MHz. 

4 Determination of the Rydbere; Constant and Lamb 
Shifts 

The aim of this section is to extract from the measurements the values of the 
Rydberg constant and Lamb shifts. This analysis is detailed in the references 
[5(161| . More details on the theory of atomic hydrogen can be found in several 
review articles I62l63l34l . It is convenient to express the energy levels in hydro- 
gen as the sum of three terms: the first is the well known hyperflne interaction. 
The second, given by the Dirac equation for a particle with the reduced mass 
and by the first relativistic correction due to the recoil of the proton, is known 
exactly, apart from the uncertainties in the physical constants involved (mainly 
the Rydberg constant Roc)- The third term is the Lamb shift, which contains all 
the other corrections, i.e. the QED corrections, the other relativistic corrections 
due to the proton recoil and the effect of the proton charge distribution. Con- 
sequently, to extract J?co from the accurate measurements one needs to know 
the Lamb shifts. For this analysis, the theoretical values of the Lamb shifts are 
sufficiently precise, except for those of the IS' and 2S levels. 

4.1 Rydberg Constant 

Most of the combinations to derive Roo, which scales all atomic energy levels 
and is used to adjust other constants EP, and the ground state Lamb shift 
L(1S), which allows one of the best tests of QED, yield a comparable accuracy. 
Therefore, a general adjustment gives the best answers to date 16 11491 . 

In hydrogen, there are several precise determinations of the 2Si/2 — ‘2Pi/2 
splitting by microwave spectroscopy Ifi4l65l and by the anisotropy method inni. 
Using the mean value of these results (1 057.8454(65) MHz), one can extract 
Rao from the 2S — nD measurements. The first part of table |3 gives the values 
of the Rydberg constant deduced from the 2Si/2 — 8 D 5/2 and 2Si/2 — I 2 D 5/2 
measurements in hydrogen. These two values have a similar precision and are 
in an acceptable agreement (they differ by about 1 standard deviation). Table El 
gives the average of these results {Roo = 109 737.315 6855(11) cm“^). The rela- 
tive uncertainty (about 10 “^^) comes from the optical frequency measurements 
(6.1 X 10“^^), the 2 S'i /2 Lamb shift (8.3 x 10“^^) and the proton-to-electron 
mass ratio (1.2 x 10“^^). The uncertainty due to the fine structure constant is 
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Table 2. Determination of the Rydberg constant 



Method and transitions involved {Rex — 109737) cm ^ 

Determination of Rx from the 2S — nD and 25' — 2P measnrements 

25 — 2P and 25 — 8S/D in hydrogen 0.315 6861(13) 

25 - 2P and 25 - 12D in hydrogen 0.315 6848(13) 

25 - 2P, 25 - 85/D and 25 - 12D in hydrogen 0.315 6855(11) 

Determination of Rx from linear combination of optical frequencies measurements 
25 — 85/D, 15 — 25 and 1/n® law in hydrogen 0.315 6865(16) 

25 — 12D, 15 — 25 and 1/n® law in hydrogen 0.315 6842(17) 

25 — 85/D, 25 — 12D, 15 — 25 and 1/n® law in hydrogen 0.315 6854(13) 

25 — 85/D, 25 — 12D, 15 — 25 and 1/n® law in deuterium 0.315 6854(12) 

25 — 85/D, 25 — 12D, 15 — 25 and 1/n® law 

in hydrogen and deuterium 0.315 6854(10) 

General least squares adjustment in hydrogen and deuterium 

25 - 2D, 25 - 85/D, 25 - 12D, 15 - 25 and 1/n® law 0.315 685 50(84) 



negligible (1.3 x 10“^^). This result is most precise if we don’t make theoretical 
assumptions concerning the lS' 1/2 and the 25i/2 Lamb shifts. Unfortunately, this 
method is not appropriate for deuterium, because, for this isotope, no compara- 
bly accurate determination of the 2Si/2 Lamb shift has been performed. 

Figure compares the recent determinations of the Rydberg constant and 
shows the different steps of this improvement since 1986 (references in chrono- 
logical order: jbYlb8lb9IYl)l2 1 1221 11 12414,514614714916 ll28j ) . 

The other methods to determine i?oo uses the 1 /n^ scaling law of the Lamb 
shift which allows the accurate calculation of L{lS)—n^L{nS) [ZJ- Then we can 
form the linear combination of the lS' 1/2 ~ 2 Si /2 and 2 Si /2 — UD 5/2 frequencies: 



7i'h{‘2Si/2 — U.D5/2) — ^//(lSi/2 — 2S1/2) 



where the quantity L{1S) — 8L{2S) appears. This method is independent of the 
microwave measurements of the 2S Lamb shift and is relevant for both hydrogen 
and deuterium. The results are given in the second part of table The values 
obtained for hydrogen and deuterium are in perfect agreement. If we use all the 
precise optical frequency measurements in hydrogen and deuterium (transitions 
lSi /2 — 2 Si/ 2 , 2 Si /2 — 8 D 5/2 and 2 Si /2 — I 2 D 5 / 2 ), we obtain a value of i?oo more 
precise than the previous ones (i?oo = 109 737.315 6854(10) cm“^). This value 
is also in perfect agreement with the one deduced via the measurements of the 
2Sij2 Lamb shift. 

As already mentioned in the second part of this review, we made an average 
of these different determinations of Roo by performing a least squares adjust- 
ment |Z2| which takes into account all the precise experiments: the measurements 
of the 25 i/ 2 Lamb shift, the optical frequency measurements of the 15— 25 and 
25 — nD transitions in hydrogen and deuterium, and also the measurements of 
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Fig. 14. A history of measurements of the Rydberg constant 



the IS” Lamb shift I5*i2,3l58l . The result = 109 737.315 685 50(84) cm"!) is 
similar to the one of the 1998 adjustment of the fundamental constants m , with 
a relative uncertainty of 7.7 x 10“^^. By comparison with the 1986 adjustment 
the uncertainty is reduced by a factor of about 150. 

4.2 Lamb Shifts 

The first part of table Elgives the determinations of the IS” Lamb shift obtained 
by comparison of the IS" — 2S and 2S — AS/D or 2S — AP frequencies [23^58] or 
of the IS” — 3S and 2S — 6S/D frequencies [S3- The three results have a similar 
precision and are in good agreement. 

Another way to obtain the lS' 1/2 Lamb shift is to use the precise optical 
frequency measurements of the lS' 1/2 ~ 2Si/2 and 2Si/2 — nD^j^ transitions. A 
first method uses the experimental value of the 2Si/2 Lamb shift to extract R^o 
from the 2Si/2 — nD ^/2 splitting (see the first part of table|2[)- Then the IS 1/2 
Lamb shift is deduced from the IS 1/2 — 2Si/2 frequency. The results are given 
in the second part of table 01 The final result (L//(lSi/ 2 ) = 8 172.840(31) MHz) 
is more precise than the precedent ones because of the very high accuracy of the 
optical frequency measurements. The 31 kHz uncertainty is due to the optical 
frequency measurements (15 kHz) and to the measurement of the 2Si/2 Lamb 
shift (27 kHz). In a second method, we can avoid this limitation by using the 
1/n^ scaling law of the Lamb shift. The values obtained this way are slightly 
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Table 3. Determination of the IS 1/2 Lamb shift in hydrogen 



Method and transitions involved 



Lh{ISi/2) (MHz) 



Comparison of transition frequencies lying in a ratio 4:1 
2S - 2P, IS - 3S and 2S - 6S/D 
2S - 2P, IS - 2S and 2S - AS/D 
2S - 2P, IS - 2S and 2S - AP 



8172.825(47) 

8172.878(51) 

8172.834(48) 



Comparison of the IS — 2S and 2S — nD frequencies using the 2Si/2 Lamb shift 

2S - 2P, IS - 2S and 2S - 8S/D 8172.854(33) 

2S - 2P, IS - 2S and 2S - 12D 8172.825(34) 

2S - 2P, IS - 2S, 2S - 8S/D and 2S - 12D 8172.840(31) 



Comparison of the IS — 2S and 2S — nD frequencies using the 1/n® scaling law 
2S - 8S/D, 2S - 12D, IS - 2S and 1/n® law in hydrogen 8172.837(32) 

2S - 8S/D, 2S - 12D, IS - 2S and l/n^ law 

in hydrogen and deuterium 8172.837(26) 



General least squares adjustment in hydrogen and deuterium 

2S - 2P, 2S - 8S/D, 2S - 12D, IS - 2S and 1/n® law 8172.840(22) 

Theory rp = 0.862(12) fm [71| 8172.816(34) 

Theory rp = 0.805(11) fm [HI 8172.667(30) 



more precise (see the third part of table 0). Moreover, this method provides 
us with the 2Si/2 Lamb shift and is reliable in the case of deuterium. The 
results are: L//(2Si/2 — 2 P 1 / 2 ) = 1 057.8447(34) MHz in hydrogen, L_d(1Si/ 2) = 
8 183.967(26) MHz and Ld(2Si/2 - 2 P 1 / 2 ) = 1 059.2338(34) MHz in deuterium. 
These results for the 2Si/2 Lamb shift are independent and more precise than 
the direct determinations made by microwave spectroscopy. 

Finally, with L//(lSi/ 2 ) = 8 172.840(22) MHz we give the result of the gen- 
eral adjustment with a relative uncertainty of 2.7 x 10“®. This experimental 
value is in good agreement with theoretical predictions of the Lamb shift, if we 
assume the Mainz value for the proton charge radius (r^ = 0.862(12) fm jTT^ l 
and include recent results for quantum electrodynamic two-loop contributions 
given by K. Pachucki m These calculations gave a surprisingly large value 
for some higher order corrections. The agreement between theory and exper- 
iment lessens, if we assume the Stanford value for the proton charge radius 
(rp = 0.805(11) fm [75]). Let us remark, that S.G. Karshenboim has recently 
reanalyzed measurements of the proton charge radius, and obtained the value 
of 0.88(3) fm [7B|. Conversely, if we believe the calculations of Ref. [T^i can 
deduce the radius of the proton charge distribution Vp = 0.871(9) fm. 

5 Conclusion and Prospects 

The precision of the Rydberg constant and Lamb shifts is now limited by the 
uncertainties in the 2S — nS/ D frequencies in hydrogen, which, in the Paris ex- 
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periment, are mainly caused by light shifts. To obtain more accurate values of 
these frequencies, a first possibility is to use ultracold hydrogen to increase the 
interaction time and decrease the light shifts m In Paris, we intend to measure 
the optical frequency of the 15' — 35 transition. In this case, as the number of 
atoms in the IS atomic beam is about 10® times larger than in the metastable 
atomic beam, we can observe the transition with a very small light power and, 
consequently, with negligible light shifts. For this experiment, we plan to com- 
pensate the second order Doppler effect using a magnetic field perpendicular to 
the atomic beam pW?| . 

In Garching, we are planning to measure the absolute frequency of the hydro- 
gen 15 — 25 transition with an accuracy of a few parts in 10^® in the near future. 
Although precise spectroscopy of the hydrogen atom has been pursued for more 
than a century, advances in experimental technology promise dramatic further 
advances. The art of laser frequency stabilization has been perfected so that 
coherent optical sources of Hertz or sub-Hertz linewidth are now reality pugg . 
Magnetically trapped cold hydrogen atoms |S2| may eventually permit atomic 
fountain experiments that could approach the 1.3 Hz natural linewidth 

of the hydrogen 15 — 25 transition. 

Continuous wave coherent Lyman-a radiation has recently become avail- 
able so that laser cooling or sensitive shelving spectroscopy of magnetically 
trapped hydrogen atoms is coming within reach. The ability to work with a small 
number of atoms is of particular interest for laser spectroscopy of antihydrogen, 
a goal pursued by the ATRAP and ATHENA collaborations at CERN [B| . 

Lamb shift measurements on muonic hydrogen, as now pursued with a novel 
intense source of slow muons at the Paul Scherrer Institute promise to 

yield an accurate rms charge radius of the proton, so that bound state QED can 
be tested to new levels of scrutiny. 

These experimental advances are inspiring renewed theoretical efforts to cal- 
culate higher order QED corrections, as discussed elsewhere in these Proceedings. 

The work in Paris was partially supported by the Bureau National de Metro- 
logie, by the Direction des Recherches et Etudes Techniques and by the European 
Community (SCIENCE cooperation Contract No. SCD-CT92-0816 and network 
Contract No. CHRX-CT93-0105). 
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Abstract. Scientific interest in ultracold hydrogen arises from its properties as a Bose- 
Einstein condensate, its unique roles as a testing ground for atomic theory and a target 
for ultra high resolution spectroscopy. We describe major developments since the last 
hydrogen meeting. 



1 Introduction 

In the twelve years since the meeting The Hydrogen Atom (now known as H- 
1) there have been dramatic advances in the field of ultracold trapped hydrogen. 
The primary goal, the quest for Bose-Einstein condensation (BEC) in hydrogen 
0, has been achieved, and the foundations have been laid for ultrahigh reso- 
lution spectroscopy of hydrogen with applications to atomic theory- including 
both fundamental structure and atomic interactions- and to a possible optical 
frequency standard. 

The traditional technique for monitoring trapped hydrogen- monitoring the 
flux of atoms dumped from a trap by the recombination energy deposited on 
a bolometer - is poorly suited to searching for BEC. At H-1 a new technique 
was described based on 1S-2S two-photon spectroscopy. The Doppler sensitive 
signal from absorption of two co-propagating photons reveals the momentum 
distribution of the atoms, while the narrow Doppler free signal, from absorption 
of counter-propagating photons, provides a strong calibration signal, and can 
reveal small perturbations. Work on this commenced in 1989 and some years 
later the two-photon signal was observed, j^. 

With the new “eyes” of two-photon spectroscopy we continued toward BEC, 
but discovered that at low temperatures the evaporation lost efficiency. The 
atoms are trapped in a long loffe-Pritchard trap and allowed to escape by lower- 
ing the confining field at one end of the trap (’’saddle-point evaporation”). The 
fall in efficiency was analyzed by Surkov et al. 0. They showed that mixing of 
radial and longitudinal motion decreases at low energy, causing the total energy 
flow to be blocked. One possible solution to the problem is to release the atoms 
optically over a larger effective area, using a Zeeman-sensitive Lyman-a tran- 
sition. Furthermore, the Lyman-a transition can also be used for laser-cooling. 
Temperatures of a few millikelvin were achieved by that technique . However, 
due to limitations of Lyman-a sources, the method could not fully overcome the 
cooling problem. 

To overcome the limitations of saddle-point evaporation, we finally imple- 
mented the method which had been standard in all BEC experiments. This is 
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magnetic field [Gauss] 

Fig. 1. Hyperfine diagram for the ground state of atomic hydrogen. The ’high field 
seeking’ states a and b can be stabilized in a high magnetic field, while the ’low field 
seeking’ states c and d are trapped in the minimum of a magnetic field 



“rf evaporation” [71 , in which a Zeeman transition to a non-trapped state is in- 
duced by an applied rf field. Because the atoms escape over the entire surface 
where the resonance condition is met, the evaporation is fully three dimensional. 

Implementing rf evaporation required an apparatus redesign, but the method 
opened the way to rapid progress. The atomic density grew to the point that the 
cold-collision frequency shift of the 1S-2S transition became visible 0, providing 
an in situ measurement of the density. With this tool, the BEC transition was 
soon achieved 0. We shall describe our BEC studies below. 

The antecedent of ultracold hydrogen is spin-polarized hydrogen in which 
atoms in the high field seeking states (states a and b in Fig. 1) are confined in 
a liquid helium coated cell. As described in a review article by Walraven, cni, 
the hydrogen-helium system provides is close to ideal for studying atom-surface 
interactions, including the phenomenon of quantum reflection CH Furthermore, 
the gas phase of a spin-polarized hydrogen system is in equilibrium with a quasi 
two dimensional phase in which the surface density can approach quantum de- 
generacy. Observation of quantum effects have been reported by mm- 

To return to optical studies, two-photon Doppler-free spectroscopy of the IS- 
2S transition in hydrogen is technically challenging because of its small transition 
amplitude. This problem can be ameliorated by employing resonance enhanced 
two-photon spectroscopy of the 1S-3D/3S transition [E], using 122 nm and 
656 nm radiation. The transition rate is enhanced by tuning the Lyman-a source 
close to resonance. With a narrow bandwidth Lyman-a source this scheme is 
potentially useful for studying the momentum distribution, and determining the 
temperature, using Doppler spectroscopy. 
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As described in H-I, ultracold hydrogen has great potential for ultrahigh 
resolution spectroscopy of hydrogen m- In particular, it holds the promise of 
providing a resolution close to the natural linewidth, 1.3 Hz. As documented by 
presentations at this conference, this transition is a touchstone for spectroscopy, 
studies of fundamental theory and determination of fundamental constants ini 

Since the conference H-1, progress in the study of the 1S-2S transition has 
been spectacular. In particular, one of the most precise measurements of an op- 
tical transition has been achieved with this transition, using a cooled hydrogen 
beam CHI Nevertheless, the spectral resolution so far achieved is about three 
orders of magnitude larger than the natural linewidth, so that significant im- 
provements are still possible. The lifetime of the 2S state in a gas of ultracold 
hydrogen has been observed to be essentially the natural lifetime |3|, which 
suggests that a resolution comparable to the natural linewidth can one day be 
achieved. 

In order to extract the QED or nuclear effects from the 1S-2S frequency, a 
second frequency must be known. The present uncertainty in the Lamb shift 
and Rydberg constant is determined by the accuracy of such a measurement. 
The most precise measurements have been made on transitions from 2S to higher 
levels in a super-thermal beam of metastable 2S atoms Hg. As will be described, 
ultracold hydrogen offers possibilities for significant improvements. 

The enormous difficulty of making optical frequency measurements has been 
a major obstacle to progress. The optical frequency comb generator devised by 
Hansch overcomes these difficulties, and promises to revolutionize spectroscopy. 
The technique, based upon a mode-locked laser, makes it possible to connect 
microwave and optical frequencies, or to determine relative optical frequencies 
mwm . In particular, it allows to transport the stability of optical transitions into 
the microwave frequency range. A report by J. Hall about these developments 
can be found in these proceedings. 

Finally, we note that ultracold hydrogen holds enormous potential for the 
study of atomic interactions. For instance, scattering lengths can be determined 
directly from spectral line shifts |S| . Furthermore, photoassociation spectroscopy 
can be used to investigate the potentials for excited H 2 potentials, as in a recent 
investigation of the molecular triplet potential |1 ,'fj . 

In the following we will describe work on ultracold hydrogen at MIT, and 
suggest some of the new opportunities. 



2 Ultracold Hydrogen Research at MIT 

2.1 The Road to Bose-Einstein Condensation 
Trapping and Cooling 

With only one exception, every experiment on BFC has employed laser cooling 
and trapping methods to create a gas of cold atoms. The exception is hydrogen. 
The recoil energy of hydrogen is so large that the gas cannot be cooled below a 
few millikelvin, with densities far from the transition. (The Amsterdam group 



Ultracold Hydrogen 



45 




Fig. 2. Schematic diagram of the apparatus. The superconducting magnetic coils create 
trapping potential that confines atoms near the focus of the 243 nm laser beam. The 
beam is focused to a 50 /rm waist radius and retro-reflected to allow for Doppler- 
free excitation. After excitation, fluorescence is induced by an applied electric field. 
A small fraction of the 122 nm fluorescence photons are counted on a microchannel 
plate detector. Not shown is the trapping cell which surrounds the sample and is 
thermally anchored to a dilution refrigerator. The actual trap is longer and narrower 
than indicated in the diagram 



has actually demonstrated laser cooling into this regime |SI. Consequently, evap- 
orative cooling m is used exclusively for trapping the gas and cooling it to 
the quantum transition. Only with hydrogen is such an approach possible. A 
magnetic trap can only capture atoms in the sub-Kelvin regime, and only hy- 
drogen can be initially cooled to sub-Kelvin temperatures by cryogenic methods. 
If the atoms are spin-polarized, they can be thermalized in this regime simply 
by colliding with a liquid helium surface. (The binding energy is IK, which is 
anomalously low.) This fact, added to the recognition that spin-polarized hydro- 
gen remains a gas to T=0, inspired the initial search for BEC in an atomic gas 

Atoms are provided from an rf discharge source, at cryogenic temperatures. 
After thermalization on the cold cell walls, typically 250 mK, the “low field 
seeking” states, c and d (Fig. [Q are attracted to the center of a loffe-Pritchard 
trap, a linear quadrupole trap with a coil at each end to confine the atoms axially. 
The trapping field is initially about 0.9 T, sufficient to capture atoms with a 
temperature of about 0.5 K. Once the temperature of the walls is reduced, the 
temperature of the trapped gas rapidly falls by evaporation, the escaping atoms 
being trapped on the helium surface. At about 60 mK, the gas becomes isolated 
from the wall and evaporation ceases. 
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Dipolar Decay and Density Measurement 

The stability of the trapped gas is a crucial factor in the subsequent cooling 
scenario. Both the c and d states can be transferred to lower lying hyperfine 
states through collisions, and lost from the trap. The c state decays quickly 
by spin-exchange collisions. However, d state collisions occur in a pure triplet 
molecular potential, and there is no spin exchange. Nevertheless, the atoms can 
move to lower-lying states by the process of dipole relaxation. In this process, 
the electronic spin-spin interaction causes internal spin angular momentum to 
be transformed into external orbital angular momentum, transferring potential 
energy into kinetic energy. Dipole relaxation is the principal mechanism by which 
atoms are lost from the trap, causing the sample to decay by two-body relaxation. 

The density and the number of trapped atoms can be inferred from the 
decay of the sample. Atoms are dumped from the trap by lowering one of the 
axial confining fields. The emerging atoms recombine rapidly on the walls of 
the cell, releasing an energy of 4.6 eV per recombination. A fraction of this 
energy is collected on a small quartz bolometer m- The total integrated power 
is proportional to the total number of atoms in the trap. 

The sample decay curve, N(t), is obtained by measuring the number of 
trapped atoms after various holding times. The local decay n decreases due 
to dipolar decay according to h = —gn'^, were g = 1.1 x 10^®cm^/s is the dipolar 
decay constant, which is known from measurements and theory (22EHI- 

Integration over the trap volume yields N = —ngN'^, where k « 0.2 results 
from the distribution of densities. The result is N{t)/N{0) = 1/{1 + Kgnot), thus 
determining the peak density no (Fig. 01. Typically, at a density of 10^"^ cm“^ 




Time [seconds] 

Fig. 3. Determination of the sample density by observing decay due to dipolar re- 
laxation. Five identically prepared samples were held for different times before being 
dumped from the trap. The integrated recombination signal on a bolometer is pro- 
portional to the number of atoms trapped. The straight line 6t indicates a density 
of 6.0 ■ 10^® cm“®. There is a 20 % error on the density determination due to the 
uncertainty in g 
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the characteristic decay time is 40 s. Using the known geometry of the trapping 
field, the number of trapped atoms can be found from hq. Typically, we load 
10^^ atoms at 40 mK. After evaporative cooling to 100 /iK, the number of atoms 
is about 10^^. 



Limits of Evaporative Cooling 

Initially the atoms are evporatively cooled by lowering the magnetic field strength 
at one end of the trap, thus reducing the trap depth. This method becomes in- 
efficient at about 100 when atoms promoted to high-energy states have a 
high probability of undergoing a collision before escaping from the end of the 
trap. Temperatures of 100 at densities of 8 x 10^^ cm“^ were achievable |0] 
but the Bose-Einstein phase transition line could not be crossed. The dynamics 
are discussed in detail by Surkov et al. In principle this merely retards the 
cooling process, but in the presence of a loss mechanism such as dipolar decay, 
it limits the minimum attainable temperature. 

A solution to this problem is the use of rf induced hyperfine transitions [Z| to 
release atoms from the trap. The rf frequency is tuned to be in resonance with 
a particular magnetic field. Be- Because the trap potential V (B) is proportional 
to B, only atoms with energy equal to V{Bf.) can escape. Consequently, all the 
atoms that pass across the potential energy surface V (Bg) can leave, this process, 
inherently three-dimensional, is much more efficient than the one dimensional 
evaporation over a saddle-point at the end of a long and thin trap. Implementing 
rf evaporation into the cryogenic apparatus was a crucial step in achieving BEC 
of hydrogen. 

2.2 Two-Photon 1S-2S Spectroscopy 

To witness BEC a more sensitive probe of the gas is needed than the relatively 
crude bolometric method described above. Direct spatial imaging of the atoms 
with a CCD camera, widely used in experiments with alkali metal atoms, is 
impractical because of the lack of VUV optics and light sources. High resolution 
spectroscopy of the 1S-2S transition, however, provides an excellent diagnostic 
tool for ultracold trapped hydrogen. Excitation takes place in a standing light 
wave tuned to one-half the transition frequency. Both Doppler-free and Doppler- 
sensitive excitation can be observed. The density can be found from the the cold 
collision frequency shift jSj of the narrow Doppler-free excitation line, and the 
temperature can be deduced from the width of the Doppler-free transition at 
low density |3j or the broadening of the Doppler-sensitive absorption line P| . 



Laser System 

To provide the 243 nm radiation needed for the 1S-2S transition, a laser at 
486 nm is stabilized to a reference cavity that reduces the linewidth to less than 
1 kHz. The frequency is doubled in a BBO-crystal to produce 243 nm radiation. 
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Laser Detuning [kHz at 243 nm] 



Fig. 4. Cold collision frequency shift observed in the spectra of a single 120 /rK sample 
with initial maximum density of 6.6x10^® cm®. The farthest red shifted spectrum 
corresponds to the largest density 



The laser beam is introduced parallel to the axis of the trap and retro-reflected 
by a mirror at the bottom of the trapping cell (Fig. |3) A mechanical chopper 
pulses the laser at typically 1 kHz. The 2S atoms are in the same hyperfine 
state d and therefore remain trapped. After excitation for a brief period, the 
population of the 2S level is measured by detecting the Lyman-a fluorescence in 
an applied electric field. A microchannel plate detector is used to permit single 
photon detection. Due to the small optical collection efficiency for our geometry, 
the detection efficiency is limited to 10“®. Nevertheless, signal rates as high a 
few hundred thousand counts per second laser time have been observed. 

At low density (< 10®^ cm“®) and temperatures > 100 fiK the two-photon 
lineshape is a double exponential, eyi^{-\v\/ 5vo) P], as expected for Doppler-free 
two-photon excitation by a Gaussian laser beam of a thermal gas m- Here v 
is the laser detuning from resonance and 5vo is the linewidth due to the finite 
interaction time of the atom with the laser beam. At low temperature, lines as 
narrow as 3 kHz (FWHM at 243 nm) have been observed. A detailed discussion 
of this lineshape in the trap and the appearance of sidebands due to coherence 
effects for repeated crossing of the laser beam can be found in pnj. 



Cold Collision Frequency Shift 

Interactions between neighboring atoms shift and broaden the line. This can be 
described from a many-body picture as a result of the mean field energy shift, 
AEe = {^Trh^ae^g/m) Ug, where ae,g is the s-wave scattering length of atoms in 
state e and g, m is the atomic mass, and ng is the density of g-state atoms. From 
the an atomic standpoint it is equal to a cold collision frequency shift which we 
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get as the sum of the mean field shifts of the atomic states involved, when we 
sum over all partial densities. For the hydrogen 1S-2S transition this is simple 
since the most of the atoms remain in the IS state. 

The cold collision frequency shift is important in precision frequency mea- 
surements and has been observed in hydrogen maser m and fountain clock 
experiments. From the point of view of precision measurements, the cold 
collision shift is an obstacle. However, in BEC experiments, the shift provides a 
helpful diagnostic for the density. 

For hydrogen, the IS-IS interaction is extremely small and the 1S-2S inter- 
action is the dominant source of the observed frequency shift (Fig. 2J. We have 
measured ais_2S=-1.4(3) nm 0, which is in fair agreement with a theoretical 
calculation of ais_2S=-2.3 nm PH- We use this shift for measuring the density 
of the sample on our way to the Bose-Einstein phase transition. 

2.3 Bose-Einstein Condensation 

We recall that Bose-Einstein condensation is the macroscopic occupation of the 
ground state of a system at finite temperature. For a weakly interacting gas, this 
phase transition occurs when the inter-particle spacing becomes comparable to 
the thermal de Broglie wavelength A = ^2Trti^ /mksT, where ks is the Boltz- 
mann constant and T is the temperature. A rigorous treatment for the ideal 
Bose gas yields n > 2.612yl“^, where n is the density At a temperature of 
50 ^K, for instance, the critical density for hydrogen is 1.8 x 

Bose-Einstein condensation of an atomic gas was achieved first with alkalide 
metal atoms m- The experiments employed laser cooling and trapping tech- 
niques. However, the initial search for BEC in a dilute atomic gas was done 
with spin-polarized hydrogen, and was motivated by the realization that only 
hydrogen would remain a gas at zero temperature m- Now it is understood that 
laser cooling allows to cool atoms to temperatures for which they would form a 
solid in thermal equilibrium, but the relaxation time into the ground state is far 
longer than the time required to cool the atoms below the critical temperature 
for the Bose-Einstein transition. The early experiments with hydrogen employed 
the high field seeking states where the atoms were confined in a helium coated 
cell at low temperatures. A review of this work can be found in [ 2 ]. 

An overview on the vast experimental and theoretical work on BEC recently 
we refer to the BEC-homepage m Most experimental BEC research is carried 
out with alkali metal atoms and the main topics are to characterize the quantum 
fiuid. 

The fundamental differences between hydrogen and the other condensed 
species arise from its low mass, which allows a higher critical temperature for 
a given density, and its anomalously small elastic scattering cross section a = 
4:7Ta1s-is = 0.053 nm^, which limits the evaporative cooling rate. The low cool- 
ing rate limits both the ultimate temperature and the condensate fraction m- 
(The elastic cross sections for the alkali metal atoms are typically larger by a 
factor of 10^ to 10“^. Another difference is that the ratio of scattering length 
to de Broglie wavelength a/ A. It is much smaller for hydrogen than the alkali 
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metal atoms. This ratio is often used as a perturbation parameter that describe 
departures of a Bose-condensate from ideal behavior. 



Signatures of Bose-Einstein Condensation 

The two-photon spectroscopy described above had made it possible to study 
three characteristic features of Bose-Einstein condensation: condensation in real 
space, condensation in momentum space (Fig. 0 and the mapping the phase 
boundary (Fig. 0. 

When the transition temperature is achieved, a finite fraction of the atoms 
fall into the lowest energy quantum state of the trap. The spatial extent of the 
condensate is much smaller than the thermal radius of the cloud. Only a small 
fraction of the atoms are required to create a narrow region of very high density 
at the bottom of the trap. This high density region is readily observed because of 
its large cold collision frequency shift. The spectrum arising from the condensate 
can be seen in (Fig. EJ, red-shifted up to 0.5 MHz from the Doppler free line. 

The shape of the spectrum is determined by the density distribution in the 
condensate jnMa- The ratio of the signal strength of the condensed and the 
noncondensed part allows us to estimate a condensate fraction of a few percent 
in agreement with predictions from a balance between evaporative cooling and 
heating due to dipolar decay m- The condensate population is about 10® atoms. 

The Doppler-sensitive two-photon spectrum of hydrogen is normally unde- 
tectable due to the combination of weak excitation rate and broad linewidth. 
However, at very low temperature the line is narrow enough to be visible. In 
Doppler-sensitive excitation the atom absorbs two photons moving in the same 
direction. Consequently, the spectrum is shifted by the photon recoil energy, 
{huY /Amc^ = h X 6.697 MHz (as measured at 243 nm). The shape of the spec- 
trum is Gaussian (except near the transition, where it is determined by the Bose 
distribution) with width of fc^/27r^m, where k is the wave vector of the 

laser beam. A measurement of the linewidth yields the temperature. The mini- 
mum temperature in optical cooling is generally limited by the recoil energy. As 
can be seen in Fig. |5| however, the Doppler width of the evaporatively cooled 
hydrogen sample is significantly less than the recoil limit. 

The Doppler-sensitive line gives a second clear signature for Bose-Einstein 
condensation. Because the lowest energy state is the lowest momentum state, the 
condensate appears as a relatively narrow peak at the center of the Gaussian 
spectrum. Its width is given by the cold collision frequency shift and is the same 
as in the case of Doppler free spectrum. 

Because of the large density contrast between the condensed and noncon- 
densed fraction, we are able to study the density of the noncondensed fraction 
even in the presence of the condensate. We determine the peak density from 
the cold collision shift of the Doppler free line. Reducing the trap depth by 
lowering the rf-frequency reduces the temperature while increasing the density. 
However, when the critical density is achieved, as observed by the onset of the 
far red-shifted signal, the peak density in the noncondensed cloud decreases with 
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Fig. 5. Composite 1S-2S two-photon spectrum of trapped hydrogen after condensa- 
tion. o-spectrnm of sample without a condensate; •-spectrnm emphasizing features due 
to a condensate. The high density in the condensate shifts a portion of the Doppler-free 
line to the red. The condensate’s narrow momentum distribution gives rise to a similar 
feature near the center of the Doppler-sensitive line 



decreasing temperature (Fig. 0. The density follows the phase boundary pre- 
dicted by the theory of the transition. No bosonic thermal gas at can exist at 
densities higher than boundary. 

Current experimental efforts at MIT are focused on the dynamics of the 
growth and decay of the condensate. The dynamics are governed by the balance 
between evaporation and dipolar decay, mainly from the dense condensate m 
Condensate growth has been observed with a Na condensate m- Because of 
hydrogen’s small elastic scattering cross section, condensation takes place in 
what might be described as slow motion P!> and the system seems to be well 
suited for testing theory m- 

2.4 High Resolution Spectroscopy in Ultracold Hydrogen 

There are two lines of interest in the spectroscopy of ultracold hydrogen. The 
first is in the precise determination of the 1S-2S transition frequency. The second 
is in the many new opportunities made possible by exciting ultracold atoms from 
the 2S state to higher states. 



1S-2S Transition 

The 1S-2S transition frequency is so well known UHl that further precision at this 
time will not yield a better value for the Lamb shift and nuclear shape correc- 
tions. Nevertheless, further precision is desirable both for advancing the frontier 
of optical metrology, and because the transition has potential applications for 
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Fig. 6. Density of non-condensed fraction of the gas as the trap depth is reduced along 
the cooling path. The density is measured by the optical resonance shift, and the trap 
depth is set by the rf frequency. The lines (dash, solid, dot-dash) indicate the BEC 
phase transition line, assuming a sample temperature of (l/5th, l/6th, l/7th) the trap 
depth. The scatter of the data reflects the reproducibility of the laser probe technique 
and is dominated by alignment of the laser beam to the sample 



an optical frequency standard. As mentioned above, the experimental resolu- 
tion achieved with a cooled atomic beam is far short of the ultimate resolution 
permitted by the natural linewidth. Thus, major improvements are possible. 

The major advantage of ultracold trapped hydrogen is that one may be able 
to achieve a coherence time comparable with the natural lifetime, 122 ms. As 
described in H-1, HEl, The magnetic trapping fields can be reduced to a level 
where the residual Zeeman shift of the transition is on the order of the natural 
linewidth of 1.3 Hz. The light-induced shift and the photoionization rate can be 
reduced to the same level. 

It is now recognized that cold collision frequency shifts is a crucial issue 
for every high precision atomic frequency standard, microwave or optical. For 
hydrogen at a density of 10® cm“^ the shift of the 1S-2S transition is about 
0.4 Hz, |B|, or a fractional shift of 1.7 x 10“^®. For a rubidium hyperfine standard 
operating at the same density, the shift is about 6 x 10’ -14 USES). 

Ultrahigh resolution spectroscopy requires ultrastable lasers. Fortunately, 
there has been major progress in this areas. A laser locked to an external refer- 
ence cavity PZ| has yielded a resolution of a few parts in lOi® for an Hg+ ion in 
a trap . 

2S-nS Transitions 

The spectrum of hydrogen is composed of a major structure, determined by the 
Rydberg constant, QED corrections like the Lamb shift and finally nuclear shape 
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Fig. 7. Possible setup for a frequency measurement of the 2S-10S transition relative to 
the 1S-2S transition utilizing the new developments with frequency comb generation 
by mode locked lasers. The measurements are done at the same time in the same trap. 
The 1S-2S transition is used as the frequency reference (A). The 2S-10S transition is 
driven by a diode laser (B). The frequency difference between vis- 2 s/& and V 2 S-ws /‘2 
is measured with the help of an optical comb. The scheme can be applied to other 
2S-nS transitions as well 



contributions. More than two transitions must be measured to unscramble these 
contributions. The 1S-2S transition, which is most sensitive to the nuclear effect, 
measured by the Munich group provides one of these. However, the ultimate 
precision is limited by the second transition, currently one of the two-photon 
2S-nS/nD, n=8, 10, 12, transitions that have been studied extensively by the 
Paris group since the mid 80 ’s iTTirni . These experiments employ a metastable 
hydrogen beam. The accuracy is about 8 x 10“^^ or 5 kHz. Cold trapped hydrogen 
holds the potential for improving the accuracy of two-photon 2S-nS transitions 
by an order of magnitude. 

We want to outline such an experiment. The precision of the metastable 
atomic beam experiments is fundamentally determined by the short interaction 
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time of the metastable atoms. For a beam of length 0.6 m and a mean velocity 
of the atoms of 3000 m/s the interaction time is only about 200 ^s. An efficient 
excitation rate requires laser intensities of typically 5 kW/cm^. This intensity 
causes AC-Stark shifts of a few hundred kHz. The accuracy of the measurement 
is limited by uncertainty in this shift. 

Because ultracold trapped 2S atoms can interact with laser light for extended 
times, laser intensities as low as 100 W/cm^ are sufficient to drive the two-photon 
transition. Thus the primary systematic effect of the beam experiments is greatly 
reduced. 

The cold collision frequency shifts of 2S-nS transitions are a potential source 
of uncertainty. There are no theoretical predictions, and so they will have to 
be measured. However, if the scattering lengths are comparable to the 1S-2S 
scattering length the cold collision shift will not be a limiting factor. 

The starting point for the proposed experiment is a cloud of cold 2S atoms. 
The numbers for this look favorable, for more than 10^° 2S atoms/s have been 
produced in the experiments at MIT. A measurement of the metastable lifetime 
sets an upper limit on the electric fields of in the trap of 20 mV/cm. 

A possible setup for the frequency measurement is depicted in Fig. 0 A 
frequency doubled diode laser at 972 nm is locked to the dye laser at 486 nm, 
which is the primary laser for driving the 1S-2S transition. A frequency comb 
generated by a mode locked laser is used to measure the frequency difference 
between the 972 nm diode laser and the 759 nm laser needed for the 2S-10S 
transition. Note that this experiment provides its own frequency standard, for 
the 1S-2S transition serves as the optical frequency reference. 

This simple approach to the frequency measurement should allow us to ob- 
serve other transitions 2S-nS, n=4 and higher. Measuring a series of these tran- 
sitions should allow sensitive cross checks. 

In addition to precision frequency metrology, 2S-nX spectra can provide a 
wealth of information about scattering lengths for excited atoms. Metatable col- 
lision processes, and photoassociation processes, should also be observable. In 
summary, there are lots of scientific opportunities for trapped ultracold hydro- 
gen. 
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Abstract. Progress in obtaining essentially exact solutions to the nonrelativistic Schro- 
dinger equation for the entire singly-excited spectrum of helium and other three-body 
systems is reviewed, and a new upper bound for the ground state is presented. The 
calculation of relativistic and quantum electrodynamic corrections is discussed, includ- 
ing high precision values for the Bethe logarithm. The results are compared with high 
precision measurements of ionization energies in helium. Recent progress is reviewed 
in determining the fine structure intervals in helium with the objective of determining 
the fine structure constant to an accuracy of ±1.7 parts in 10® or better. Extensions 
to lithium-like systems are briefly summarized. 



1 Introduction 

Hydrogen and other two-body systems have long been regarded as the ‘funda- 
mental’ systems of atomic physics because the Schrodinger (or Dirac) equation 
can be solved exactly to give a lowest-order description of the system. The results 
to be reviewed here will show that helium (and other three-body systems) now 
stand on the same footing with hydrogen in that solutions to the Schrdinger 
equation that are essentially exact for all practical purposes are readily ob- 
tainable. The same is true for the lowest-order relativistic corrections. Interest 
therefore shifts to the higher order relativistic and QED corrections in helium, 
and especially the specifically two-electron effects that are not found in hydro- 
gen. From an experimental point of view, helium has the advantage of being a 
monatomic gas that is easy to work with, and the triplet part of the spectrum 
has line widths that are narrower than in the case of hydrogen. 

This paper gives a brief survey of the variational and asymptotic expansion 
methods used to solve the nonrelativistic problem, and the principal effects that 
must be taken into account in order to estimate the higher-order QED correc- 
tions. The lowest order QED shift can now be calculated to high precision, and 
there has been much recent progress on the next-to-lowest order terms. 

There are two basic approaches to the theory of atomic helium, depending 
on whether the nuclear charge Z is small or large. For low-Z atoms and ions, the 
principal challenge is the accurate calculation of nonrelativistic electron correla- 
tion effects. Relativistic corrections can then be included by perturbation theory. 
For high-Z ions, relativistic effects become of dominant importance and must be 
taken into account to all orders via the one-electron Dirac equation. Corrections 
due to the electron-electron interaction can then be included by perturbation 
theory. The cross-over point between the two regimes is approximately Z = 27 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 57-78, 2001. 
(c) Springer- Verlag Berlin Heidelberg 2001 




58 



G. W. F. Drake 



where correlation effects (proportional to Z) are about the same size as rela- 
tivistic effects (proportional to Both methods yield useful results over a 

substantial range of Z, leading to interesting comparisons between them. The 
main emphasis in this paper is on the region of low Z where an expansion of 
relativistic and QED effects in powers of aZ as well as a is useful. 

The paper is organized as follows. Section |2| outlines the principal effects that 
must be taken into account, and summarizes the principal high precision mea- 
surements in helium and He-like ions. Then Sects. 0and|51describe the main ideas 
concerning the calculation of high precision nonrelativistic wave functions and 
energies, and the lowest-order relativistic corrections. These results are extended 
to Rydberg states with high angular momentum L by means of asymptotic ex- 
pansion methods in Sect. 0. Since all of these contributions can be calculated 
to high precision, the central issue is the calculation of quantum electrodynamic 
(QED) effects as discussed in Sect. 0. The results are then compared with exper- 
iment in Sect. Q including recent work on the determination of the fine structure 
constant from the helium fine structure splittings. The latter section also briefly 
reviews recent progress for the case of lithium. The aim throughout is to give 
the main ideas and results, together with appropriate references. This review is 
an update of an earlier conference proceeding published previously [Q- 

2 Principal Effects 

The principal effects that must be taken into account, and their relative orders of 
magnitude, are as listed in Tabled In the table, ^/M is the ratio of the reduced 
electron mass to the nuclear mass for '^He, and is the square of the fine struc- 
ture constant. Since these basic expansion parmeters are about the same size for 
helium, the corresponding contributions to the energy are comparable in magni- 
tude. The nonrelativistic energy refers to the energy for a hypothetical atom with 
infinite nuclear mass, and the mass polarization corrections (specific mass shift) 
arise from the fact that the dynamics of the actual nucleus in the center-of-mass 
frame must also be taken into account. The lowest-order relativistic corrections 
come from the Breit-Pauli interaction, and the relativistic recoil terms are finite 
nuclear mass corrections to these. The anomalous magnetic moment terms are 
simply taken into account as corrections to the basic Breit-Pauli interaction. All 
of these terms can be calculated to very high precision and subtracted from the 
observations, leaving the Lamb shift (QED) terms as the principal additional 
effect to be taken into account in comparing theory with experiment. This term 
gives by far the largest contribution to the theoretical uncertainty. 

The types of information that can be extracted are illustrated by a typical ex- 
periment involving, say, transitions between the ls2s state and the fine struc- 
ture levels of the ls2p^Po,i,2 manifold of states. The total transition frequency 
gives the QED shift, for which theory is not yet fully developed and experimen- 
tal checks are very valuable. However, if one measures the ^He - ^He isotope 
shift for the same transition, then the QED uncertainty largely cancels, allow- 
ing the differential nuclear radius to be accurately determined. If one measures 
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Table 1. Contributions to the energy and their orders of magnitude. The expansion 
parameters are /r/M = 1.370 745 620 x lO"**, and o? = 0.532 513 6197 x 10“"‘ 



Contribution 


Magnitude 


Nonrelativistic energy 




Mass polarization 




Second-order mass polarization Z^{p./M) 


Relativistic corrections 


>y4. 2 

Z a 


Relativistic recoil 


Z^a^fi/M 


Anomalous magnetic moment 


ryA 3 
Z a 


Lamb shift 


Z‘^a^lna + --- 


Finite nuclear size 


Z^{RN/aof 



the isotope shift in the fine structure intervals, then the nuclear size correction 
also becomes negligible, providing an internal consistency check on both theory 
(especially for hyperfine structure) and experiment. Finally, a comparison with 
theory for the fine structure intervals themselves provides a measurement of the 
fine structure constant a. 

The availability of high precision theory has stimulated a number of recent 
experiments of the above types, as summarized in Table El Most of these will 
not be discussed in detail here, but a few of them will be quoted as examples. 



3 Nonrelativistic Wave Functions 



The basic two-electron problem to be solved is illustrated in Fig. E A nucleus of 
charge Z is located at the origin, and the two electrons have position vectors ri 
and T 2 with an angle d between them. The distance between the two electrons is 
fi 2 = |ri— f 2 |. Assuming (for the moment) infinite nuclear mass, the Hamiltonian 
is (in atomic units) 




( 1 ) 



and the Schrodinger equation to be solved is 



HiF(ri,r2) = A!F(ri,r2) . (2) 

The presence of the l/ri 2 Coulomb repulsion term in Eq. (1) makes the 
Schrodinger equation nonseparable, and so exact analytic solutions cannot be 
found. Early in the history of quantum mechanics, Hylleraas 1231 suggested ex- 
panding the wave function in the form (generalized for states of arbitrary angular 
momentum L) 

i+j + fe 
<Q 

S^(n,r2)= 

± exchange term. 



(3) 
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Table 2. Summary of high precision measurements for helium and He-like ions 



Group 




Measurements 


Amsterdam"" 


He 


Is^ *S - ls2p *P 


NIST*" 


He 


ls= *S - ls2p *P 


Harvard"" 


He 


ls2s ^S - ls2p 3p 


North Texas'" 


He 


ls2s ®S - ls2p ®P 


Florence"" 


He 


ls2s ®S - ls3p ®P 


Paris" 


He 


ls2s ®S - ls3d ®Di 


York®5 


He 


ls2p 3Pi - ls2p 3Po 


York*" 


He 


ls2p ®Pz - ls2p ®Pi 


North Texas" 


He 


ls2p ®P 2 - ls2p ®Pi 


NISTJ 


He 


ls2s *S - Isnp *P 


Yale"" 


He 


ls2s *S - Isnd *D 


Golorado State* 


He 


10 *’®L - 10 *’®(L-bl) 


Golorado State"” 


He 


n = 7, 9, 10 G-H, H-I intervals 


York"" 


He 


10 *’®L - 10 *’®(L-bl) 


Strathclyde"" 


Li+ 


ls2s ®S - ls2p ®P 


U. of Western Ontario*" 


Be++ 


ls2s ®S - ls2p 3p 


Argonne"* 


B3+ 


ls2s ®S - ls2p ®P 


Florida State" 


N®+ 


ls2s ®S - ls2p ®P 


Oxford® 


p7+ 


ls2p ®P fine structure 


Florida State* 


p7+ 


ls2p ®P fine structure 


Florida State"" 


Mg*°+ 


ls2p ®P fine structure 



‘‘Eikema et al. 

’’Bergeson et al. Q 
‘^Wen and Gabrielse [S| 

‘^Shiner et al./ ^ 

®Marin et al. m 
^Dorrer et al. nn 
^Storry and Hessels M 
^Storry, George and Hessels m 
'Castilega et al. m 
■’Sansonetti and Gillaspy m 
'‘Lichten et al. 



'Claytor, Hessels, and Lundeen [3| 
"“Stevens and Lundeen ^ 

""Storry, Rothery, and Hessels [7| 
°Riis et al. ^ 

^"Scholl et al. m 
"’Dinneen et al. 

"Thompson et al. uni 
""Myers et al. HH 
"Myers et al. (E2| 

""Myers and Tarbutt 



where the Uijk are linear variational coefficients, and yj^i ^(fi,f 2 ) represents 
a vector-coupled product of spherical harmonics with angular momenta l\ and 
I 2 to form a state with total angular momentum L. a and f3 are additional 
nonlinear scale factors that can be separately adjusted to optimize the energy. 
The usual procedure is to include all powers i,j, k such that i+j + k < fi, and to 
study the convergence as the integer 17 is progressively increased. If all powers 
are included, the number of terms in the basis set is 

N = i(l7-bl)(17-b2)(l7-b3) 



(4) 
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2; 




Fig. 1. Geometry of the two-electron helium problem 



and so grows rapidly with 17. 

The principal computational step is to diagonalize the H matrix in the 
nonorthogonal basis set defined by 

± exchange term. (5) 

This is equivalent to satisfying the variational condition 

S J - E)^dr = 0. (6) 

The first several variational eigenvalues are then upper bounds to the true eigen- 
values, provided only that the correct number of variational eigenvalues lies 
below (Hylleraas-Undheim-MacDonald Theorem PH), and the eigenvector co- 
efficients are the optimum values of the coefficients in Eq. (E). For fixed a 
and /3, all the eigenvalues move inexorably downward toward the exact energies 
as 17 is progressively increased. 

Early calculations with small basis sets containing just a few powers of ri 2 
easily recovered nearly all the correlation energy (see Bethe and Salpeter |2S1 
for a review) . These results demonstrated the great efficiency of Hylleraas-type 
basis sets in describing electron correlation. 

Further Hylleraas-type calculations with basis sets of increasing size and so- 
phistication, culminating with the work of Pekeris and coworkers in the 1960’s 
(see Accad, Pekeris, and Schiff PO]) showed that nonrelativistic energies accu- 
rate to a few parts in 10® could be obtained by this method, at least for the 
low-lying states of helium and He-like ions. However, these calculations also re- 
vealed two serious numerical problems. First, it is difficult to improve upon this 
accuracy of a few parts in 10® without using extremely large basis sets where 
roundoff error and numerical linear dependence become a problem. Second, as 
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is typical of variational calculations, the accuracy is best for the lowest state of 
each symmetry, but rapidly deteriorates with increasing n. 



3.1 Recent Advances 



Over the past 15 years, both of the above limitations on accuracy have been 
resolved by “doubling” the basis set so that each combination of powers i, j, k 
is included twice with different exponential scale factors Explicitly, 

each basis function defined by Eq. (0 is replaced by 

Vijk = aA<f^jki<^A,PA) + aB<fijk{o‘B,PB) (7) 

where ua and qb are independent variational parameters, and {ua, Pa)^ (o:b,Pb) 
are two sets of exponential scale factors that are common to all the basis set mem- 
bers. A complete optimization with respect to all the exponential scale factors 
leads to a natural partition of the basis set into two distinct distance scales — one 
appropriate to the long-range asymptotic behavior of the wave function, and one 
appropriate to the complex correlated motion near the nucleus. The greater flex- 
ibility in the available distance scales allows a much better physical description 
of the atomic wave function, especially for the higher-lying Rydberg states where 
two sets of distance scales are clearly important. However, the multiple distance 
scales also greatly improve the accuracy for the low-lying states. With care, the 
basis set size can be reduced by omitting some of the powers i, j, k from one of 
the two sectors (see Ref. |2E| for further details). 

As a final subtlety, the screened hydrogenic wave function '0fg(ri)'i/)f^^(r2)± 
exchange is included as an additional independent member of the basis set. 
Without this term, rather large basis sets are required just to recover the screened 
hydrogenic energy —2 — {Z — l)^/(2n^) for Rydberg states. 

The Is^ ground state of helium has been particularly intensively studied by 
many authors as a classic example of the three-body problem. For this case, we 
have found that for very large basis sets, it is advantageous to introduce a triple 
basis set with three sets of nonlinear parameters representing the asymptotic, 
intermediate and short range behavior of the wave function. Fig. |2| shows the 
systematic way in which the optimized Ui and vary with 17 in each of the three 
sectors. Standard quadruple precision (32 decimal digit) arithmetic is sufficient to 
maintain numerical stability, provided that the nonlinear parameters are allowed 
to continue increasing with 17 as shown in Fig. El Table Olshows the convergence 
pattern for the energy. The quantity i?(l7) in the last column is the ratio of 
successive differences defined by 



_ E{n-i)-E{n-2) 

^ ’ E{Q)-E{Q-l) 



( 8 ) 



If i?(l7) were a constant, then the series could be extrapolated to 17 = oo as a 
geometric series. The tabulated values are not quite constant, but the variation 
with 17 is sufficiently smooth that a reliable extrapolation can be made. The re- 
sults are in good agreement with other recent calculations using entirely different 
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n 



Fig. 2. Variation of the exponential scale factors with basis set size for the helium 
Is^ state. The three pairs of curves are for a triple basis set with O for a and x for 
/3 in each of the three sectors. f2 = i + j + k is the sum of powers in each sector 



basis set methods, suggesting that the indicated accuracy of 3 parts in 10^^ is 
meaningful. The results in Tableware an update of those presented in Ref. m- 
The variational bound for the 2358 term basis set in Table |3 is the best upper 
bound in the literature. It surpasses the one obtained recently by Korobov 1201 
using a basis set consisting entirely of terms with complex nonlinear parameters 
chosen in a quasi-random manner. 

4 Asymptotic Expansions 

Results of similar accuracy are now available for all the higher-lying Isnl 
Rydberg states of helium up to n = 10 and L = 7 (see Drake |2S1 and earlier 
references therein) . One might object that these long strings of figures are just 
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Table 3. Convergence study for the ground state energy of helium, using a triple basis 
set (in atomic units). R{f2) is the ratio of successive differences between the tabulated 
energies 



n 


IVtot(D) 


E{Q) 


R{n) 


8 


269 


-2.903 724 377 029 560 058 400 




9 


347 


-2.903 724 377 033 543 320 480 




10 


443 


-2.903 724 377 034 047 783 838 


7.90 


11 


549 


-2.903 724 377 034 104 634 696 


8.87 


12 


676 


-2.903 724 377034 116 928 328 


4.62 


13 


814 


-2 .903 724 377 034 1 19 224 401 


5.35 


14 


976 


-2.903 724 377034 119 539 797 


7.28 


15 


1150 


-2.903 724 377034 119 585 888 


6.84 


16 


1351 


-2.903 724 377034 119 596 137 


4.50 


17 


1565 


-2.903 724 377 034 119 597 856 


5.96 


18 


1809 


-2.903 724 377034 119 598 206 


4.90 


19 


2067 


-2.903 724 377034 119 598 286 


4.44 


20 


2358 


-2 .903 724 377 034 1 19 598 305 


4.02 


Extrapolation 


OO 


-2.903 724 377034119 598 311(1) 




Korobov ESI 


2200 


-2.903 724 377 034 119 598 296 




Korobov extrap. 


CX3 


-2.903 724 377 034 119 598 306(10) 




Goldman EJ 


8066 


-2.903 724 377 034 119 593 82 




Burgers et al. K12I 


24 497 


-2.903 724 377 034 119 589(5) 




Baker et al. 


476 


-2.903 724 377 034118 4 





Table 4. Variational energies for the n = 10 singlet and triplet states of helium 



State Singlet 



Triplet 



10 S -2.005 142 991747 919(79) -2.005 310 

10 P -2.004 987 983 802 217 9(26) -2.005 068 

10 D -2.005 002 071 654 256 81(75) -2.005 002 
10 F -2.005 000 417 564 668 80(11) -2.005 000 
10 G -2.005 000112 764 318 746(22) -2.005 000 
10 H -2.005 000 039 214 394 532(17) -2.005 000 
10 I -2.005 000 016 086 516 1947(3) -2.005 000 
10 K -2.005 000 007 388 375 8769(0) -2.005 000 



7949156113(11) 
805 497 706 7(30) 
818 080 228 84(53) 
421686 604 88(26) 
112 777 003 317(21) 
039 214 417 416(17) 
016 086 516 2194(3) 
007 388 375 8769(0) 



numerology with little physical content. However, with increasing L, one can 
give a full physical account of the variational results by means of a simple (in 
concept) core polarization model largely developed by Drachman ^21 (see also 
Drake ESI). An examination of the eigenvalues for the n = 10 Rydberg states 
listed in Table El reveals two significant features. First, with increasing L, the 
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Fig. 3. Illustration of the physical basis for the asymptotic expansion method in which 
the Rydberg electron moves in the field generated by the polarized core 

first several figures are accounted for by the screened hydrogenic energy 



corresponding to the energy of the inner Is electron with the full nuclear charge 
and the outer nl electron with the screened nuclear charge Z —1. Second, the 
singlet-triplet splitting goes rapidly to zero with increasing L. This suggests that 
for sufficiently high L, one can treat the Rydberg electron as a distinguishable 
particle moving in the field of the polarizable core consisting of the nucleus and 
the tightly bound Is electron. As illustrated in Fig. 0 the various multipole 
moments of the core then give rise to an asymptotic potential of the form 



where r is the coordinate of the Rydberg electron. In first order, the correction 
to the energy is then {AV{r)), where the expectation value is with respect to 
the Rydberg electron. Since the core is a hydrogenic system, all the Ci coeffi- 
cients and expectation values can be calculated analytically. For example, C 4 
is related to the core polarizability ai = (9/32)aQ by C 4 = —a\j2 (ag is the 
Bohr radius), and cg is related to the quadrupole polarizability 02 = (15/64)aQ 
and a nonadiabatic correction to the dipole polarizability = (43/512)oq by 
cq = — 02/2 + SPi- Detailed expressions for the higher order terms up to cio 
have been derived (see Drachman for further discussion). Each term can be 
calculated analytically by repeated use of the perturbation methods of Dalgarno 
and Lewis pg. However, the expansion must be terminated at i = 2(L -|- 1) 
because the expectation values (r“®) diverge beyond this point. In this sense, 
the series must be regarded as an asymptotic expansion. 




( 9 ) 



= —2.005 for Z = 2, n = 10 




( 10 ) 
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As an example, Table El shows that the terms up to cio, together with a 
second-order perturbation correction j,S8j . account for the variationally calcu- 
lated energy of the IslO/c state to within an accuracy of only a few Hz. All 
the entries can be expressed analytically as rational fractions. For example, the 
C 4 (r“^) contribution is exactly (in atomic units) 



C4(r 



3 X 61 

210 X 56 X 7 X 13 X 17 



= -7.393 341 95" • x 10"®. 



( 11 ) 



Since the accuracy of the asymptotic expansion rapidly gets even better with 
increasing L, there is clearly no need to perform numerical solutions to the 
Schrodinger equation for L > 7. The entire singly excited spectrum of helium is 
covered by a combination of high precision variational solutions for small n and 
L, quantum defect extrapolations for high n, and asymptotic expansions based 
on the core polarization model for high L. The complete asymptotic expansion 
for helium up to (r“i°) is [36t29j 



EnL 







55923 




32768 ' 


+ 


'3824925 


_ 524288 


^ 1.1 23 

+ 62.0 20 ® 



957 
5120 
33275 



L{L + 1) 
L{L- 



14336 



1,2 
2,0 ■ 
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„- 6 \ 



„- 8 \ 



3833 
' ' 7 ^^ 
908185 
344064 ' 



„- 7 \ 



- 9 \ 




( 12 ) 



The last two terms are small second-order dipole-dipole and dipole-quadrupole 
perturbation corrections. The numerical values of all these terms for the example 
of the IslOfc state are as listed in Table 0 



5 Relativistic Corrections 

The lowest order relativistic corrections are given by expectation values of the 
well-known Breit interaction m 

Hrel = Bi + B 2 + B^z + l?3e + 

+ ^ ^(ri) - 7ra^ ^1 + ^Si • 82 ^ <5(ri2) (13) 

where B\ = —( 0 ^/ 8 ) > B 2 is the orbit-orbit interaction, B^z is the spin- 

orbit interaction, B^g is the spin-other-orbit interaction proportional to the spin 
sum si-|- 2 s 2 , and B^ is the spin-spin interaction. In addition, finite-nuclear-mass 
corrections of 0{a^ pi/M) au come from the mass scaling of these terms, cross 
terms with the mass polarization operator, and the relativistic recoil terms A 2 
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Table 5. Asymptotic expansion for the energy of the IslOk state of helium 



Quantity 






Value 






-Z'^/2 


-2.000 


000 


000 


000 


000 


00 


-l/(2n^) 


-0.005 


000 


000 


000 


000 


00 


C4(r ■‘) 


-0.000 


000 


007 


393 


341 


95 


ca{r~^) 


0.000 


000 


000 


004 


980 


47 


C7{r~’^) 


0.000 


000 


000 


000 


278 


95 


cs{r ®) 


-0.000 


000 


000 


000 


224 


33 


C9(r-®) 


-0.000 


000 


000 


000 


002 


25 


ciO{r-i“) 


0.000 


000 


000 


000 


003 


73 


Second order 


-0.000 


000 


000 


000 


070 


91 


Total 


-2.005 


000 


007 


388 


376 


30(74) 


Variational 


-2.005 


000 


007 


388 


375 


8769(0) 


Difference 


-0.000 


000 


000 


000 


000 


42(74) 



and A 3 first derived by Stone m- All of these effects can be calculated to high 
precision and included in the final results as described in Refs. 

Asymptotic expansions analagous to those discussed in Sect. 0| are also known 
for all these terms jSZEHE^. As with the nonrelativistic energy, they provide 
accurate numerical values for L > 7. 



6 Quantum Electrodynamic Corrections 

All the terms up to this point can be calculated to high precision, leaving a finite 
residual piece due to higher order relativistic and quantum electrodynamic effects 
which lie at the frontier of current theory. 

6.1 Electron-Nucleus Terms 

The leading QED term of 0{a^) is the first term to present new computational 
challenges. It contains contributions coming from both the electron-nucleus in- 
teractions of leading order a^Z'^, and the electron-electron interaction of leading 
order a^Z^. As derived by Kabir and Salpeter ^0|, the general form of the 
electron-nucleus part AE^ [ for helium is simply obtained from the correspond- 
ing hydrogenic case by inserting the correct electron density at the nucleus in 
place of the hydrogenic quantity (<5(r)) = Z^/(7rn^). The lowest-order QED shift 
is then 



AEl^l = ^{S{v3)+S{r,)) 



ln{Za) 






- f3{nLS) 



(14) 



This part is easily done, but the Bethe logarithm f3{nLS), representing the emis- 
sion and absorption of virtual photons, is much more difficult to calculate. It is 
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Table 6. 1/n expansion coefficients bi for the Bethe logarithms of helium. The coeffi- 
cients di and (I 2 give the finite mass correction due to mass polarization effects on the 
wave function. See Eqs. (16) and (17) 



State bi 




&3 


di 


(I 2 


n^S -0.030 979(7) 


-0.022 48(4) 


0.040 55(5) 


0.1513(5) 


-0.0188(9) 


n^S -0.033 80(2) 


-0.053 4(1) 


0.037 6(1) 


0.008 3(6) 


0.060(1) 


n^P -0.004 920(5) 


0.004 12(3) 


0.001 03(3) 


-0.028(1) 


- 


n^P -0.006 71(2) 


0.002 05(12) 


0.008 76(15) 


0.068(1) 


- 


n^D -0.000 621(2) 


0.000 93(1) 


0.000 52(2) 


- 


- 


n^D -0.000 329(3) 


0.001 24(2) 


-0.001 40(4) 


- 


- 



defined in terms of a sum over virtual two-electron intermediate states by 



.^._j:mmPi+P2\m)\HE^-Eo)H2Z-\Er^-Eo)] 

^ E^I(0|Pi+P2|m)P(if^-£;o) 



(15) 



The accurate calculation of j3(nLS), until recently regarded as one of the most 
challenging problems in atomic structure theory, is now solved. The computa- 
tional difficulty is that the sum in the numerator is very nearly divergent, and so 
the dominant contribution comes from states lying high in the scattering contin- 
uum (both one- and two-electron) . In monumental calculations based on explicit 
numerical integrations over intermediate photon momenta as originally proposed 
by Schwartz mi, Baker et al. m and Korobov and Korobov mi have obtained 
accurate values of (3{nLS) for the low-lying S-states of helium (1 ^S, 2 ^S, and 
2^S). However, Drake and Goldman have recently shown that Bethe loga- 
rithms can be calculated to high accuracy much more efficiently by introducing 
basis sets whose spectrum of pseudostates spans a huge range of energies (up to 
10“^° eV). The sums in Eq. (15) can then be performed by summing directly over 
the spectrum of pseudostates. The result for the ground state of helium 

is P{1 ^S) = 2.983 865 857(3) for infinite nuclear mass, and the correction due 
to mass polarization in the wave function is ^S) = 0.09438(l)/r/M. The 

results for the higher lying S-, P-, and D-states can all be accurately represented 
by the 1/n expansions 

P{n^’^L) = P{ls) + bi/n^ + b 2 /n'^ + h/n^ , (16) 

^’^L) = [di/n^ + d^ln^) [ijM , (17) 



where /3(ls) = 2.984 128 556 is the Bethe logarithm for the Is state of hydrogen. 
The coefficients bi and di are listed in Table El 

For higher values of L, one may use instead an asymptotic expansion for 
the Bethe logarithm similar to that for the energy discussed in Sect. 0 In this 
picture, the Rydberg electron induces corrections to the Bethe logarithm for the 
Is electron corresponding to the various multipole moments of the core, with the 
leading term being the dipole term 0.316 205(6) [45146^ . The complete 
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expression is 



j3{lsnl) = /3(ls) 



Z- 1 



(i{nl) , 0.316 205(6), _ 4 , 



Aj3{lsnl) (18) 



where the P{nl) are hydrogenic Bethe logarithms ^7|, and A/3{lsnl) takes into 
account contributions from the higher multipole moments. A least squares fit to 
direct calculations up to L = 6 and n = 6 for helium yields the results 

AP{lsnl ^L) = 95.8(8)(r-®) - 845(19)(r-^) + 1406(50)(r-®) , (19) 

AP{lsnl ^L) = 95.1(9)(r-®) - 841(23)(r-^) + 1584(60)(r-®) . (20) 



These formulas give about the same accuracy as the original calculations. For 
example, for the ls4/ state, /3(4 ^F) = 2.9841271493(3). A full account will 
be given in a future publication. 

The above results are of pivotal importance because they allow the QED part 
of the D-state energies to be calculated to sufficient accuracy that these states 
can be taken as absolute points of reference in the interpretation of measured 
transition frequencies. In particular, the much larger S-state QED shift can then 
be extracted from measured n S — n' D transition frequencies by subtraction of 
the other known terms. 



6.2 Electron-Electron Terms 



The corresponding QED shift coming from the electron-electron interaction is 



AE^\ = ( — In a -I- — ) — ttcAQ 



L,2 



14 



164\ 14 



where 



Q = 



47T / 



15 



lim(rj -^(e) -|-47r(7-|-lne)(5( ri^)) 



( 21 ) 

( 22 ) 



7 is Euler’s constant, and e is the radius of a sphere centered about ri 2 = 0 
that is excluded from the range of integration. The above is the sum of several 
contributions coming from one- and two-photon exchange, vertex terms, vacuum 
polarization terms. Coulomb corrections, and the anomalous magnetic moment 
of the electron. Since all the terms in Eq. (21) can be accurately calculated, they 
do not introduce additional sources of uncertainty. 



6.3 Higher Order Terms 

Relativistic and QED terms of order a.u. and a® a.u. are also important 
in the comparison with experiment. Until recently, a complete theory for these 
terms did not exist, except for the spin-dependent parts of O(a^) and 0{a^) a.u. 
discussed below in Sect. rm For the spin-independent part, the dominant term 
comes from the one-loop QED shift due to the electron-nucleus interaction of 
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O(a'^Z^) a.u. In the corresponding hydrogenic case, this term is just proportional 
to the electron density at the nucleus (i.e. matrix element of the delta-function). 
The corresponding two-electron generalization is thus easily calculated from m 






3 



(<5(ri) -k <5(r2)) Stt 



/427 

Vm 




(23) 



including electron self-energy and vacuum polarization contributions. For exam- 
ple, this contributes —771.1 MHz, —51.995 MHz, and —67.634 MHz respectively, 
to the (positive) ionization energies of the helium Is^ ^S, ls2s^S, and ls2s^S 
states, while the experimental uncertainties are more than an order of magni- 
tude smaller. There would be large disrepancies between theory and experiment 
without this QED term. The corresponding two-loop term from the hydrogenic 
Lamb shift is 

^ (^(ri) +5(r2)) 0.404 206. (24) 

This term also makes a significant contribution. For singlet states, the 0(a^ In a) 
electron-electron QED term 

V)f_e = 'Ka^\a{a~^)5{ri2) (25) 



has been identified and calculated It contributes —30.67 MHz and —2.494 
MHz respectively to the ionization energies of the helium 1 and 2 ^S. 

However, there still remain QED corrections to the electron-electron inter- 
action and purely relativistic corrections of order a^Z^ corresponding to the 
one-electron Dirac energies of this order and their two-electron corrections. In a 
recent series of papers, Pachucki \WJiWM4\ has made important progress in the 
derivation of effective operators for the relativistic corrections for triplet states. 
The results can be expressed in the form 



+ ffe-„(2) + Hv) + J2 



where 



(26) 



He-„(*) = ^ - 



1 


Z' 


^ 5 


2 


[ 2 


1 3 2 






8 


Pi, — 

L dJ 


128 


p*, 


Pi,— 

L dJ 




p», 


Pi, — 

L dJJ 



(27) 



is the electron-nucleus part of the correction to the lowest order Breit interaction, 
Hv is a lengthy expression for the corresponding electron-electron part (see Ref. 
^5), and the last term in Eq. (26) represents the second-order perturbation 
correction due to the Breit interaction terms in JED. The second-order correction 
is not convergent as it stands because of the cross term between the delta- 
functions in Eq. Pachucki has shown that this divergence cancels other 

divergences occurring in the evaluation of (He-n(*)), leaving a finite residual 
piece that can be evaluated by finite basis set methods, as described by Yan and 
Drake |SS]. The result is a relativistic shift of 3.00(1) MHz for the ionization 
energy of the 2 state of helium, in addition to the QED terms (23) and (24). 
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Table 7. Contributions to the total ionization energies for the S-states of helium. 
The values used for the physical constants are Roc = 3 289 841960.389 MHz, a~^ = 
137.035 9895 and fi/M = 1.370 745 620 x lO""*. Units are MHz 



Quantity 




ls2s^S 


ls2s®S 


Enr 


5 945 405 676.78 


960 331428.619 


1 152 795 881.779 


fi/M 


-143 446.25 


-8 570.430 


-6 711.192 


WMf 


58.15 


16.722 


7.107 




-16901.71 


11969.813(1) 


57 621.420 




101.39 


4.987 


3.617 


a^ + ... QED 


-41233(91) 


-2 806.7(25.0) 


-4 058.9(6.0) 


Nuclear size 


-29.59(2) 


-1.995(1) 


-2.596(2) 


Total 


5 945 204 226(91) 


960 332 041.0(25.0) 


1 152 842 741.2(6.0) 


Expt. 


5 945 204 238(45)"- 
5 945 204 356(48)® 


960 332 041.01(15)'^ 


1 152 842 742.87(6)® 


Difference 


12(102) 

130(103) 


0.0(25.0) 


1. 7(6.0) 



'‘Eikema et al. |^. ‘^Lichten et al. 122 !. 

’^Bergeson et al. 21 • ‘^Dorrer et al. m- 



Theory is now complete, at least for the triplet states, up to terms of 0{a^) 
a.u. Ionization energies for all the states of helium up to n = 10 and L = 7 
have been tabulated by Drake and Martin isni, and Drake and Goldman PI- 
These results can be extended to states of higher n by the use of quantum defect 
methods, as discussed by Drake !35p56j. 

7 Comparison with Experiment 

Accurate experimental data are now available for the ionization energies of most 
of the low-lying states of helium, as reviewed by Drake and Martin ^H]. All 
these results were obtained by taking the more accurately known theoretical 
energies for the higher-lying P- and D-states as known points of reference and 
taking differences. As discussed by Drake and Goldman m, the use of the new 
Bethe logarithms given in Sect. 16.11 markedly improves the agreement between 
theory and experiment, leaving residual discrepancies that are typically one or 
two MHz or less. The one exception is the 3 state, which evidently lies higher 
than theory by 18 ± 14 MHz. A remeasurement of this state would be desirable. 

The low-lying S-states are of particular interest because of the large QED 
contributions to their ionization energies. Table Cl summarizes the various contri- 
butions, and Table Elgives the QED part in greater detail. For the Is^ ^S state, 
theory and experiment agree at the ±100 MHz level (1.7 parts in 10®) out of 
a total ionization energy of 5 945 204 226(100) MHz. The total QED contribu- 
tion is —41 233(100) MHz. For the ls2s ^S state, the agreement is spectacularly 
good. The difference between theory and the experimental average is less 

than 0.1 MHz (1.2 parts in 10^°) out of a total theoretical ionization energy of 
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Table 8. Details of QED and higher-order relativistic contributions to the ionization 
energies of helium. Units are MHz 

Quantity ls2s^S ls2s®S 



Electron-nucleus QED 





-44708.756 


-3085.814 


-4035.803 




-771.109 


-51.995 


-67.634 


a®Z® lu2(a) 


83.628 


5.639 


7.335 


a®Z®ln(a) (est.) 


-52(52) 


-4.9(4.9) 


-6..0(6.0) 


(est.) 


37(37) 


2.5(2.5) 


3.3(3.3) 


2-loop 


-6.876 


-0.464 


-0.603 


2-loop binding 


3.948 


0.266 


0.346 


finite mass 


4.051 


0.145 


0.215 


Subtotal 


-45410(52) 


-3134.6(4.5) 


-4098.8(6.0) 


Electron-electron QED 


a® e-e 


4208.058 


330.359 


36.883 


ln(a) e-e 


-30.666 


-2.494 


0.0 


relativistic 


±75 


±24 


3.00(1) 


Total 


-41233(91) 


-2806.7(25.0) 


-4058.9(6.0) 



960 332 040.9(25) MHz. Here, the total QED contribution is -2807(25) MHz. In 
view of the large ±25 MHz uncertainty assigned to the uncalculated relativistic 
correction of 0{a'^) a.u. (the term), the agreement for the ls2s state 

is much better than what one might expect. 

For the ls2s state, the theoretical uncertainty of ±6 MHz is considerably 
less due to Pachucki’s calculation of AE^\ Its contribution of 3.00(1) MHz to 
the ionization energy reduces the difference between theory and experiment to 
1.7 ± 6 MHz. The ±6 MHz theoretical uncertainty is conservatively taken to be 
the entire amount of the ln(a) a.u. term in Table 0 Since the n-dependence 
of this term is more complicated than a simple 1/v? dependence, it is at best 
an approximation to replace a factor of Z'^ j {irn^) by (<5(ri) ± <5(r2)) to form the 
two-electron generalization [see Eq. (14)]. For each term of 0{a^) a.u. in Table 
0 the two-electron coefficient C(lsns) multiplying (<5(ri) ± i5(r2)) is calculated 
from the corresponding one-electron coefficients according to 



C(lsns) 



C(ls) ± C{ns)/n^ 
1 ± l/n^ 



(28) 



The factor in the demoninator ensures that the correct leading term in a \ jZ 
expansion is recovered in the limit of large Z . 

The experimental uncertainty of ±0.06 MHz for the 2 state corresponds 
to an accuracy of ±15 parts per million (ppm) in the total QED shift. This 
considerably exceeds the accuracy of the best microwave resonance measurement 
of the Lamb shift in the He’*' hydrogenic ion (±86 ppm) ^2], and it matches the 
accuracy of the recent anisotropy measurement by van Wijngaarden et al. EHl 
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7.1 Measurement of the Fine Structure Constant 

A comparison between theory and experiment for the fine structure intervals 
in helium holds the promise of providing a measurement of the fine structure 
constant a that would provide a significant test of other methods such as the ac 
Josephson effect the and quantum Hall effect. The latter two differ by 15 parts 
in 10® and are not in good agreement with each other m- 

The helium ls2p®P manifold of states has three fine-structure levels levels 
labeled by the total angular momentum J = 0, 1, and 2. If the largest J = 0 ^ 1 
interval of about 29 617 MHz could be measured to an accuracy of ±1 kHz, this 
would determine a to an accuracy of ±1.7 parts in 10®, provided that the interval 
could be calculated to a similar degree of accuracy. In lowest order, the dominant 
contribution of order a.u. comes from the spin-dependent terms 
of the Breit interaction (H3I). This part is known to an accuracy of 2 parts 
in lO^'^, and the corrections of order a® a.u. and o'* a.u. have similarly been 
calculated to the necessary accuracy m At each stage, the principal challenge is 
to find the equivalent nonrelativistic operators whose expectation value in terms 
of Schrodinger wave functions gives the correct coefficient of the corresponding 
power of a. This analysis, as originally done by Douglas and Kroll for the a® 
terms jSII], has been completed for the next higher order a® In a and a® terms 
by Zhang and numerical results obtained for the former m- Recent 

work by Pachucki has verified Tao Zhang’s derivation of the terms of order 
a® In a, and Pachucki and Sapirstein have evaluated the electron-nucleus 
and spin-dependent ‘Bethe logarithm’ parts of the pure 0(a®) terms. However, 
there remain electron-electron terms, some of which are known to contribute at 
the ±10 kHz level of accuracy m- For example, the term 

1 hrv® 1 

AE,, = ^{pl^,\-a,-ra,-r\cl,o) ( 29 ) 

contributes —10.7 and 4 kHz to the intervals vq,i and ^ 1,2 respectively. A full 
evaluation of 24 other terms of this type, together with finite mass corrections 
to the Douglas and Kroll terms [^01? is in progress and will be completed in the 
near future. The residual uncertainty due to higher order terms will then be less 
than 1 kHz. 

Table 0 presents a summary of the known contributions to the fine structure 
intervals, and a comparison with several recent experiments. The theoretical 
uncertainty will remain at ±15 kHz until the calculations described above have 
been completed. However, the present result is in remarkably good agreement 
with the measurement of Minardi et al. which is within a factor of two of 
reaching the 1 kHz level for the larger interval. The measurements of Storry 
et al. P) and Castilega et al. PS! at the ±1 kHz level for the ^ 1^2 interval are 
not as sensitive to a, but they provide an important check on the theory. Once 
both theory and experiment are in place to the necessary accuracy, a new value 
for a can be derived. 
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Table 9. Comparison of theory and experiment for the fine structure splittings of 
helium 2 ®Pj. Units are MHz 



Contribution 


1^0,1 


Vl,2 




29 564.600 02 


2 317.232 22 




-0.830 97 


3.009 64 




0.000 80 


-0.000 08 




54.707 87 


-22.548 22 




-0.003 82 


0.003 21 


2nd. order 


1.727 63(5) 


-8.040 26(38) 


o'* D.K. 


-3.335 19(3) 


1.533 93(5) 


Za^\n{Za)-^ 


0.03182 


0.063 64 


Za^\n{Za)~^ 2nd. order 


0.042 50 


-0.043 80 


a® ln(a)“^ s.o.o. 


-0.01109 


-0.022 19 


a® ln(a)“^ s.s. 


0.032 27 


-0.012 91 


a® electron-nucl.'‘ 


-0.012 28(16) 


-0.001 55(27) 


0 ? electron-electron (est.) 


±0.015 


±0.015 


Total 


29 616.949 57(17) 


2 291.173 64(39) 




±0.015 


±0.015 


Experiment 


Storry et al. pH] 




2 291.174 0(14) 


Castillega et al. j1 S) 




2 291.175 9(10) 


Minardi et al. |S3 


29 616.9497(20) 


2 291.174(15) 


Shiner et al. 0 


29 616.962(3) 


2 291.173(3) 


Wen and Gabrielse |H1 


29 616.962(3) 


2 291.198(8) 


Storry and Hessels ^1] 


29 616.966(13) 




Hughes et al. 


29616.911(27) 


2 291.196(5) 



^Electron-nucleus terms calculated by Pachucki and Sapristein m 



7.2 Applications to Lithium 

The methods described in Sect. 0 for the calculation of accurate nonrelativistic 
wave functions and energies can in principle be applied to more complex atoms 
and molecules. The principal difficulties are that the number of terms required 
in the basis set to reach a given level of accuracy grows extremely rapidly with 
the number of particles, and the correlated integrals become much more diffi- 
cult to evaluate. Only in the case of lithium (and Li-like ions) have results of 
spectroscopic accuracy been obtained (see Ref. pni for a review). However, the 
demand on computer resources increases by about a factor of 6000 to reach the 
same level of accuracy. 

The evaluation of matrix elements of the Breit interaction requires the cal- 
culation of even more difficult singular integrals, and this remained an unsolved 
problem until the recent development of new algorithms |/1)1/ 1) . With these re- 
sults in hand, it is now possible to include all the relativistic and QED terms as 
in the helium case. The resulting theoretical ionization energy for the ls^2s^S 
ground state of 0.198142 09(2) a.u. is larger than the experimental value by 



Review of Theory and Experiment for Helium 75 

only 0.000 000 06(3) a.u. (0.013±0.07 cm“^). The fine structure splitting for the 
ls^p^2P also agrees with experiment at the ±0.00005 cm“^ level of accuracy 

0 . ^ 

Also as in the case of helium, asymptotic expansion methods can be applied 
to the Rydberg states of lithium and compared with high precision measurements 
vnFm . This case is more difficult because the Li’*' core is a nonhydrogenic two- 
electron ion for which the multipole moments cannot be calculated analytically, 
and variational basis set methods must be used instead. However, the method 
is in principle capable of the same high accuracy as for helium. 

Finally, for all of these cases, once accurate wave functions are available, 
they can be used to calculate a wide variety of atomic properties, such as oscil- 
lator strengths, multipole moments, long range interactions, etc. A great deal of 
work has been done in this area, some of which is reviewed in various chapters 
throughout the Atomic, Molecular, and Optical Physics Handbook [23- A par- 
ticularly fascinating example is the use of the lithium isotope shift to determine 
the nuclear radius of exotic ‘halo’ nuclei such as ^^Li IZSl 

8 Concluding Remarks 

A principal objective of this review was to show that helium can now take 
its place alongside hydrogen as a fundamental system of atomic physics. The 
Schrodinger equation has been solved and lowest order relativistic corrections 
calculated to much better than spectroscopic accuracy. To a somewhat lesser 
extent, accurate solutions also exist for lithiumlike systems, but here theory is 
much less well developed. The residual discrepancies between theory and experi- 
ment determine the higher order relativistic and QED (Lamb shift) contributions 
to nearly the same accuracy as in the corresponding hydrogenic systems. Inter- 
est therefore shifts to the calculation of these contributions, for which theory is 
far from complete for atoms more complicated than hydrogen. Each theoretical 
advance provides a motivation for parallel advances in the state-of-the-art for 
high precision measurement. The results obtained to date provide unique tests 
of both theory and experiment at the highest attainable levels of accuracy, and 
they provide a new tool for the determination of other quantities such as the 
fine structure constant and the radii of exotic nuclei. 
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Abstract. Muonium is a hydrogen-like system which in many respects may be viewed 
as an ideal atom. Due to the close confinement of the bound state of the two ’point- 
like’ leptons it can serve as a test object for Quantum Electrodynamics. The nature 
of the muon as a heavy copy of the electron can be verified. Furthermore, searches 
for additional, yet unknown interactions between leptons can be carried out. Recently 
completed experimental projects cover the ground state hyperfine structure, the ls-2s 
energy interval, a search for spontaneous conversion of muonium into antimuonium 
and a test of CPT and Lorentz invariance. Precision experiments allow the extraction 
of accurate values for the electromagnetic fine structure constant, the muon magnetic 
moment and the muon mass. Most stringent limits on speculative models beyond the 
standard theory have been set. 



1 Introduction 

From electron-positron scattering at the highest achievable energies we can in- 
fer that leptons have dimensions of less than 10“ ^®m (Q- These particles may 
therefore be regarded as ’point-like’ objects. The muonium atom (M=/i+e“) is 
the hydrogen-like bound state of leptons from two different particle generations, 
an antimuon(/i+) and an electron (e“) |2l,'lj . 

The dominant interaction within the muonium atom is electromagnetic. This 
can be treated most accurately within the framework of bound state Quantum 
Electrodynamics (QED). There are also contributions from weak interaction 
which arise from .Z*^-boson exchange and from strong interaction due to vacuum 
polarization loops with hadronic content. Standard theory, which encompasses 
all these forces, allows to calculate the level energies of muonium to the required 
level of accuracy for all modern precision experiment^. 

In contrast to natural atoms and ions as well as to such artificial atomic sys- 
tems, which involve hadronic constituents, muonium has the major advantage 
that there are no complications which would originate from the finite size and 
the internal structure of any of the charged particles within the atom. In natural 
hydrogen, for example, the interpretation of measurements of the ground state 
hyperfine structure (hfs) splitting is limited at the ppm level due to the not well 
known proton polarizability and the proton magnetic although the hfs frequency 

^ A detailed review of the theory of hydrogenic systems can be found in reference 0 . 
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has been obtained more than six orders of magnitude better. Modern investiga- 
tions of the hydrogen ls-2s frequency interval are plagued by the proton mean 
square charge radius (Hj- 



Muonium (M=jj+e ) Energy Levels 
n=l and n=2 




Fig. 1. Muonium energy levels for states with principal quantum numbers n = 1 and 
n = 2. The indicated transitions could be induced to date using modern techniques 
of microwave or laser spectroscopy. High accuracy has been achieved for the indicated 
transitions which involve the ground state. The atoms can be produced very efficiently 
only in the Is state 



Precision experiments in muonium provide sensitive tests for the standard 
theory, in particular of the most advanced field theory, QED. The nature of the 
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muon as a heavy ’point-like’ lepton (i.e. the electron- muon-tauon universality), 
which is fundamentally assumed in the standard theory, is always tested in a 
precision measurement. It should be stressed that the lack of an underlying 
theory, which can explain any of the lepton masses, the muon properties will 
remain solely astounding experimental facts with a possibility for surprise in 
every new precision experiment. 

Because of our ability to describe muonium to very high precision on the 
ground of present solid knowledge, accurate values for fundamental constants 
like the muon mass its magnetic moment /i^ and anomaly and the elec- 
tromagnetic fine structure constant a can be obtained in precision experiments 
p]. Furthermore, searches for new and yet unknown forces in nature can be car- 
ried out. Those may show up as small deviations from the predicted standard 
model behaviour. With precision experiments parameters of speculative theo- 
ries have been already severely restricted. Of particular interest are here models 
which have been invented as trials to expand the standard model in order to 
gain deeper insight into some of its not well understood features, like the masses 
of the fundamental fermions, the origin of parity violation in weak interactions, 
CP violation and many more. The verification of the smallness of the potential 
influence on muonium level energies, which would arise from any such new inter- 
action, is very important for the reliability of extracted fundamental constants 
and their quoted accuracy. 

2 Muonium Formation 

Intense positive muon beams can be provided today with rates up to several 
MHz at different accelerator facilities worldwide. The /i'*" are born in positive 
pion (tt'*') decays which themselves are generated by exposing a target consisting 
of a material with a low nuclear charge Z (typically carbon) to an intense beam 
of protons at 0.5 to 1 GeV energy. The recent experiments on muonium used 
’surface’ respectively ’subsurface’ muon beams |7|, i.e. muons which are born 
in pion decays at rest in the proximity of the production target surface or in 
deeper layers of the material. Such beams have momenta up to 29 MeV / c which 
corresponds to about 4 MeV energy. Parity violation in the weak decay tt~^ —> 
/i+ -I- causes the ^''"-beam to be polarized. 

Without exception, all high precision experiments, which could be performed 
in muonium up to date, have involved the Is ground state (see Figl^). The atoms 
can be produced in sufficient quantities only with principal quantum number 
n = 1 PI. 

The most efficient mechanism to obtain M is e~ capture after stopping /i'*' 
in a suitable noble gas. This technique was employed already in the discovery 
experiment of the muonium atom through its characteristic muon spin rotation 
in a magnetic field by V.W. Hughes and collaborators in 1960. There the atoms 
were formed in Ar gas jS|, where efficiencies of 65(5)% are possible. In the most 
recent precision measurements of Avhfs and the muon magnetic moment 
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at the Los Alamos Meson Physics Facility (LAMPF) in Los Alamos, USA 0 
yields of 80(10)% were achieved for Kr gas targets j2| at atmospheric density. 

The /r'*" moderation processes involve dominantly electro static interaction 
and there is no muon depolarization in strong axial magnetic fields {B » 
0.16 T) P0|- At low fields the mp = 0 atomic states are populated to 50 % 
which means a corresponding reduction of the polarization due to the muon 
spin oscillation at the hyperfine frequency Aphfs- 

Muonium atoms travelling freely in vacuo can be obtained by stopping 
close to the surface of a Si02 powder target The atoms are formed through e~ 
capture and some percent of them diffuse through the target surface into the 
surrounding vacuuirH j1 'Jj . There the atoms have a thermal Maxwell-Boltzmann 
velocity distribution with an average velocity of 0.74(1) mm/fis for 300 K tar- 
get temperature. The development of this production technique was an essential 
prerequisite for Doppler-free two-photon laser spectroscopy of the l^Si/2-2^Si/2 
frequency interval Avis 2 s which were carried out in a pioneering approach at 
the KEK facility in Tsukuba, Japan and in a precision measurement at 
the Rutherford Appleton Laboratory (RAL) in Chilton, United Kingdom [I4j . 
Such measurements aim for an accurate value for and a test of the muon- 
electron charge ratio. Thermal muonium in vacuo was also the key to a sensitive 
search for a conversion of muonium into its anti-atom (M) at the Paul Scher- 
rer Institut (PSI) in Villigen, Switzerland 1 1 81 Itij . Further, a first unambiguous 
demonstration of hyperfine transitions in vacuo could be made ini 

Metastable muonium atoms in the 2s state have been produced with a beam 
foil technique at LAMPF and at the Tri University Meson Physics Facility (TRI- 
UMF) at Vancouver, Canada. Only moderate numbers of atoms could be ob- 
tained. The velocity resonance nature of the electron transfer reaction results in a 
muonium beam at keV energies. Very difficult and challenging experiments using 
electromagnetic transitions in excited states, particularly the 2 ^Si/ 2 ~ 2 ^Pi /2 clas- 
sical Lamb shift and 2^Si/2-2^P3/2 splitting could be induced with microwaves. 
However, the achieved experimental accuracy at the 1.5 % level 118111)1201 . does 
not represent a severe test of theory yet. 

3 Ground State Hyperfine Structure 

The by far largest part of the hfs splitting Aphfs in the muonium Is state is 
given by the well known Fermi energy |?I). which arises from the interaction of 
the muon and electron magnetic moments. Including all contributions it is given 
by 

-3 

(1 ^rad ^rec ^rad—rec) (f) 



^ Another powerful technique uses hot metal foils as converters, where tungsten and 
rhenium give best results. This method was the basis for a successful production of 
slow muons by resonant two step laser ionization of M atoms at KEK in Tsukuba, 
Japan HH. This work is at present continued at RAL to provide an intense beam of 
slow muons for condensed matter, particularly surface science. 



— [Za) Roo — 1 + 
3 Hb _ 



Afhfs= 
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strong weak “t“ exotic ; 

with the Bohr magneton, mg the muon mass and i?oo = • rae<? • h the 

Rydberg constant, where c is the speed of light and h the Planck constant. QED 
corrections for radiative effects £rad are of order a due to the lepton magnetic 
anomalies, recoil contributions £rec are of order ame/m^ and combined radia- 
tive and recoil terms £rad-rec start at a^me/ra^. The strong interaction adds 
^k>strong = 250 Hz and weak interaction through parity conserving axial-axial 
vector currents yields Au^^ak = —65 Hz 0. The sign of this effect is opposite 
to the sign of the effect in hydrogen, the pA is an anti-particle in contrast to 
the proton. Among the possible exotic interactions which could contribute to 
Avhfs is the conversion of muonium (M) to antimuonium (M). Although this 
process may appear in the environment of atomic physics as a somewhat remote 
possibility, it must be mentioned that it is a full analogy for leptons to the well 
known oscillations. If the process exists, it would cause a splitting of 

hyperfine levels in nS states up to US) 

Av exotic = AiJ^_-^{nS) = (M\Hj^jj\M) = — ■ Hz, ( 2 ) 

where Hj^jj stands for the interaction Hamiltonian, represents the cou- 

pling constant of the process, Gp is the Fermi weak interaction constant and 
Sb < 1 reflects the magnetic field dependence of the exotic coupling. Therefore 
it could influence the interpretation of precision measurements and affect the 
validity of extracted Fundamental constants, unless proven to be small. From a 
very recent direct search ( see chapter E|) at the Paul Scherrer Institute (PSI) 
in Villigen, Switzerland, an upper limit of Ai/j^ < 1.5 Hz/V^b can be 

concluded for an expected line splitting PII^. 

In the latest experiment at LAMPF [3j a muon beam was stopped in a Kr 
gas target at typically atmospheric density inside of a microwave cavity. This 
device was centered in a Magnetic Resonance Imaging magnet at B =1.7 Tesla 
held with ppm homogeneity. Microwave transitions between the two energetically 
highest respectively two lowest Zeeman sublevels at the frequencies v \2 and 1^34 
(Fig. 3) involve a muon spin flip. They were detected through a change in the 
spatial distribution of e'^ from the decays + + , because due to 

parity violation in this weak interaction process the e"*" are preferentially emitted 
in the direction of the pA spin. As a consequence of the Breit-Rabi equation, 
which describes the behaviour of the levels in a magnetic held B, the sum of 
these frequencies for the same value of B equals the splitting in zero held Auhfs 
and their difference yields in a known field |2]. The experiment utilized the 
technique of ” old muonium” , which allowed to reduce the linewidth of the signals 
(Fig. 3) below one half of the natural linewidth 

&Vnat = (tt • = 145 kHz, (3) 

where = 2.2 /is is the muon lifetime. For this purpose an essentially continuous 
muon beam was chopped by an electrostatic kicking device into 4 ^s long pulses 
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Fig. 2. Ground state Zeeman levels in an external magnetic field. The sum of the 
frequencies of the indicated transitions Av\2 and AU34, at the same magnetic field 
equals the zero field splitting Avhfs and their difference allows to determine the 
muon magnetic moment 



with 14 /is separation. Only atoms which were interacting coherently with the 
microwave field for periods longer than several muon lifetimes were detected m 

The results are mainly statistics limited and improve the knowledge of both 
^^HFS and by a factor of three over previous measurements I^HI- The 
zero field splitting is determined to 

ZlizHFs(expt.) = 1^12 + VM = 4463 302 765(53) Hz (12 ppb) . (4) 

This value agrees well with the theoretical prediction of m 

(theory) = 4463 302 563(510)(34)(< 100) Hz (120 ppb) . (5) 

Here the first quoted uncertainty is due to the accuracy to which the muon- 
electron mass ratio m^/we is known, the second error is from the knowledge 
of a as obtained from electron g — 2 measurements [ 23 |, and the third value 
corresponds to estimates of uncalculated higher order terms. 

The measurements give a muon magnetic moment of 

= 3.183 34513(39) (120 ppb) (6) 

which translates into a muon/electron mass ratio of 



= 206.768 277(24) (120 ppb) . 



( 7 ) 
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Fig. 3. Samples of conventional and ‘old muonium’ resonances at the frequency v \2 
(See Fig. 2 ). The narrow ‘old’ signals have also a higher amplitude and a characteristic 
line shape [22]. The lines in the left column were recorded by sweeping the magnetic 
field, which was measured in units of the proton NMR frequency {vp)- The lines on 
the right were obtained using microwave frequency (v) scans 

A highly accurate value for the /i can also be obtained from the zero field splitting 
Using the fine structure constant a derived from the magnetic anomaly 
of the electron, one finds 

= 206.768 267 0(55) (27 ppb) . (8) 

This value depends strongly on the correctness of the theory both for the muo- 
nium hyperfine structure and the electron magnetic anomaly. Alternatively, ex- 
tracting a value for a from Aphfs instead represents a most valuable stringent 
consistency test for different branches of physics, which each allow to obtain a 
precise value of a (see Fig. 3). 

The hyperfine splitting is proportional to a^Rca, with the very precisely 
known Rydberg constant i?oo- Comparing experiment and theory yields jS! 

= 137.035 996 3(80) (58 ppb) . (9) 

If i?oo is decomposed into even more fundamental constants, one finds Avhfs 
to be proportional to a^me/h. Using the value hime as determined in measure- 
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Fig. 4. The fine structure constant a has been determined with various methods [25- 
28] . most precise is the determination from the magnetic anomaly of the electron. The 
muonium atom offers two different routes which uses independent sets of fundamental 
constants. The disagreement (the error bars are mostly statistical) seem to indicate that 
the value h/rrie from neutron de Broglie wavelength measurements may be quoted with 
too high accuracy 



merits of the neutron de Broglie wavelength m gives 

04 ^ = 137.036 004 7(48) (35 ppb) . (10) 

In the near future a small improvement in can be expected from ongo- 
ing determinations of /i/rue in measurements of the photon recoil in Cs atom 
spectroscopy and a Cs atomic mass measurement The present limitation 
for accuracy of aj ^ arises mainly from the muon mass uncertainty. Therefore 
any better determination of the muon mass, e.g. through a precise measurement 
of the reduced mass shift in Ai'is 2 s, will result in an improvement of a^^. 

At present the good agreement within two standard deviations between the 
fine structure constant determined from muonium hyperfine structure and the 
one from the electron magnetic anomaly is generally considered the best test 
of internal consistency of QED, as one case involves bound state QED and the 
other one QED of free particles. 

Among the mostly fundamentally assumed symmetries in nature are the 
Lorentz invariance and the validity of the CPT theorem which demands an in- 
variance of nature under simultaneous charge conjugation (C), parity operation 
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(P) and time reversal (T). It is particularly difficult to compare tests which were 
made in different systems, i.e. often quoted upper limits on relative changes in 
particle properties are only little justified. Small numbers per se may not be too 
important. A comparison on the basis of the strength of the potential interaction 
could give much more information; however, in the absence of a positive signal 
and of a clear theory this is hardly possible. In a recent approach by by Bluhm 
et al. m it was suggested to compare different systems on a common basis, i.e. 
through the energies of the involved states. Within a generic extension of the 
standard model m diurnal variations of the ratio m 

^Av\2~ + ( 11 ) 

were suggested for muonium. A reanalysis of the data recorded at LAMPF 0 
could show that in the course of a day the changes in any frequency are less 
than about 15 Hz m and are therefore of no concern for the above mentioned 
interpretation of the experiment and in particular for the obtained fundamental 
constants. With significantly increased muon flux and a pulsed time structure 
with narrow bunches of width ST < Tf^, separated by T « 10 • t^, an extinc- 
tion ratio e <C exp { — T /t^) and straight forward improvements in the setup 
a gain of one order of magnitude for Avhfs^ ^md should be 

attainable with the same ’old muonium’ technique. 

4 ls-2s Energy Interval 

Doppler-free excitation of the ls-2s transition had been achieved in the past 
at KEK |E] and at RAL The transitions were induced by counter- 

propagating intense pulsed UV light at 244 nm wavelength which was generated 
by frequency doubling of blue laser radiation. The accuracy of these experiments 
was limited by properties of the employed laser systems, which allowed little 
control over an ac Stark effect and laser frequency chirping. The latter was 
caused by rapid changes of the index of refraction in the dye solutions of laser 
amplifier stages for the blue light. The experiments were only possible at pulsed 
accelerators sites, because with the presently available muon beam fluxes and 
muonium production yields reasonable transition rates can only be expected for 
high excitation probabilities. This requires pulsed lasers. 

A new measurement, which was tuned for precision, has been performed 
recently at the worlds brightest pulsed surface muon source at RAL um 
The 1 ^Si/ 2(F=1) ^ 2^Si/2(F=l) transition was induced when muonium atoms, 
which had emerged from a Si 02 target, interacted about 8 mm above the target 
surface with the light field of two counter-propagating laser beams of wave- 
length 244 nm. The two-photon excitation was detected by photo-ionization of 
the 2s state in the same light field. The released muons were identified in a mass 
spectrometer which selected particles by a combination of electric and magnetic 
fields as well as their time of flight (Fig.^. The positrons from muon decay were 
recorded as part of an event signature. The muon count rate as a function of 
laser frequency represents the experimental signal. 
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Fig. 5. Detection 

scheme for the muonium 
ls-2s-photo-ionization 
transition. The muon 
released in the process is 
accelerated to typically 
2 keV in a two stage 
device. The particle 
is identified in a mass 
spectrometer consisting 
of a 1.66 m time of 
flight path with an 
electrostatic deflector 
and a bending magnet. 
The positron from muon 
decay is observed as part 
of the signature 




The necessary high power UV laser light was generated by frequency tripling 
the output of an alexandrite ring laser amplifier in crystals of LBO and BBO. 
The alexandrite laser was seeded with light from a continuous wave Ar ion laser 
pumped Ti:sapphire laser at 732 nm (Fig. 0 2^. Fluctuations of the optical 
phase during the laser pulse (laser frequency chirp) were compensated with two 
electro-optic devices in the resonator of the ring amplifier to give a swing of the 
laser lights frequency chirping of less than about 5 MHz. The fundamental op- 
tical frequency was calibrated by frequency modulation saturation spectroscopy 
of the ai 5 hyperfine component of the 5-13 R(26) line in thermally excited 
vapour which lies about 700 MHz lower than 1/6 of the M transition frequency. 
It has been calibrated to 0.4 MHz at the Institute of Laser Physics in Novosi- 
birsk, Russia, and at the National Physical Laboratory in Teddington, United 
Kingdom m- The cw light was frequency up-shifted by passing through two 
acousto-optic modulators (AOM’s). For the muonium measurements 25 prese- 
lected values of the AOM frequency were chosen. Every minute one of them was 
randomly chosen. 

Among the many further experimental details we would like to mention that 
in total 3 million laser shots were fired with a chirp swing below 15 MHz. Al- 
together 99 events were found (Fig. EJ. To obtain the theoretical line shape, we 
calculated numerically for a randomly selected sample of 20% of all the laser 
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Fig. 6. Laser system in the muonium Is- 2s experiment. A cw laser at 732 nm is locked 
to a molecular I 2 resonance. Its light is amplified in an alexandrite ring amplifier and 
then frequency tripled. The light frequency is scanned using acousto-optic modulators 



pulses the probability for a resonant ionisation event using a line shape theory 
which is based on a density matrix model. This allows the inclusion in each case 
of the recorded time dependent phase shift, the intensity and the beam cross 
section for the laser light; details are given in reference EZEEI- We verified that 
the remaining 80% and all the pulses which produced an event had the same 
average distributions for chirp, chirp swing, intensity and spatial profiles. The 
experimental setup has been tested and the novel analysis procedures were veri- 
fied using measurements of the two hyperfine components of the ls-2s transition 
in deuterium m 

The muonium experiment gives as a result 

Zlj^is 2 s(expt.) = 2 455 528 941.0(9.8) MHz . (12) 

This constitutes a significant improvement in accuracy compared to the earliest 
efforts (Fig. El 1 1 3j . where the errors were totally dominated by systematics and 
their treatment proper jS^. The new result is in good agreement with the theory 
value pTij 

(theory) = 2 455 528 935.4(1.4) MHz . (13) 

From these figures the muon/electron mass ratio is found to be 

TO^+/TOe- = 206.768 38(17). (14) 

In an alternate interpretation the muon/electron charge ratio can be ex- 
tracted. For hydrogen-like systems the leading order for the gross structure en- 
ergy is proportional to {Z'^a)a/n^ where Z is the nuclear charge in units of the 
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Fig. 7. Muonium ls-2s signal. The frequency corresponds to the offset of the 
Ti:sapphire laser from a molecular iodine reference line. The open circles are the ob- 
served signal, the solid squares represent the theoretical expectation based on measured 
laser beam parameters and a line shape model [38] 



electron charge. By comparing Z\j/is 2 s(expt.) and Z\j^is 2 s ( theory) we found for 
the charge ratio 

Z = q^+/q,- . (15) 

This is the best verification of charge equality in the first two generations of 
particles. We note that the existence of one single fundamental quantized unit 
of charge is solely an empirical observation and no associated underlying sym- 
metry has yet been revealed. Gauge invariance, unfortunately, assures charge 
quantization only within one generation of particles. 

Major progress in the laser spectroscopy of muonium can be expected from 
a cw laser experiment, where the light frequency accuracy is not expected to 
present any problem in the foreseeable future. Prior to such a project two major 
technological advances will be needed: (i) optical coatings in the 244 nm region 
which will allow to set up an enhancement cavity with kW circulating power 
and (ii) a pulsed muon facility with some two orders of magnitude increased 
flux over present beams with pulse widths below and pulse separations of at 
least several Most important is in this context the overall number of muonium 
atoms in the laser beam. A pulsed beam time structure is of advantage primarily 
for background suppression. 
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Fig. 8. Evolution of muonium ls-2s measurements. The two results displayed for the 
KEK accelerator facility refer to one single measurement by a Japanese - American 
collaboration [13] and its reanalysis [39]. The newer measurements were made by the 
Heidelberg - Oxford - Rutherford - Sussex - Siberia - Yale collaboration and have now 
reached a level of accuracy comparable to theory, where the limitation arises primarily 
from the muon mass 



5 Connection to a New Measurement of the Muon 
Magnetic Anomaly 

The muon magnetic anomaly is given, like in case of the electron, mostly by pho- 
ton and electron-positron fields. However, the effects of heavier particles, which 
are introduced through vacuum polarization loops, is enhanced by the square 
of the mass ratio m^/me ~ 4 • 10^. The contributions from strong interaction 
amount to 58 ppm. They can be determined from a dispersion relation with 
the input from experimental data on e“'"-e“ annihilation into hadrons and from 
hadronic r-decays. The weak interaction adds 1.3 ppm through loops with 
and Z'^ bosons and such with additional photons. At present standard theory 
yields to 0.66 ppm Contributions from physics beyond the standard 
model may be as large as a few ppm. Such could arise from, e.g., supersymme- 
try, compositeness of fundamental fermions and bosons, CPT violation and many 
others. Of urgent actuality is the possibility to restrict for minimal supersym- 
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metric models the value of tan (3, which is the ratio of the vacuum expectation 
value of the involved two Higgs fields. 




Fig. 9. The spectroscopic experiments on the hyperfine structure of muonium and the 
ls-2s energy interval are closely related to a precise measurement of the muon muon 
magnetic anomaly. The measurements put a stringent test on the internal consistency 
of the theory of electroweak interaction and on the set of the involved fundamental 
constants 



The spectroscopic experiments in muonium, in particularly on the hyper- 
fine and the ls-2s intervals, are closely inter-related with the determination 
of the muon magnetic anomaly through the fundamental relation = 
(1 -I- a^) ■ eh/{2mfj,c). The results from all experiments establish a self consis- 
tency requirement for QED and electroweak theory and the set of fundamental 
constants involved (Fig. The constants are the most stringently 

tested important parameters. Although, in principle, the muon-electron system 
could provide the relevant electroweak constants, the Fermi coupling constant 
Gp and Weinberg angle sin^ 6w, the use of more accurate values from indepen- 
dent measurements may be chosen for higher sensitivity to new physics. 

A new determination of m is presently carried out in a superferric mag- 
netic storage ring at the Brookhaven National Laboratory (BNL) in Upton, USA. 
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The experiment uses a g—2 technique in which the difference u>a = ujg — ujc of the 
spin precession and the cyclotron frequencies ( ujg, lOc) is measured. This project 
aims for a final precision of 0.35 ppm. In order to be able to reach this goal, it 
is essential to have (respectively /r^//ip) available with an accuracy at the 
0.1 ppm level, because this quantity is needed for extracting the experimental 
result 




UJam^C 

eB 



(16) 



with the precisely measured magnetic field B. At this stage, these relevant muon 
parameters can only be provided by muonium spectroscopy to sufficient and 
reliable accuracy. 




Fig. 10. Muonium-antimuonium conversion in theories beyond the standard model. 
The interaction could be mediated by (a) a doubly charged Higgs boson A'*'"*’ [52,53], 
(b) heavy Majorana neutrinos [52], (c) a neutral scalar $n ]54], e.g. a supersymmetric 
r-sneutrino Dt [55,56], or (d) a bileptonic gauge boson [57] 



The BNL experiment is planed for both and p, as a test of CPT in- 
variance. This is of particular interest in view of CPT violating models im 
(see chapter ED. For measurements of magnetic anomalies a comparison of mea- 
surements is suggested through the energies of particles with spin down and of 
anti-particles with spin up in an external magnetic field. The nature of g — 2 
experiments is such that they provide a figure of merit r = ]a“ — a’*'] • huJc/m ■ 
m for such a CPT test, where a and a'*" are the positive and negative parti- 
cles magnetic anomalies and m is the particle mass. For the past electron and 
positron measurements one has Ve = 1.2 • 10’ -21 gg. This may be viewed as 
a much tighter CPT test than in the case of the neutral kaon system, were the 
mass differences between and K yield tk = 4 • 10’ -19 m- An even more 
stringent CPT test arises already from the past muon magnetic anomaly mea- 
surements gj where = 3.5 • 10“24, This may therefore already be regarded 
as the presently best known CPT test based on system energies With im- 
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Fig. 11. Top view of the 
MACS (Muonium - An- 
timuonium - Conversion 
- Spectrometer) appara- 
tus at PSI to search for 
M — M - conversion [59] 




provement expected in the BNL g — 2 experiment one can look forward to a 20 
times more precise test of this fundamental symmetry. 

6 Muonium-Antimuonium Conversion 

Beyond atomic spectroscopy muonium renders the possibility to search directly 
and sensitively for yet unknown interactions between the two charged leptons 
from two different generations. Among the mysteries observed for leptons are 
the apparently conserved lepton numbers. As a matter of fact, several distinc- 
tively different lepton number conservation schemes appear to hold, some of 
which are additive and some are multiplicative, parity-like. Some of them distin- 
guish between lepton families and others don’t !4hl47l4HI40K()| . No local gauge 
invariance has been revealed yet which would be associated with any of these 
empirically established laws. Since there is common believe m that any dis- 
crete conserved quantity is connected to a local gauge invariance, a breakdown 
of lepton number conservation is widely expected, particularly in the framework 
of many speculative models. 

A potential M-M-conversion would violate additive lepton family number 
conservation and is discussed in many of the speculative theoretical approaches 
(see Fig.nnil. It would be a full analogy in the sector of leptons to K°-K oscilla- 
tions, which are well known and established in the quark sector of the standard 
model. 

A dedicated search experiment was performed at PSI HHEHl- The setup (Fig. 
inj was designed to employ a powerful signature, which had been developed 
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in a predecessor experiment at LAMPF. The coincident identification of both 
charged particles released in the anti-atom’s decay was required. |58l59j . Muo- 
nium atoms in vacuo with thermal velocities were produced from a Si02 powder 
target. They were observed for antimuonium decays. Energetic electrons from 
the decay of the /i“ in the antiatom were traced in a magnetic spectrometer 
at 0.1 T magnetic field. This instrument consisted of five concentric multiwire 
proportional chambers and a 64 fold segmented hodoscope. The positron in the 
atomic shell of the antiatom is expected to be left behind after the muon decay. 
This positron has 13.5 eV average kinetic energy, the systems Rydberg energy 
[6(H61| . It could be accelerated to 10 keV in a two stage electrostatic device and 
guided in a magnetic transport system onto a position sensitive microchannel 
plate detector (MCP). Annihilation radiation into two 7 rays of 511 keV could 
be observed in a 12 fold segmented pure Csl calorimeter around the MCP. For 
normalization purposes the muonium production was monitored regularly every 
5 hours by reversing all electromagnetic fields in the apparatus. 





TOF-TOF,^p,,^,, [ns] 



TOF - TOF 



expected 



[ns] 



Fig. 12. Time of flight (TOF) and vertex quality for a muonium measurement (left) 
and the same for all data of the final 4 month search for antimuonium (right). One 
event falls into the indicated 3 standard deviations area 



The relevant measurements were performed during in total 6 month dis- 
tributed over 4 years during which 5.7 • 10^° muonium atoms were in the inter- 
action region. Out of those, one event fell within a 99% confidence interval of all 
relevant distributions (Fig. EJ. The expected background due to accidental co- 
incidences was 1.7(2) events. Thus an upper limit on the conversion probability 
of 

Pj^M <8.2-10-1783 (90%C.L.) (17) 

was found, where Sb accounts for the interaction type dependent suppression 
of the conversion in the magnetic field of the detector due to the removal of 
degeneracy between corresponding levels in muonium and M. The reduction is 
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strongest for (V±A)x(V±A), where Sb=0.35 [ti2lti;tj . This yields for the tradi- 
tionally quoted upper limit on the coupling constant in an effective four fermion 
interaction 

Gmm < 3.0 • 10-^Gf (90% G.L.) . (18) 

This new result, which exceeds bounds from previous experiments [h8lP4j by 
a factor of 2500 and the one from an early stage of the experiment m by 35, has 
some impact on speculative models. A certain Zg model is ruled out with more 
than 4 generations of particles where masses could be generated radiatively with 
heavy lepton seeding jfibj . A new lower limit of 

mx±± > 2.6 TeV/c^ • gai (95%G.L.) (19) 

on the masses of flavour diagonal bileptonic gauge bosons in GUT models is 
extracted which lies well beyond the value derived from direct searches, mea- 
surements of the muon magnetic anomaly or high energy Bhabha scattering 
E3ESI- Here gsi is of order 1 and depends on the details of the underlying sym- 
metry. For 331 models this translates into mx±± > 850 GeV/c^ which disfavours 
their minimal Higgs version in which an upper bound of 600 GeV /c^ has been 
extracted from an analysis of electroweak parameters |67I68| . The 331 models 
may still be viable in some extended form involving a Higgs octet m- In the 
framework of R-parity violating supersymmetry |56I55| the bound on the cou- 
pling parameters could be lowered by a factor of 15 to | A 132 A 231 |< 3 • 10“"^ 
for assumed superpartner masses of 100 GeV/c^. Further the achieved level of 
sensitivity allows to narrow slightly the interval of allowed heavy muon neutrino 
masses in minimal left-right symmetry 1531 (where a lower bound on Gj^jq^ exists, 
if muon neutrinos are heavier than 35 keV) to « 40 keV/c^ up to the present 
experimental bound at 170 keV/c^. In minimal left right symmetric models, in 
which MM conversion is allowed, the process is intimately connected to the lep- 
ton family number violating muon decay —> e~^ + Vfj, + Vf,. With the limit 
achieved in this experiment this decay is not an option for explaining the excess 
neutrino counts in the LSND neutrino experiment at Los Alamos |70I71IJ . 

A future M — M experiment could take particularly advantage of high inten- 
sity pulsed beams, with pulses short compared to and separated by several r^. 
In contrast to other lepton number violating muon decays, the M-M-conversion 
through its nature as particle - antiparticle oscillation, has a time evolution 
analogous to usual two level systems, like they can be found in many cases in 
atomic physics. Hence for coupling constants of the demonstrated smallness the 
probability for finding M in the ensemble increases quadratically in time. This 
gives the signal an advantage growing in time over major background, which 
can be assumed to decay exponentially m- Particularly for double or triple 
coincidences in the event signature this could be advantageous. 

7 Long Term Future Possibilities 

It appears that the availability of muons limits the ability to perform more 
accurate spectroscopy and to And very rare processes like M-M-conversion. All 
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the mentioned experiments on muons and muonium are limited by statistics. 
Systematic errors could even be reduced much further by straightforward means, 
if required. Therefore any measure to boost the particle fluxes of existing muon 
beam lines will be a very important step forward. 

For significant improvements, we need significantly more intense accelera- 
tors, such as they are presently discussed at various places. In the intermediate 
future a possible European Spallation Source (ESS) or the Japanese Hadron Fa- 
cility (JHF) are important options. Also at the Oak Ridge neutron spallation 
source could accommodate intense muon beams. A new planned intense proton 
machine at the Gesellschaft fiir Schwerionenforschung (GSI) in Darmstadt, Ger- 
many, could be utilized to produce muon beams with optimized particle flux, 
time structure and phase space. The most promising facility would be, however, 
a muon collider [Z2| or a neutrino factory, the front end of which could provide 
muon rates 5-6 orders of magnitude higher than present beams (see Table GJ . 
Very attractive are new muon beam designs, where relatively more muons (com- 
pared to present schemes) can collected at the production target and where new 
techniques like phase rotation will be employed. Among those the proposal of the 
PRISM beam for JHF is very appealing ng. Such a scheme could be adapted 
to many of the other mentioned accelerators. 

A major advantage of facilities with significantly increased muon flux would 
be the possibility to use novel experimental techniques which could not be ex- 
ploited so far m like, e.g. the use of cw lasers for optical spectroscopy or an ’old 
muonium’ approach for a new generation M-M search. Further, a wider class of 
muonic atoms would be become accessible for precision spectroscopy m beyond 
the already started laser investigations of muonic hydrogen eg. 



Table 1. Muon fluxes of some existing and future facilities. Rutherford Appleton Lab- 
oratory (RAL), Japanese Hadron Facility (JHF), European Spallation Source (ESS), 
Muon collider or neutrino factory (MC) 





RAL(/r+) 


PSI(^+) 


PSI(/i-) 


JHF(/i+) 


ESS(/r+) 


MC (^+, /i-) 


Intensity [/r/s] 
Momentum bite 


3 X 10“ 


3 X 10* 


1 X 10“ 


4.5 X 10"" 


4.5 X 10" 


7.5 X 10^^ 


Pm/p[%] 

Spot size 


10 


10 


10 


10 


10 


5-10 


[cm X cm] 


1. 2x2.0 


3.3X2.0 


3.3X2.0 


1. 5x2.0 


1. 5x2.0 


few X few 


Pulse structure 


82 ns 


50 MHz 


50 MHz 


300 ns 


300 ns 


50 ps 


Repetition rate 


50 Hz 


continuous continuous 


50 Hz 


50 Hz 


15 Hz 



8 Conclusions 

Although the nature of the muon - the reason for its existence - still remains 
a mystery, both the theoretical and experimental work in basic muon physics, 
have contributed to an improved understanding of basic particle interactions 
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and symmetries in physics. Particularly muonium spectroscopy has verified the 
behaviour of the muon as a point-like heavy lepton which differs only in its mass 
related parameters from the others. This fact is fundamentally assumed in ev- 
ery precision calculation within standard theory. In addition, the measurements 
provide accurate values of fundamental constants. 

It is the interplay between particle physics and QED phenomena in the muo- 
nium atom which cause increasing understanding of fundamental forces and in- 
creasing reliability of extracted fundamental constants. None of both sides could 
reach significant results without the other. With the significant improvement 
expected for muon beam rates at various places we can look forward to further 
insights and maybe hints why there are particle generations. 
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Abstract. The current experimental situation regarding tests of fundamental physics 
using positronium is reviewed. Five measurements are discussed and compared with 
theoretical predictions: the singlet and triplet annihilation decay rates, the ground state 
and the n = 2 energy intervals, and the Doppler-free two-photon excitation of the IS 
to 2S transition. Previous results, recent progress (where appropriate), and the outlook 
for future improvements in these measurements are discussed. 



1 Introduction 

We will review here experimental tests of quantum electrodynamics (QED) 
and relativistic bound-state formalism in the positron-electron (e“'",e“) system, 
positronium (Ps). Ps is an attractive atom for such tests because it is purely 
leptonic {i.e. without the complicating effects of nuclear structure as in normal 
atoms), and because the e“ and e^ are antiparticles, and thus the unique ef- 
fects of annihilation (decay into photons) on the real and imaginary (related to 
decay) energy levels of Ps can be tested to high precision. In addition, positron- 
ium constitutes an equal-mass, two-body system in which recoil effects are very 
important. 

The major experiments that will be discussed are listed in Table El All ex- 
perimental results reported since the first {Hydrogen I) conference for each level 
interval or decay rate are listed. Since there is no controversy in the theoreti- 
cal results, only the most recent values of these are listed. Complete references 
can be found in (o-Ps decay), p-Ps decay, and [bitij (energy level 

intervals) . 

Note that for each interval or decay rate in Table Q that the most recent 
experiment was done in the early 1990’s and that the most recent theory has 
been completed in the past three years. At the beginning of the decade the preci- 
sion of experimental values was better than that of the corresponding theoretical 
values across the board. At the end of the decade, due to several theoretical ad- 
vances this trend has been completely reversed. As a result, this review, which 
is intended to update the experimental advances since the Hydrogen I confer- 
ence, must report on results that have been in the literature for a considerable 
time. Thus, we will particularly address possible future improvements to each 
experiment. 
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Table 1. Comparison of theoretical and experiment results. Where two errors are listed 
in the experiment column, the first is the statistical and the second is the systemmatic. 
The error in the difference column is the quadrature sum of the experimental and 
theoretical error 



Decay Rate 


Experiment 


Theory 


Difference 




[/rs-i] 


[ms-1] 


[ms-1] 


A(l^So) 


7 990.9(17) ig 


7 989.620(13) 


-1.4(17) 


A(l®Si) 


7.051 4(14) ISl 


7.039 968(10) EE) 


-0.011 5(14) 




7.048 2(16) ig 




-0.008 3(16) 




7.039 8(29) Eg 




+0.000 1(29) 


Interval 


Experiment 


Theory 


Difference 




[MHz] 


[MHz] 


[MHz] 


l^S'i - l^So 


203 387.5(16) EH 


203 392.0(5) 0 


+4.5(17) 




203 389.10(74) El 




+2.9(9) 


2^ Si - l^Si 


1 233 607 218.9(107) HS| 


1 233 607 221.0(10) 0 


+2.1(107) 




1 233 607 216.4(32) El 




+4.6(34) 


2^ Si - 2^P2 


8 631(28)(60) El 


8 626.87(13) 0 


-4.1(70) 




8 619.6(27)(9) El 




+7.3(28) 




8 624.38(54) (140) El 




+2.5(15) 


2^ Si - 2^ Pi 


13 001.3(39)(9) El 


13 012.58(13) 0 


+11.3(40) 




13 012.42(67)(154) El 




+0.2(17) 


2^ Si - 2®Po 


18 504.1(100)(17) El 


18 498.42(13) 0 


-5.7(101) 




18 499.65(120) (400) El 




-1.2(42) 


2^ Si - 2^ Pi 


11 181(13) El 


11 185.54(13) 0 


+5(13) 




11 180(5)(4) El 




+6(6) 


2^ Si - 2^So 


Not yet measured 


25 424.69(6) 0 




3®P2 - 3® Da 


Not yet measured 


0.75 EHI 
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TO PHOTOMULTIPLIER TUBES 






(b) 



Fig. 1. Experimental apparatus (a) and results (b) for the As measurement (from ref. 
[7]). The circles in (b) were taken at a magnetic field of 4.25 kG and the crosses at 3.75 



kG 



Parapositronium (p-Ps) is the spin 0 state of Ps, which decays with rate 
As into an even number of photons due to charge conjugation invariance. The 
decay into four photons is significantly suppressed m and can be ignored at the 
current experimental level. The two photon decay rate, A 2 , is calculated using 
perturbation theory and has been recently calculated 0 through order (-)^ to 
b(Q 7989.50 ±0.02 /rs-i. 

A measurement of As using magnetic singlet-triplet state mixing on positro- 
nium formed in gases was completed in 1994 0. A direct measurement of As 
is impractical due to the extremely short lifetime ^ 0.125ns). However, by 
applying a magnetic field to the spin 1 state of Ps, orthopositronium (o-Ps), the 
m = 0 singlet and triplet states are mixed, which increases the more measurable 
o-Ps decay rate. At (A^^ ~ 140ns). The decay rate of field perturbed m = 0 
o-Ps, At, is given by: 



A^ = (1-6^)At±6^As (1) 

where 6 is a parameter that is nominally linearly dependent on the magnetic 
field 0. It is therefore possible to determine As by precisely measuring At and 



^ The a® In^ a and a® In a terms are also taken into account. 
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At and knowing the average magnetic field experienced by the Ps. The magnetic 
field is adjusted to give ~ 5At- 

The apparatus used in measuring As is shown in Figure A gas chamber 
is inserted into a 12” NMR magnet capable of several kG fields. A start signal 
for a time digitizer is obtained when positrons from a ®®Ge source pass through 
a thin plastic scintillator connected to a photomultiplier tube. The stop signal 
comes from the detection of annihilation 7 rays from o-Ps formed and decaying 
in the gas. The resulting time spectrum is fitted to determine At and At at 
a particular gas density. Eqn. 1 is used to determine As. The measurement is 
repeated for several gas densities to investigate systematic effects due to the 
gas. The results are shown in Figure Qb for two different values of the applied 
magnetic field. The data are in excellent agreement over the entire density range 
of the experiment. The average value obtained is As = 7990.9 ± 1.7^s“^ and is 
in excellent agreement with theory. 



Ftiture of A(l^S'o) 

It is interesting to note in Figure Qb that the deduced value of As (labeled A{p) 
in the figure) is quite insensitive to the buffer gas density, p. This indicates that 
this experiment is likely to be less sensitive to the possible thermalization effects 
to be discussed in regard to the o-Ps decay rate. This would then permit future 
improvements in precision for As. However, the 125 ppm statistical error in As 
[3 is overshadowed by a systematic error of 150 ppm in the determination and 
stability of the differential linearity of the lifetime spectrum. The effect arises 
because of the enormous number of events required in fitting a two-component 
(At and At) spectrum to high precision. To improve precision beyond the 200 
ppm present level will require further systematic calibration of the time digitizer 
and improvement in the magnetic field homogeneity. We are not aware of any 
efforts that are trying to improve on the 1994 measurement. 

2.2 Ortho-Positronium Decay Rate A(l^S'i) 

Introduction 

The triplet state of Ps, orthopositronium, decays with rate At into an odd num- 
ber of photons since an even number is forbidden by charge conjugation. Momen- 
tum conservation forbids decay into a single photon thus the minimum allowable 
number of photons is three. The decay of o-Ps into five photons can be ig- 
nored at the level of current experiments. The three photon decay rate, A 3 , is 
calculated using perturbation theory. The long-awaited order radiative cor- 
rections have been calculated very recently [2j and the decay rate is determined 
to bc0 7.039934 ±0.00001 ps~^. 

This paper will concern itself with the three most precise measurements of 
At, two of which were performed at the University of Michigan 0 and one 



^ The a® In^ a and a® In a terms are also taken into account. 



Experimental Tests of QED in Positronium 



107 



at the University of Tokyo m- These experiments are representative of the 
measurements of At in that they use a gas |H|, a powder m or a vacuum- 
surface interface jO] to form o-Ps (hereafter refereed to as the gas, powder, and 
vacuum experiment, respectively). Once o-Ps is formed it will interact with the 
surrounding environment, which may increase the decay rate, A, in the case of 
collisional quenching (decays into 2y instead of 87 ), or decrease A, in the case 
of electric fields (Stark Shift). In all cases it is necessary to remove these effects 
to determine the vacuum decay rate At . This is done by a variety of techniques, 
which will be discussed in more detail below. 



Gas At measurement 

The 1989 gas decay rate measurement |E| used an apparatus very similar to 
the one shown in Figure Positrons from a radioactive j3 decay source were 
stopped in a buffer gas and formed o-Ps. The magnetic field forces the positrons 
to move in an axial helical path, which increases the signal rate. A start signal 
for a time-to-digital converter (TDC) was provided by detection of the emitted 
/? particle while the stop signal came from the detection of an annihilation 7 ray. 
The resulting time histogram was fitted to extract a decay rate. A, which accounts 
for the additional annihilation of the positron with the molecular electrons in 
the buffer gas. It is given by: 



X= Xq{n,v) + Xt- (2) 

Here Xq{n,v) is the Ps velocity (v) dependent collisional quenching rate of o-Ps 
with gas molecules having a number density of n. To remove the effect of Ag(n, v), 
X is measured at several gas densities and then extrapolated to zero density. Four 
different gases, isobutane, neopentane, neon, and nitrogen were used to check for 
systematic effects due to the particular gas. The value of At determined in 1989 
^ was 7.0514 ± 0.0014 /is“^, which represents an 8.2cr disagreement with theory. 
A major limitation of this gas experiment is the asymptotically decreasing value 
of A as a function of the start time of the fit. It is now understood to be due to 
the unexpectedly long time for o-Ps to slow down and thermalize in gases 
The full impact of this problem will be discussed in a later section. 



Powder At measurement 

An experiment performed at the University of Tokyo m uses time-resolved 7 - 
ray spectroscopy to subtract the nominally 1% effect of Ps collisional quenching 
on the measured decay rate of Ps formed in low-density powders of Si 02 . Using 
this technique one acquires a time spectrum and an energy spectrum of o-Ps 
formed and annihilating in a silica powder (pictured in Figure Et)- A timing 
start signal is derived from a positron emitted from a ^^Na source, which 
is sandwiched between two pieces of scintillator connected to a photomultiplier 
tube. The source is inserted into a vacuum container filled with low-density Si 02 
powder in which the /3~*" are quickly stopped and form o-Ps. Annihilation 7 rays 
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from o-Ps are detected using Csl detectors, which generates a stop signal for the 
timing system. In parallel, a high resolution energy spectrum is obtained using 
the germanium detector. An energy spectrum for a time window of 160-710 ns is 
shown in FigureEt. The solid line is a simulated spectrum of pure o-Ps 87 decay. 
The excess counts peaked around 511 keV are the 2y annihilations due to o-Ps 
quenching with electrons in the powder. The resulting ratio, and thus the col- 
lisional quenching rate, is found for various time windows and is shown in Figure 
Eb Using the measured ratio, the corresponding measurement of A from the 
timing spectrum is corrected to determine At directly without performing any 
extrapolation over powder density. The authors claim it is a measurement of At 
that is free of the ambiguities of Ps thermalization and the extrapolations en- 
countered in the gas or vacuum experiments. The Tokyo result is At = 7.0398 ± 
0.0029 /rs“^, which is in good agreement with theory and is roughly 2.5cr below 
each of the gas 0 and vacuum jO) measurements. 




(a) (b) 




Fig. 2. Tokyo powder apparatus and results (from ref. [10]) 



This elegant experiment has one major systematic effect that has not been 
addressed and thus renders it to be a determination of a lower limit on At- 
This 27 spectroscopic technique completely neglects effects that decrease the 
decay rate (and therefore have nothing to do with quenching into 27 ’s). The 
Stark effect is the most obvious concern m- Electric fields from Van der Waals 
interactions with grain surfaces as well as fields produced from charging of the 
insulating powder grains by the ionizing beta-decay positrons polarizes the Ps, 
hence reducing the electron-positron wavefunction overlap and thus decreasing 
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the decay rate. Put another way, electric fields mix in excited states of Ps that 
have much smaller annihilation rates than that of At- Stark-induced decreases 
in the ground-state Ps splitting (which depend on the wavefunction overlap in 
precisely the same way as the decay rate) as large as 750 ppm have been measured 
in compressed Si02 powders m- An extrapolation in powder density might be 
required to account for this effect, but the density dependence is not clear in 
the case of powder grain charging. A Stark-induced decrease in A at the several 
hundred ppm level cannot be ruled out |24j. Hence this 2y technique requires 
further systematic tests and some improvement in statistical precision in order 
to resolve the discrepancy with theory. 



Vacuum Xt experiment 

The vacuum experiment of 1990 P| is systematically very different from the gas 
and powder measurements in that it uses a beam of monoenergetic positrons to 
form positronium in an evacuated cavity, which significantly reduces the inter- 
action of o-Ps with the surrounding media. The apparatus is shown in Figure 01 
Positrons from a ^^Na source are injected into a tungsten ribbon (tungsten has 
a negative work function for positrons), which moderates the positrons to a few 
eV. The ejected slow positrons are focused onto a nickel remoderator. Secondary 
electrons emitted from the nickel are detected in an channel electron multiplier 
array and used as a start signal for the TDC. This signal is also used to open an 
electrostatic gate farther down the beam. The use of gating significantly reduces 
the random background and provides for an excellent signal-to-noise ratio. The 
beam of remoderated positrons is focused through a 3 mm diameter aperture 
at 700 eV into an MgO-lined, evacuated cavity of about 100 cm^ volume. Ps is 
formed on the inside surface of the cavity, which confines the Ps expelled into 
the vacuum. The annihilation 7 ray is detected using scintillation detectors and 
utilized as a stop for the TDC. Several different cavities and apertures are used 
to investigate any systematic effects due to the confinement region. The resulting 
extrapolation is very small as depicted in Figure 0] The measured value for At 
is 7.0482 ± 0.0016 /xs“^ and it disagrees with theory by 5.2cr. 

The major problem encountered in this vacuum experiment was that the 
fitted decay rate did not become constant until all data before t= 450 ns were 
excluded. The result was that the final error is dominated by the 210 ppm statis- 
tical error from fitting beyond 450 ns. It was found that this problem is due 
to collisionally-dissociating fast Ps formed by positron backscattering from the 
fumed MgO surface. To check whether this fast Ps could systematically increase 
the decay rate beyond 450 ns, a technique similar to that used in the Tokyo 
powder measurement was used in 1991 m to look directly for 2y quenching 
events. The results are shown in Figure 0 The solid line is a theoretical 87 con- 
tinuum spectrum. The channels on either side of 511 keV are circled. The data 
are visually consistent with a pure o-Ps continuum with no 27 peak at 511 keV 
(compare to Figure Efc). A 233 ppm limit is set on the branching ratio to a pair 
of 511 kev 7 rays and a 200 ppm limit is set on the branching ratio to a pair 
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Fig. 3. The apparatus used in the vacuum At experiment (from ref. [9]) 




Fig. 4. Extrapolation of the decay rate to determine the effect of the entrance aperture 
(from ref. [9]). The arrow labeled “theory” should now be moved to 7.04 [2] 
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Energy (keV) 



Fig. 5. Gamma-ray spectrum for vacuum orthopositronium measurement (from ref. 
[26]) 



of unequal energy 7 rays that sum to 1022 keV. Hence, the 2 y quenching mode 
cannot be responsible for the discrepancy between theory and experiment. 



Exotic decay modes 

Motivated by the observed decay rate discrepancy between QED theory and ex- 
periment for At, numerous searches have been performed for forbidden, small or 
exotic decay modes. An exotic decay branch, besides o-Ps — > 87, with roughly 
10“^ branching ratio could be causing the higher decay rate and is given by 
Aobs = ^3~f + ^exotic- Many candidate decay branches have been proposed in 
the literature and numerous experiments have unsuccessfully searched for exotic 
decays. The proposed decay branches naturally divide into two categories: 1 ) 
decays to the wrong number of photons, o-Ps ^ 87; 47; 27; I7; O7 and 2 ) decays 
involving a hypothesized, neutral exotic particle with a small mass (<1 MeV), 
o-Ps ^ 7 -I- A°; 27 -I- X° where A° is an axion-like particle and X° is a charge 
conjugation (C) odd boson (the charge conjugation operator interchanges par- 
ticles and anti-particles, the Ps eigenvalue is odd or even: o-Ps is C-odd, p-Ps 
is C-even and I7 is C-odd). All of the “wrong number of photons” decays have 
established upper limits well below the size of the At discrepancy. However, the 
most marginal are the modes where o-Ps — > 2y (see for example |2E|). A simi- 
lar situation holds for the exotic neutral particle searches. There is no evidence 
supporting the existence of such particles. For an overview of the individual 
experiments the reader is referred to the 1997 review 123. 

The primary conclusion is that there is no evidence for the existence of any 
exotic decay branch from o-Ps, which, in turn, could be causing the o-Ps de- 
cay rate discrepancy. The statistical significance of the negative results is, in 
most cases, overwhelming. On the other hand, o-Ps exotic decays cannot be 
conclusively ruled out as the cause of the decay rate discrepancy. Certain mass 
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regions for the axion-like A° particle are still unconstrained. To dispense with 
these mass regions, new experimental ideas and innovations are required. For 
the X° particle (C-odd boson) that couples directly to 3j, there exist no limits, 
regardless of the X° — > 87 lifetime, strong enough to exclude the o-Ps decay 
rate discrepancy. However, the experimental prospects are promising for push- 
ing X° limits into meaningful regions. Significant progress has been achieved in 
eliminating the numerous possibilities. However, as long as the o-Ps decay rate 
remains controversial, it appears that the exotic decay hypothesis will remain 
tenable. 



Re-examination of the gas Ar measurement 

In the 1989 gas measurement of At @ it was believed that Ps was thermal- 
ized under all conditions of the decay rate measurement thereby insuring that 
the collisional quenching rate is constant when the decay rate is fitted. The 
thermalization process manifests itself in this experiment as a decay rate that 
asymptotically decreases as the start time of the fit is increased. If incompletely 
thermalized o-Ps annihilates at a higher rate, then the lowest gas density data 
would be the most susceptible to any systematic effect and the density extrapola- 
tion would determine a systematically high value of At. Indirect arguments and 
observations concerning Ps thermalization in gases were extensively discussed 
0. Recently, a direct measurement of o-Ps thermalization 1221 using the same 
apparatus as the 1989 gas decay rate experiment has been completed. A high 
resolution Ge detector is used to measure the Doppler broadening of the 511 keV 
7 rays from magnetically induced 2j triplet Ps decays. Thus a time-dependent 
average Ps kinetic energy can be determined down to a lower limit of about 0.3 
eV set by the stability and energy resolution of the Ge detector. The measured 
thermalization times are significantly longer than previously believed for all of 
the gases used in the experiment and result in a smaller momentum transfer 
cross sections than calculated (see ref. | 22 | for comparisons). 

The measured thermalization rates for the gases used in the 1989 At exper- 
iment clearly indicate that at the lowest pressures, the Ps is well above room 
temperature at the beginning of the measurement window. To determine the 
systematic effect of epithermal Ps on the At measurement it then becomes cru- 
cial to know how the collisional quenching rate, Xq{n,v), depends on Ps veloc- 
ity/temperature. We can write \q{n,v) as: 

\q{n,v) = naq{v)v, (3) 

where <Jq(v) is the annihilation quenching cross section for Ps with velocity v 
colliding with essentially stationary gas molecules. Recent direct measurements 
m of Xq{n,v) from room temperature to 300°G have seen a clear increase in 
all of the gases ranging from 160 to 800 ppm/°G. Thus a correction to the 1989 
gas result is required. 

We have used an elastic scattering thermalization model 1221 to generate a 
spectrum using the temperature dependence of Xq from the above quenching 
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experiment as input. The rate of Ps thermalization is varied and fitted and the 
values of the measured decay rates from the 1989 experiment are adjusted until 
they match the simulation. From this the “true” asymptotic value for the decay 
rate is found. Our preliminary j,3()j corrections are shown in Figure0 The decay 
rate for each gas needs to be corrected downward with a somewhat smaller shift 
necessary for N 2 and Ne. The new average value for the decay rate is approx- 
imately 2.5cr lower than previously thought. It moves just below the vacuum 
value, albeit in slightly better agreement now with that value. It still disagrees 
significantly with the powder measurement and theory. These corrections for 
the two hydrocarbon gases are preliminary as we are still exploring alternative 
fitting procedures based on molecular, inelastic thermalization models. In addi- 
tion, the precision attained for N 2 and Ne corrections relies on the use of high 
pressure data supplied by the University College London group (see discussion 
in ref. |B|) and this raises concern over possible non-linear behavior of A in gas 
density. Given such ambiguities it becomes preferable at some point to consider 
the future of systematically improved At measurements rather than attempting 
corrections to a decade old measurement. This is the focus of the next section. 




Fig. 6. Corrections to the At values for each of the gases used in the 1989 gas mea- 
surement 



Future of At measurements 

The ubiquitous problem encountered in all positronium decay rate measure- 
ments to date is isolating the positronium from the formation medium in order 
to determine the “vacuum” decay rate. In both gas and powder experiments the 
interactions (Ps quenching and Ps polarization) with these media need to be 
accounted for. This can involve extrapolations of A to zero density in the forma- 
tion medium, as in the Michigan experiment, and/or spectroscopic corrections 
for 27 decays as in the Tokyo experiment. At Michigan we decided a decade 
ago to abandon powder media in future precision experiments because we could 
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not guarantee the uniformity of density throughout the sample and hence we 
could not systematically trust the linearity of the typically 1-2% extrapolation 
to zero density. The Tokyo 2y technique eliminates this level of extrapolation for 
quenching, but collisional Stark shift reductions in A at the few hundred ppm 
might require density extrapolations for improved measurements. Moreover, if 
powder charging by the radioactive source is present such extrapolation in den- 
sity may not be appropriate and powders may again have to be abandoned at 
the 100 ppm level in At- 

For gas At experiments it now appears (see previous section) that the slow 
thermalization of Ps presents severe limitations on improving the precision of 
At- To thermalize Ps quickly one must use higher gas pressures and this di- 
rectly increases the magnitude of the extrapolation and concerns over three- 
body collisions/nonlinearities in density begin to manifest themselves- Further- 
more, the presence of low energy positrons (positrons below the Ps formation 
threshold) often necessitates the use of quench gas mixtures and determining 
the pressure-to-density conversion over a large range in mixture pressure be- 
comes problematic- Thus gas measurements are less attractive unless a special 
gas can be found that combines rapid Ps thermalization at low enough densities 
to minimize quenching. Such a gas has not yet been found. 

Formation of Ps on the vacuum-surface interface of an evacuated cavity 
largely eliminates the interaction of the formation medium with the Ps. How- 
ever, Ps formation at a surface typically produces Ps with an eV of kinetic energy 
and it then becomes necessary to confine the Ps to a region of uniform y-ray 
detection efficiency. The two main systematics are then related to the loss of 
Ps through the cavity entrance aperture 0 and the formation of fast (10 eV) 
Ps from backscattered positrons off the target surface m- Recent development 
of a new hybrid surface looks very promising as a source of copious thermal- 
ized Ps. It incorporates a thin, one micron layer of porous silica deposited on 
a Si wafer and is an offshoot of the microelectronic industry’s search for low 
dielectric insulating films for next generation, small scale devices. We have been 
extensively investigating Ps lifetimes in such candidate films as a new means 
of measuring pore size and pore interconnectivity EH). We find that o-Ps is 
copiously formed at the 30-50% level in these silica films with porosities in the 
range around 70%. More importantly for decay rate experiments, the Ps is free 
to diffuse through and out of the thin film with nearly 100% escaping into the 
vacuum. When Ps does so, it escapes after sufficient collisions so as to be nearly 
completely thermalized. The degree to which the Ps is thermalized depends on 
the positron beam implantation energy since deep (high energy) Ps implantation 
requires more collisions to diffuse back to the silica surface. Hence, the average 
escape energy of Ps can be crudely tuned with the beam implantation energy. 
The porosity and pore size in the silica film can also be controlled to provide 
extensive systematic checks on the measured decay rate. A new decay rate mea- 
surement using such porous thin films is presently underway at Michigan. Yet 
another method to eliminate Ps interactions with materials is to make a beam 
of Ps and observe the time dependence of gamma emission from a swarm of Ps 



Experimental Tests of QED in Positronium 



115 



atoms. A major difficulty in such an experiment is to insure the uniformity of 
gamma detection efficiency both in space and time. Such an experiment is being 
undertaken at the University of Mainz 133 ). 

3 Energy Level Intervals 

3.1 Ground State Interval 

The calculation of the order a^Ry corrections to the ground state interval (1^5'i — 
l^iSo) has been recently completed (3 yielding Av = 203,392.0 MHz with an 
estimated theoretical uncertainty of 0.5 MHz based on expectations of the size of 
the uncalculated order a^Ry terms. We treat the 0.5 MHz estimate as a Icr error 
bar to obtain the roughly 3(t differences from the longstanding experiments Av 
(Yale ’84) = 203, 389.10±0.74MHz [Tg and Av (Brandeis ’75) = 203, 387.5± 1.6 
MHz El. It has been 16 years since the last Av measurement was published 
and we know of no program to remeasure Av. Again, we note that theory has 
leapt ahead of experiment. 

Future of ground state interval 

A new Av value could be a timely contribution to the field of precision mea- 
surements as this is the most rigorous test of QED using the positronium bound 
state. There is additional motivation to reconsider such a measurement since the 
same kind of Ps thermalization effects causing problems in the gas decay rate 
experiments may cause shifts in these Av experiments, which were also per- 
formed in gases. Similar to decay rate experiments these measurements require 
an extrapolation in the collisional pressure shift to zero density. In fact we can 
estimate that Ps was, on average, typically 10 times thermal energy at the lower 
N 2 pressures used in the Yale experiment. Unfortunately, no estimate of a Av 
correction can be made since we do not know how the pressure shift depends on 
energy/temperature. Some correction is probably warranted (and it is entirely 
possible that it could be large enough to account for the difference with theory) 
but there is no reliable way of calibrating such a correction without effectively re- 
doing the experiment. Our group is presently evaluating a new method based on 
lifetime techniques to measure Av. Time-resolved spectroscopy can assure that 
Ps is thermalized and can also improve the signal-to-noise ratio by almost an 
order of magnitude over the previous experiments. Such improvements in tech- 
nique are virtually required for any new ground state splitting experiments as 
the Yale and Brandeis experiments seemed to have pushed the present technique 
to its ultimate limits. 

3.2 Rydberg Interval 

The interval 2^iS'i — has been measured by the method of two-photon, 

Doppler-free excitation in two experiments [Eiin!. We will detail the latter 
experiment, which employs continuous-wave excitation. 
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Fast positrons are created by bremsstrahlung pair-production in an electron 
microtron accelerator. These are moderated and bunched into 25 ns packets at 
30 Hz, each comprised of 2 x 10"*’ slow positrons. The positrons are guided by a 
150-G magnetic field and implanted at 1-2 keV kinetic energy onto an Al(lll) 
crystal heated to 576 ± 5 K as shown in Figure |3i. About 30% of the incident 
positrons come off the surface as thermal positronium with a velocity distribution 
that is a beam Maxwellian. 




pulsed 532 nm 
(multiple passes) 




-100 0 100 
Laser Detuning (MHz) 





Fig. 7. Apparatus and results for cw 2^51 



l^Si interval measurement (from ref. [14]) 



A small fraction of the orthopositronium atoms produced pass through the 
cw-excitation beam, where they are promoted to the 2*^ S'! level and then through 
a multi-pass doubled-YAG beam at 532 nm, where they are photo-ionized. The 
photo-ionized positron is electro-statically accelerated and magnetically-guided 
into a channel-electron multiplier array (GEMA) where it is detected. The time- 
of-ffight between the incident positron pulse and the photo-ionization pulse de- 
termines the range of positronium velocities detected. 

The major improvement over the previous measurement m is the use of 
cw rather than pulsed excitation for the two-photon transition. This eliminates 
frequency chirping effects that caused the major systematic uncertainty in m 
Sufficient intensity (maximum 1.7 MW/cm^) was achieved by injecting 486 nm 
light from a single-frequency ring dye laser into a high finesse build-up cavity. 
The detected transition rates are scanned across the resonant frequency for four 
different velocity groups and referenced to the Te 2 (e) absorption line as shown in 
Figured). These results are fitted by theoretical line-shapes that include second- 
order Doppler and ac-Stark shifts. Any motional Stark shifts are eliminated by 
extrapolation to zero velocity. The final result for the 2^S'i — interval is 
1233 607 216.4 ± 3.2 MHz, which is in reasonable agreement with the recent 
theory result of 1233 607 221.0 ± 1.0 MHz. 
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Future of Rydberg interval 

Systematic improvements in the measurement of the 2^S'i — interval could 
be made using cold positronium. The authors of m state “Laser cooled Ps would 
permit a measurement of the IS' — 2S' transition to reach a precision significantly 
better than the 1.3 MHz natural line width”. 

3.3 Intervals in the n = 2 and 3 excited states 
Allowed transitions in n = 2 




Fig. 8. The n = 2 energy level schemes 



The techniques used in the three measurements of the 2^Si~2^Pj, J = 0,1,2 
intervals are summarized in Figure0. In all of these experiments the initial state 
is the 2^Si state formed from positrons striking a metal target with about 100 
eV kinetic energy. The first two measurements im m detected the transition as 
a 243 nm Lyman-a photon in delayed coincidence with a detected 7 ray from the 
annihilation of orthopositronium. The most recent and most precise experiment 
which we detail below, uses only the Lyman-a detection. 

The apparatus for this experiment is shown schematically in Figure Ui- The 
positrons are produced by bremsstrahlung and pair-production at the beam 
dump of a 36 MeV electron linear accelerator. The positrons are moderated 
in tungsten vanes and transported to a Molybdenum n = 2 formation foil on the 
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Fig. 9. Apparatus and results for Mainz n = 2 fine-structure measurement (from ref. 

[17]) 



inner wall of a microwave wave-guide (Figure 13^). About 6 x 10^ of the incident 
positrons form 2^S\ positronium. If the microwaves drive one of the transition 
frequencies 2^S'i — 2^Pj, J = 0, li2 then the P-states radiatively decay in 3.2 
ns with the emission of a Lyman-a photon. The photons are collected using a 
light guide with an evaporated aluminum surface and detected in a solar-blind 
photo- multiplier. The Nal 7 detector and Pb collimator are used to adjust the 
positron beam position. 

The positrons that arrive at the formation foil share the time structure of the 
electron accelerator, giving 2 fjs long pulses of about 10"'^ slow positrons at 600 
Hz. Since a 7-ray detector would be saturated, the coincidence technique cannot 
be used, giving an order of magnitude worse signal-to-noise ratio than that in the 
previous experiments (due to 7 scintillations in the Lyman-a photo- multiplier) , 
but the higher data rate more than compensates for this in total time to reach 
a given precision. 

A sample resonance curve for the 2^S'i — 2^P2 transition is shown in Fig- 
ure EJd. These data were fitted with a Lorentzian line shape and the transition 
frequency extracted. In order to correct for a net Doppler shift due to an asym- 
metric positronium velocity distribution, measurements were made with the mi- 
crowaves traveling in both directions through the wave-guide. To insure that 
the magnitude of the microwave electric field remains constant as the frequency 
was scanned across the resonance, it was necessary to minimize standing waves 
and to correct for the dispersion in the wave-guide near cutoff. The results, 
given in Table ^ are in reasonable agreement with theory for all intervals and 
in mild disagreement (2.5 cr) with the less precise measurement of jT^ only on 
the 2^S'i — 2^Pi transition. 

Forbidden transitions in n = 2 

The transition 2^S'i — 2^Pi is normally forbidden by charge-conjugation invari- 
ance, but with the application of a small static magnetic field the Zeeman- 
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induced transition is allowed. After correction for the Zeeman shift, the level 
interval was determined in experiments m and m- The techniques and ap- 
paratus are similar to the above allowed transitions with the exception that in 
m the detected 7 ray from para-positronium annihilation is not delayed. The 
results are displayed in Table E 

Future of excited state spectroscopy 

A program is underway at the University of Michigan to measure the 2^Si — 
2^Pj, J = 0,1,2 transition frequencies by a method that is statistically and 
systematically quite different from the previous methods. As shown in Figure 
0the threshold for photo-ionization of n = 2 positronium is 729 nm. We have 
measured the presence of n = 2 positronium with better than 50% efficiency by 
detection of the positron from photo-ionization. This is to be compared to the 
detection efficiencies of 0.4% and 0.1% for experiments ini and uni, respectively. 
This method requires the accumulation of positrons that form n = 2 positronium 
into a pulse of 30 ns duration. We have accomplished this with a Penning- 
trap positron accumulator described in 1331, which produces 250 slow positrons 
per pulse at 200 Hz with 10 positrons/pulse arriving on the formation surface. 
The second major departure of this program from the previous measurements is 
the intended use of the Stark shift induced by an applied electric field to scan 
the resonance across a fixed micro-wave frequency. This obviates the need to 
keep the micro-wave electric field constant as a function of frequency. Micro- 
wave reflections will no longer present any problems - in fact, setting up a pure 
standing wave will completely eliminate the first-order Doppler shift. We will 
soon make a preliminary measurement of the transition frequencies using this 
technique. 

A further improvement can be made to this experiment starting with thermal 
orthopositronium formed on porous Si 02 films m with pulsed Doppler-free, 
two-photon excitation to the 2^Si state. More of the initial state for the micro- 
wave transitions would thus be available and time-of-flight velocity systematics 
can also be done. 

The transition frequency 2^S'i — 2^S'o has not been measured yet. It could be 
measured as disappearance of 2^S'i via a magnetic dipole transition. Large micro- 
wave magnetic fields (available e.g. in a resonant cavity) would be necessary for 
this measurement, but the advantage of a Stark scan could be utilized. We know 
of no active plans for this measurement. 

Various intervals in the n = 3 level of Ps are also attractive for investigation. 
Access to n = 3 states could be obtained by Doppler-free, two-photon excitation 
to the or levels. Of particular interest is the interval 3 ^P 2 — 3 ^Z ?2 for 
which the theoretical order a^Rydberg splitting is identically zero. The order 
a^Rydberg radiative corrections ED] bring the interval up to only 0.75 MHz, 
while the widths of the 3 ^P 2 and 3^02 states are 30 MHz and 10 MHz, respec- 
tively. The decay rate of the 3 ^Z ?2 state is very sensitive to Stark mixing and a 
sub-MHz measurement of the interval should be possible. We are pursuing this 
and other n = 3 intervals at Michigan. 
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4 Summary and Conclusions 

The decade of the 90’s began with a flurry of experiments testing QED in positro- 
nium at ever greater precision. At that time theory was still stuck at relative 
order a for all decay rate and interval measurements. In the past three years 
the flurry of papers has been entirely on the theoretical side with all values 
calculated through relative order a^. Theory and experiment are in good agree- 
ment with the exception of the long-standing discrepancy in the decay rate of 
orthopositronium and a possible problem in the ground state interval. The ball 
is now firmly back in the experimentalists’ court to improve the measurements 
wherever possible and to try to resolve the discrepancies. 
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Abstract. A suitable femtosecond (fs) laser system can provide a broad band comb of 
stable optical frequencies and thus can serve as an rf/optical coherent link. In this way 
we have performed a direct comparison of the IS — 2S transition in atomic hydrogen 
at 121 nm with a cesium fountain clock, built at the LPTF /Paris, to reach an accuracy 
of 1.9 X 10“^"*. The same comb-line counting technique was exploited to determine and 
recalibrate several important optical frequency standards. In particular, the improved 
measurement of the Cesium Di line is necessary for a more precise determination of 
the fine structure constant. In addition, several of the best-known optical frequency 
standards have been recalibrated via the fs method. By creating an octave-spanning 
frequency comb a single-laser frequency chain has been realized and tested. 



1 Introduction 

A frequency comb of equally spaced continuous wave laser frequencies can be 
used to measure large differences between laser frequencies simply by multi- 
plying the known spacing of the comb with the number of modes in between. 
The use of mode-locked lasers as optical comb generators was already reported 
over 20 years ago Q. As the spectral width of such a comb scales inversely 
with the (Fourier limited) pulse duration, its application was limited to com- 
paratively small frequency differences like the 1028 MHz fine structure splitting 
of the sodium 4d level This limited bandwidth situation changed funda- 
mentally with the discovery of self-mode locking in Ti:Sapphire lasers 0, as 
explained by Kerr-lens mode-locking |3j , and the development of designs to pro- 
duce ~ 10 femtosecond pulses P). Recently pulses shorter then 6 fs have been 
created directly from a Ti:Sapphire laser oscillator m with the help of special 
dispersion-compensating mirrors. By using self-phase modulation in specially de- 
signed optical fibers [I/IM9II 1)11 I) frequency combs have been created with band- 
width in excess of one optical octave. Even after spectral broadening the comb 
lines remain surprisingly equidistant to an extreme degree IE!. Those combs 
can be used to measure the frequency gap between a laser frequency / and its 
second harmonic 2/ This principle allows the realization of a 

compact single-laser frequency chain which can be used to measure almost any 
optical frequency with the same compact apparatus. In the time domain, the 
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output of a mode-locked femtosecond laser may be considered as a continuous 
carrier wave that is strongly amplitude modulated by a periodic pulse envelope 
function. If such a pulse train and the light from a cw laser are combined on 
a photo detector, the beat note between the carrier wave and the cw oscillator 
is, in fact, observed in a stroboscopic sampling scheme. The detector signal will 
thus reveal a slow modulation at the beat frequency modulo the sampling rate 
or pulse repetition frequency. A similar idea based on the stroboscopic sampling 
scheme has been reported previously by Chebotayev et al. m- 



2 Kerr-Lens Mode-Locked Lasers 



The spectrum emitted by a mode locked laser consists of a comb of laser fre- 
quencies that may be identified with the active modes of the laser cavity m 
The mode separation in a dynamically stable cavity of length L is calculated 
from the boundary condition that is imposed on the round trip phase delay: 

2Lk{ojn) = 27rn (1) 



This equation fixes the optical frequency = 27rnUp(a;„)/2L and the wave 
number k{ujn) = ^n/vp{ujn) of the nth cavity mode, where Vp{uJn) is the phase 
velocity for a monochromatic wave at The following expansion about some 
mean frequency Wm is generally used to take dispersion into account: 



2L 



kiuJjri) T k ^m) T ^ (^n ^m) 



2-kti (2) 



The mode separation ujr = con+i — oJn is obtained by subtracting this expression 
from itself after n is replaced by n -I- 1: 

k"(uj ) 

k ' H 2 (('^n-l-l ~ ~ {<^n ~ ^m)^) + = 27t/2L (3) 

A constant mode spacing that is independent of n is mandatory for precise 
optical frequency measurements. This is obtained, if all terms in the expansion 
of the wave vector k{ijj) vanish except for the constant term k^LOm) and the group 
velocity term v~^ = k'{ujm) izp. These higher-order terms are exactly the ones 
that reshape the pulse envelope. The detection of a temporal pulse envelope, that 
stays constant for hours in within the laser cavity, is therefore a clear prerequisite 
for the absence of dispersion terms that would perturb the regular grid of laser 
frequencies. The mode separation then turns into the known expression for the 
free spectral range of a multi mode laser tOr = 2'KVgj2L. This expression is 
actually the inverse pulse round trip time T~^ = Vg/2L = a;r/27r, i.e. the rate at 
which copies of the same pulse appear at the output coupler. The mode spacing 
is therefore readily experimentally accessible as the pulse repetition frequency. 
The arbitrariness about the choice of ojm is removed by using an experimental 
value for the repetition rate rather than a chosen value for u>m to calculate Vg. 
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In Kerr-lens mode-locked lasers P| a combination of prism pairs or specially 
designed mirrors m, are used to compensate for the positive group velocity 
dispersion k"{ujrn) (GVD) of the laser crystal and mirrors etc. The remaining 
perturbations of the regular grid of modes, due to a imperfect compensation of 
the GVD and the presence of higher order terms, are zeroed by mode pullin£|. 
With Kerr-lens mode-locking this pulling is achieved by exploiting a Kerr-lens 
that persists only in the presence of an intense short pulse. The cavity is designed 
to make the cavity less lossy if the Kerr-lens is present. The result is a short 
pulse with a stable envelope that bounces back and forth between the cavity end 
mirrors. In that regime the modes do not only maintain a constant frequency 
separation between them but even a constant relative phase (up to a phase 
advance of u>rt)- 

The achievable pulse length is determined by the total number of modes 
that can contribute to the pulse. The broader the frequency comb the shorter 
the possible pulse length, ideally reaching the so-called Fourier limit. In fact, the 
spectral width is usually limited by the width over which the GVD and higher 
order terms can be compensated for by mode pulling PEj. Gavity modes that are 
outside this bandwidth are suppressed without the help of the Kerr-lens effect 
and do not oscillate. 

3 Femtosecond Frequency Combs 

A strict derivation of the comb properties is not feasible as it depends on the 
special dispersion characteristics of the laser cavity and these data are not ac- 
cessible with the desired degree of accuracy. Instead we only assume that the 
laser emits a stable coherent pulse train without any detailed consideration of 
how this is possible. Further we assume that the electric field E{t), measured 
for example at the output coupler, can be written as the product of a periodic 
envelope function A{t) and a carrier wave C(t): 

E{t) = A{t)C{t) + c.c. (4) 

The envelope function defines the pulse repetition time T = 2t: jiijr by demanding 
A{t) = A{t — T). Inside the laser cavity the difference between the group velocity 
and the phase velocity shifts the carrier with respect to the envelope after each 
round trip. The electric field is therefore in general not periodic with T. To 
obtain the spectrum of E{t) the Fourier integral has to be calculated: 

E{^) = -= / (5) 

V ZTT j — oo 

Separate Fourier transforms of A{t) and C{t) are given by: 

+ 00 

A{u>) = E S (oj — nojr) A„ 



^ More precisely the slight negative GVD in the cold cavity compensates with the Kerr 
nonlinearity to sustain an optical soliton. 
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Fig. 1. The spectral shape of the carrier function (left) assumed to be narrower than 
the pulse repetition frequency AuJc <C u>r and the resulting spectrum according to 
Eqn. 7 after modulation by the envelope function (right) 



1 /■+“ 

C{co) = / C(i)e-‘dt (6) 

A periodic frequency chirp imposed on the pulses is accounted for by allow- 
ing a complex envelope function A{t). Thus the “carrier” C{t) is defined to be 
whatever part of the electric field that is non-periodic with T. The convolution 
theorem allows us to calculate the Fourier transform of E{t) from A(w) and 

CM: 



A(w) 





A{u}')C{oj 



bj')dw' + c.c. 



+ 00 

AnC {uj — nOJr) + c.c. 

n— — oo 



( 7 ) 



Up to the scaling factors A„ this sum represents a periodic spectrum in frequency 
space. If the spectral width of the carrier wave AlOc is much smaller than the 
mode separation u>r, Eqn. 0 represents a regularly spaced comb of laser modes 
with identical spectral line shapes, namely the line shape of C{u>) (see Fig. 0). 
If C(w) is centered at say uJc then the comb is shifted from containing only 
exact harmonics of tOr by u>c. The center frequencies of the mode members are 
calculated from the mode number n mm-- 



OJn = nUJr + <-0, 



( 8 ) 
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The measurement of the frequency offset Wc |ihiivii8iiy| as described below 
usually yields a value modulo uJr so that renumbering the modes will restrict the 
offset frequency to 0 < Wo < 

uJn = nuJr + ujo n = Bt large integer (9) 

This equation maps two radio frequencies uJr and Wo onto the optical frequencies 
LOn- While LOr is readily measurable, u>o is not easy to access unless the frequency 
comb contains more than an optical octave, as shown in sectional The individual 
modes can be separated, for example with an optical grating, if the spectral width 
of the carrier function is narrower than the mode separation: AuJc tOr- This 
condition is easy to satisfy, even with a free running Ti:Saphire laser. 




Fig. 2. Consecutive pulses of a chirp free pulse train {A{t) real) and the corresponding 
spectrum. Because the carrier propagates with a different velocity within the laser 
cavity than the envelope (phase- and group velocity), the electric field does not repeat 
itself after one round trip. A pulse-to-pulse phase shift A^p results in an offset frequency 
of ujo = AifijT 



Now let us consider two instructive examples of possible carrier functions. 
If C{t) = e”**^””* the output the line shapes of the individual modes are delta 
functions C{co) = 5{uj — oJcc)- The frequency offset ujc of Eqn. 8 is identified 
with LOcc- According to Eqn. 4 after each round trip the carrier will shift with 
respect to the envelope by Aip = arg(C(t — T)) — arg(C(t)) = WccT so that the 
frequency offset is given by Wcc = AipjT |23I24I21| . In a typical laser cavity this 
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pulse-to-pulse carrier-envelope phase shift is much larger than 27 t but measure- 
ments usually yield a value modulo 27 t. The restriction 0 < Alp < 27t 

is synonymous with the restriction Q < ujo ^ oJr introduced earlier. Figure 0 
sketches this situation in the time domain for a chirp free pulse train. 

As the second example consider a train of half-cycle pulses, for example: 



In this case the electric field would be repetitive with the round trip time. There- 
fore C{t) is a constant and its Fourier transform is a delta function centered as 
Wc = 0. If it becomes possible to build a laser able to produce a stable pulse 
train of that kind, all the comb frequencies would become exact harmonics of 
the pulse repetition rate. Obviously, this would be an ideal situation for optical 
frequency metrology. 

These examples are instructive, but it is important to note that experimen- 
tally we neither rely on a strictly periodic electric field nor on the assumption of 
a chirp free pulse train. The strict periodicity of the spectrum as stated in Eqn. 0 
and the possibility to resolve single modes are the only requirements that enable 
the fs laser system to achieve precise optical to radio frequency conversions. 

In a real laser a pulse train with a chirp mostly synchronized with the repe- 
tition rate will be emitted. That is because the same pulse is maintained in the 
laser cavity practically for an infinite time without degradation. A pulse chirp 
that is monotonically increasing or decreasing from pulse to pulse would mono- 
tonically shift the emitted spectrum in one direction and is therefore ruled out. 
All that is left is a possible pulse to pulse phase shift (giving rise to a frequency 
offset of the comb) and noise on the chirp, the pulse shape and the intensity. 
The noise processes will either broaden the individual modes or impose ampli- 
tude noise on their relative intensities. Provided that the noise on the chirp is 
small as compared to the mode spacing none of these processes will change the 
regular spacing of the comb. This is in fact the only feature that we rely on for 
optical frequency metrology because iOr and lOq of Eqn. 9 are servo controlled in 
those experiments. In fact recent experiments performed in our Garching lab- 
oratory m confirm the model used here and set an upper limit on the mode 
spacing constancy of 3 parts in 10^^ even for a free running femtosecond laser. 
In the same work the equality of the mode separation and the pulse repetition 
frequency was established with an upper limit of 6 parts in 10^®. 

4 Spectral Broadening by Self-Phase Modulation 

The spectral width of a pulse train emitted by a femtosecond laser can be sig- 
nificantly broadened in a single mode fiber This process that maintains the 
mode structure is described in the time domain by the optical Kerr effect or self- 
phase modulation. The first discussion is simplified by assuming an unchanging 
pulse-shape under propagation. After propagating the length I the intensity de- 
pendent refractive index n{t) = Uo + n 2 l{t) leads to a self induced phase shift 




(10) 



k 
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of 

^Nh{t) = —n 2 l{t)u>J/c with I{t) = |A(t)p. (11) 

This time dependent phase shift leads to a frequency modulation that is propor- 
tional to the time derivative of the self induced phase shift <pNL{t). For fused 
silica with its positive Kerr coefficient ri 2 = 2.5 x 10“^® cm^/W ^3 the leading 
edges of the pulses are creating extra frequencies shifted to the red {<pNL{t) < 0) 
while the trailing edges causes blue shifted frequencies to emerge. Self-phase 
modulation modifies the envelope function according to 

A{t ) — > (12) 

Because ^NL{t) has the same periodicity as A{t) the comb structure of the 
spectrum, as derived in section El is not affected. In an optical fiber self-phase 
modulation can be quite efficient even though the nonlinear coefficient in fused 
silica is comparatively small. This is because the fiber core carries a high intensity 
over an extended length. 

This simplified picture of self-phase modulation neglects dispersion, time- 
delayed nonlinearities and shock formation which is all known to occur in optical 
fibers. While ri 2 in fused silica is at least as fast as a few fs, the GVD broadens 
the pulses as they travel along the fiber so that the available peak power Po 
is decreased. Effective self-phase modulation however takes place when the so 
called dispersion length is much smaller then the nonlinear length whose ratio 
is given by m 

p _ ri2UJcPoT^ 

Lnl cA,ff\P'{co,)\ ^ 

where Tq and ^e// are the initial pulse duration and the eflFective fiber core 
area m calculated from the radial intensity distribution^. In the dispersion 
dominant regime i? <C I the pulses will disperse before any significant nonlinear 
interaction can take place while for R ^ 1 dispersion can be neglected as an 
inhibitor of self-phase modulation. Of course here we are considering the case of 
a physical fiber longer than either Ld = /\k" {ujc)\ or Latl = cAeff/n 2 U>cPo- 

So we see that spectral broadening of the comb I29I30I is achieved by im- 
posing a large frequency chirp on each of the pulses. Provided that the coupling 
efficiency into the fiber is stable, the periodicity of the pulse train is maintained. 
The discussion of section 0is thus equally valid if the electric field E{t) as mea- 
sured for example at the fiber output facet instead of the laser output coupler. As 
described below we have used a frequency comb widened to more than 45 THz 
by a conventional single mode fiber to perform the first phase coherent vacuum 
UV to radio frequency comparison in our Garching laboratory In recent 

experiments we have confirmed that the fiber does not affect the mode spacing 
constancy within our experimental uncertainty of a few parts in 10 18 [ig. 



^ Aeff = ttWq for a Gaussian beam with radius Wo. 
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5 Photonic Crystal Fibers 



Very efficient spectral broadening can be observed in photonic crystal fibers 
(PCF) A PCF uses a triangular array of submicron-sized air holes 

running the length of a silica fiber to confine light to a pure silica region embed- 
ded within the array The large refractive index contrast between the pure 
silica core and the “holey” cladding, and the resultant strong nature of the op- 
tical confinement, allows the design of fibers with characteristics quite different 
from those of conventional fibers. The larger index contrast enables use of a 
small core size, and the increased energy concentration leads to increased non- 
linear interaction of the guided light with the silica. As a considerable fraction 
of the mode travels as an evanescent wave inside the air holes, the waveguide 
dispersion can be designed to be strong enough to substantially compensate the 
material dispersion. As a result, fs pulses travel further in these fibers before 
being dispersed which further increases the nonlinear interaction. Consequently, 
substantially broader spectra can be generated in PCFs at relatively low peak 
powers Min- Other processes like stimulated Raman and Brillouin scatter- 
ing or shock wave formation that might spoil the usefulness of these broadened 
frequency combs are probably present. Indeed, in an experiment using 8 cm of 
PCF and 73 fs pulses at 75 MHz repetition rate from a Mira 900 system (Co- 
herent Inc.) we have seen an exceptionally broad spectrum from 450 to 1400 nm 
with excessive broadband noise, way above the shot noise. Using 25 fs pulses at 
a repetition rate of 625 MHz for the frequency chain reported below, this extra 
broadband noise was suppressed so as to enable us to phase lock the comb. As an 
additional data point, the JILA laser (Kapteyn-Murnane Labs model TS) with 
100 MHz repetition rate leads to a comfortable operating range near 25 mW 
transmitted power, where the 1064 nm and 532 nm beats with a CW laser were 
both adequate. Further power increases rapidly decreased the S/N ratio. Com- 
paring the several Boulder sources, one finds the best operation near 250 pJ per 
pulse, basically independent of repetition rate for « 50 fs pulses. The detailed 
nature of interesting broadband excess noise is not yet known. Thus there is still 
a little “art” in the proper use of the fiber broadening process for metrology. 



6 Phase-Locking the Frequency Comb 

For most applications of the frequency comb it is desirable to fix one of the 
modes in frequency space and to phase-lock the pulse repetition rate simulta- 
neously. For this purpose it is necessary to control the phase velocity (more 
precisely the round trip phase delay) of that particular mode and the group 
velocity (more precisely the round trip group delay) independently. A piezo 
driven folding mirror changes the cavity length L and shifts all modes propor- 
tional to their absolute frequency Z\u;„ = ujnALjL, as the additional path in 
air has a negligible dispersion. A mode-locked laser that uses two intra-cavity 
prisms to produce the negative group velocity dispersion necessary for Kerr-lens 
mode-locking provides us with a means for independently controlling the pulse 



A New Type of Frequency Chain 133 



repetition rate. To change the mode separation without changing the absolute 
frequency of say we use a second piezo-transducer to tilt the mirror slightly 
at the dispersive end of the cavity where the modes are horizontally dispersed. 
The vertical pivot ideally corresponds to the mode m- We thus introduce 
an additional phase shift Atp proportional to the frequency distance from 
which displaces the pulse in time and thus changes the round trip group delay. 
In the frequency domain one could argue that the length of the cavity stays 
constant for the mode while higher (lower) frequency modes experience a 
longer (shorter) cavity (or vice versa, depending on the sign of Aip). With our 
Coherent Mira 900 system the position of the pivot did not seem to be important 
and could even be placed next to the mirror. Also the slight misalignment of the 
laser cavity introduced only a negligible loss of power. In the alternative case 
where only dispersion compensation mirrors are used to produce the negative 
group velocity dispersion, one can modulate the pump power or manipulate the 
Kerr lens by slightly tilting the pump beam in order to alter oJq- The cavity 
length then is used to control the repetition rate. Although the two controls (i.e. 
cavity length and pump power) are not orthogonal they affect the round trip 
group delay T and the round trip phase delay differently. Further, the pump 
control loop can be rather fast compared with the PZT-driven length correction. 
Thus we can control both, uJq and u>r- 

In a different approach, the JILA group has locked the fs laser’s two degrees of 
freedom using information from beats with our stable Nd:YAG/l 2 reference laser 
system, without using an rf source. In this work, the beat at 1064 nm mainly 
controlled the position of one optical comb line, while the 532 nm beat was used 
to control the repetition rate. This frequency information was used to tightly 
lock, eventually phase-lock, the laser cavity length via the 1064 nm beat. As this 
PZT motion also affects the repetition rate somewhat, we found it attractive to 
use a frequency-based lock for the 532 nm-derived information, applying it to 
the “twister” PZT to mainly affect the repetition rate. Unfortunately the comb 
line chosen for absolute frequency stabilization, at 1064 nm, is not really near 
the center of the fiber-broadened spectrum, which led to a serious level of non- 
orthogonality. This was handled by preparing an appropriate linear combination 
of the two signals for the two transducers and their servo systems. We obtained 
rms frequency noise (Is) below 1 Hz for the 1064 nm beat and about 180 Hz 
for the green beat m- Basically this two-laser system offers about 4 million 
stable optical frequencies, with 100 MHz optical frequency separations, each 
with linewidths « 100 Hz and below, and with a stability improving in time, 
ideally following the NdWAG/U reference which shows an Allan Deviation of 
« 4 X 10“^^ at 700 s. By measuring the repetition rate against the NIST 
frequency standard, all of these comb lines are known in absolute frequency. 
Alternatively and interestingly, the repetition rate should form a stable optical 
clock with its output at 100 MHz. Such a result, translating frequency stability 
gained in the optical domain into the microwaves and rf, is made possible by 
the broad, octave-spanning fs comb. Using our new fiber optic connection to 
the NIST Frequency Standard, it will be fascinating to compare our optically- 
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Fig. 3. The offset frequency uJr that displaces the modes of an octave spanning fre- 
quency comb from being exact harmonics of the repetition rate ujr is measured by 
frequency doubling some modes at the “red” side of the comb and beat them with 
modes at the “blue” side 



derived clock output stability with that of the NIST rf standard system. Already 
the rf stability is not worse than the best other source available to us. 

7 Self-calibrated Optical Combs: Absolute Optical 
Frequencies 

Being able to control ojo and u>r is not sufficient if we don’t know their values. 
The repetition rate ojr is simply measured by a photo detector at the output 
of either the laser or the fiber. To measure the offset frequency ujo, a mode 
niOr + Wo on the “red” side of the comb is frequency doubled to 2{niOr + Wo). If 
the comb contains more than an optical octave there will be a mode with the 
mode number 2n oscillating at 2nWr+Wo. As sketched in Fig.0we take advantage 
of the fact that the offset frequency is common to all mode^ by creating the beat 
frequency (=difference frequency) between the frequency doubled “red” mode 
and the “blue” mode to obtain uJq. This method allowed the construction of a 
very simple frequency chain that eventually operated with a 

single laser. It occupies only 1 square meter on our optical table with considerable 
potential for further miniaturization. At the same time it supplies us with a 
reference frequency grid across much of the visible and infrared spectrum. 

The system sketched in Fig.0is implemented in Garching with a Ti:sapphire 
25 fs ring laser (GigaOptics, model GigaJet) with modes that are separated by 
LOr = 27t 625 MHz. This makes it easy to distinguish them with a commercial 
wavemeter. While the ring design makes it almost immune to feedback from the 
fiber, the high repetition rate increases the available power per mode. The highly 
efficient spectral broadening of the PGF compensates for the decrease of available 
pulse peak power connected with a high repetition rate. To generate an octave 
spanning comb we have coupled 190 mW average power through 35 cm PGF. 

This is another way of saying that the modes are equally spaced. 



3 



A New Type of Frequency Chain 135 



The pump beam intensity (Verdi, Coherent Inc.) is controlled by an EOM (LM 
0202, Gsanger). With 7 W of pump power we achieve above 650 mW average 
power from the femtosecond laser. 

The infrared part of the spectrum at the fiber exit is separated from the green 
part with the help of a dichroic mirror, and passed through a 3 x 3 x 7 mm^ 
AR coated KTP crystal properly cut for frequency doubling with « 1060 nm 
input. The harmonic green is recombined on a polarizing beam splitter with the 
green part from the direct fiber output. For the green comb part an optical delay 
line is included to match the optical path lengths. In the JILA setup m , an 
AOM was also introduced in this arm to displace the interesting beat frequency 
region away from zero (see Fig.^. The polarization axes of the recombined light 
are mixed using a rotatable polarizer. A grating which serves as 5 nm wide 
bandpass filter selects the wavelengths around 530 nm. A beat signal with a 
signal to noise ratio exceeding 40 dB in 400 kHz bandwidth has been obtained 
at Garching. The offset frequency is phase locked with the help of an EOM in the 
pump beam while the repetition rate ujr is phase locked with a PZT mounted 
folding mirror. By this means the absolute frequency of each of the modes is 
phase coherently linked to the rf reference and known with the same relative 
precision. 

To use this calibrated frequency grid, a low noise beat signal between one of 
the modes with a cw laser has to be created. This is done by spectrally filtering 
the comb to prevent most of the unused modes, that only produce shot noise, 
from impinging on the photo detector. The rotatable polarizer, that works as an 
adjustable beam splitter, is then used to maximize the signal to noise ratio. In 
some cases a Phase- Tracking Oscillator can help to guarantee accurate counting. 
Some of the details are found in Ref. m- 

The single-laser / : 2/ frequency chain now appears as the natural endpoint of 
a thirty-year development to measure absolute optical frequencies, using intervals 
between harmonics or subharmonics of laser frequencies (see later). But for the 
first demonstration of the self-referenced frequency comb concept performed in 
Garching, not too long ago m. when photonic crystal fibers were not yet widely 
available, we managed to obtain spectral broadening by use a regular single mode 
fiber. At that time we could bridge a frequency interval of 50 THz at the most 
when seeding the fiber with a commercial mode-locked laser (Goherent model 
Mira 900) that had a repetition rate of 75 MHz and a measured pulse duration 
of 73 fs. Interestingly, the shorter pulses from the JILA laser led to broadening 
beyond 100 THz, also using a standard fiber pm. As shown in Fig. 0 the 50 THz 
comb is used to fix the frequency difference 0.5/ between two laser diodes at 
4/ (848 nm) and 3.5/ (969 nm). One laser diode is phase locked to the fourth 
harmonic of an infrared HeNe laser at / (3.39 /rm) and the other is frequency 
doubled to obtain 7/. At that stage all lasers but the the HeNe laser are phase 
locked to another laser in the chain. We close the chain by phase locking the 
remaining laser by controlling its frequency / such that the sum of / and 7/ 
equals 8/ as produced by frequency doubling the laser diode at 4/. Only after 
closing the last phase locked loop are the relations between absolute frequencies 



136 



Th.Udem, J.Hall et al. 




Fig. 4. The first self-referenced frequency chain that has been used in Refs. [16,19,31] 
uses an optical frequency interval divider (oval symbol) [34] that fixes the relation 
between the frequencies /, 4/ and 7/ by locking / -|- 7/ to 2 x 4/. The 3.39 fim laser at 
/ is locked through the divider after the frequency comb locked the difference between 
3.5/ and 4/ 



as mentioned precisely fulfilled. We can then set the frequency of the HeNe laser, 
and all other lasers in the chain, by setting the frequency difference between the 
laser diodes 4/ — 3.5/ = 0.5/ with a cesium atomic clock that controls the mode 
spacing. We have used this frequency chain for an improved measurement of 
the hydrogen 1S-2S transition frequency at 2466 THz nm . We excite this 
transition with two photons from a frequency doubled dye laser at 486 nm. To 
enable us to use the 7 / output of the frequency chain shown in 0 we introduced 
a second smaller frequency gap that is measured with the same frequency comb. 
As described elsewhere in this volume we use a sophisticated line shape 
model I36I35I to obtain m 

fiS2S = 2 466 061 413 187 103(46) Hz (14) 

for the hyperfine centroid. To achieve this accuracy we made use of a trans- 
portable cesium fountain clock IS21 constructed by the group of A. Clairon at 
the Laboratoire Primaire du Temps et des Frequences (LPTF). This measure- 
ment represents now the most precise measurement of an optical frequency and 
provides the first phase coherent link from the vacuum UV (121 nm) to the radio 
frequency domain. A previous measurement 1321 of this transition also serves as 
an independent test of the previous harmonic frequency chains at Garching and 
at the Physikalisch Technische Bundesanstalt Braunschweig/Germany to within 
3.4 parts in 10^^. 

After the first successful testing of the comb properties at Garching other 
groups worldwide also saw the single-laser / : 2/ self-calibrated frequency chain 
as a highly attractive desirable approach to measuring absolute optical frequen- 
cies. It has long been known that a white light continuum is produced when an 
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(amplified) femtosecond laser pulse is focused into a nonlinear dielectric medium 
with an intensity-dependent refractive index. Experiments carried out in early 
1997 |EH] demonstrated conclusively that such white light continuum pulses can 
be mutually phase-coherent, and a universal optical frequency comb synthesizer 
with a train of such pulses was envisioned by one of us (T.W.H.) at that time. 
However, pulses intense enough could not be produced with a sufficiently high 
repetition rate that could have allowed one to separate out a single mode. In May 
1999, researchers at Lucent Technology announced the generation of white light 
continuum pulses directly from a low-power femtosecond laser oscillator with the 
help of a microstructured silica fiber m- It was then obvious to some of us that 
such fibers would produce an octave-spanning frequency comb, and the Garch- 
ing and Boulder teams entered a friendly race to obtain a fiber sample. The 
Boulder team won this race by a few weeks and obtained its fiber sample from 
Lucent in October 1999 to demonstrate the first octave-spanning self-referenced 
frequency comb PUZCHI. The Garching group obtained a photonic crystal fiber 
a few weeks later from P. Russell at Bath University H2! and successfully imple- 
mented a single-laser frequency “chain” in November 1999 |l.Sllbll9| . 




Fig. 5. Experimental setup for locking the offset frequency u>o- The femtosecond laser 
is located inside the shaded box. Solid lines represent optical paths, and dashed lines 
show electrical paths. The high-reflector mirror is mounted on a transducer to provide 
both tilt and translation 



The JILA implementation of this technique is illustrated in Fig. El |IB| • For the 
first measurement iOr was phase locked to a precise radio frequency reference (a 
GPS controlled Rb standard) but knowledge and control of lOq was not required. 
The entire comb was allowed to freely “float” and (5i and S 2 were measured 
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as two heterodyne beats. One beat was between wio 64 , a I 2 stabilized Nd:YAG 
laser and an infrared comb mode and the other beat was between the frequency 
doubled Nd:YAG laser and a green comb mode. With only the mode spacing of 
the fs comb fixed, the variations of the 5\ and ^2 are correlated as Wo fluctuates. 
This correlated noise, and therefore any dependence on Wo, is removed before 
counting by preparing either the difference or sum of (5i and 52- Measurements 
using this technique yielded a frequency for the ^^^l 2 R(56) 32 — 0 aio transition 
of 563 260 223 514(5) kHz. The dominant sources of uncertainty were the real- 
ization of the optical frequency (±4 kHz) in addition to the microwave frequency 
(±2.2 kHz) that controls uir- Once the very stable iodine-stabilized GW-YAG is 
measured in this fashion its realization is no longer a limitation, and any other 
optical frequency that falls within the bandwidth of the comb can be measured 
with respect to the iodine standard. This enabled the concurrent measurement 
of the 633 nm HeNe/l 2 jZOj and the 778 nm Rb 2-photon PI| standard ^Zj. 

As described earlier, a more elegant technique exists to measure and control 
the offset frequency hJo, while furthermore eliminating the need for any auxil- 
iary GW lasers. As shown, the comparison of frequency-doubled low frequency 
comb components from the fiber can be heterodyned with the directly generated 
comb components near twice the optical frequency to yield u>o- With the AOM 
operating at 7/8 of the 90 MHz repetition rate, the JILA team could establish 
the condition of zero offset of the comb-lines from harmonics of the repetition 
frequency, i.e. Wo = 0. Alternatively, thanks to the digital frequency synthesis 
employed, we could fix the offset frequency to be a rational fraction of the inter- 
comb-line spacing. This provides a defined cycle period for the carrier-envelope 
phase-slip closure cycle, which may be useful in experiments designed to eluci- 
date a dependence on the carrier-envelope phase. The Garching team achieved 
this ability to select an arbitrary value of ojo (including ojo = 0) by the use of an 
auxiliary frequency doubled Nd:YAG laser m- 

8 Accuracy Tests of the fs Laser Comb Approach 

Previously we have shown that the repetition rate of a mode locked laser equals 
the mode spacing to within the experimental uncertainty of a few parts in 
10^® |26) by comparing it with a second frequency comb generated by an efficient 
electro-optic modulator m- Furthermore the uniform spacing of the modes was 
verified m even after further spectral broadening in a standard single mode 
fiber on the level of a few parts in 10 18 H3!. To check the integrity of the fem- 
tosecond approach we compared the / : 2/ interval frequency chain as sketched 
in Fig. 0 with the more complex version of Fig El [E]. We used the 848 nm laser 
diode of Fig. 0 and a second 848 nm laser diode locked to the frequency comb of 
the / : 2/ chain. The frequencies of these two laser diodes measured relative to a 
quartz oscillator, that was used as a radio frequency reference for the frequency 
combs, are 353 504 624 750 000 Hz and 353 504 494 400 000 Hz for the / : 2/ 
and the 3.5/ : 4/ chain respectively. We expect a beat note between the two 
848 nm laser diodes of 130.35 MHz which was measured with a radio frequency 
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counter (Hewlett Packard, model 53132A) referenced to the same quartz oscilla- 
tor. In all the measurements described here we use additional frequency counters 
to detect cycle slips in the phase locked loops (see for example m)- We exclude 
data with cycle slips from evaluation. 



Deviation from 130.35 MHz [Hz] 

4 
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1 
0 
-1 
-2 
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-4 
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$ i I 























Allan Standard Deviation 




Fig. 6. Left: Deviation of the averaged beat note between the two freqnency chains 
from the expected value for various counter gate times. Right: Measured Allan standard 
deviation between the two chains as a function of the connter gate time 



After averaging all data we obtained a mean deviation from the expected 
beat frequency of 71 ± 179 mHz at 354 THz. This corresponds to a relative 
uncertainty of 5.1 x 10“^®. No systematic effect is visible at this accuracy and 
the distributions of data points look almost ideally Gaussian for sufficiently 
large data sets. Fig. E| shows the measured Allan standard deviation which 
measures the stability of one chain against the other, for counter gate time^of 1, 
3, 10, 30 and 100 s. As both 354 THz signals are phase locked to each other (via 
the quartz oscillator) and the rms phase fluctuation is expected to be constant 
in time, the Allan standard deviation should fall off like the inverse counter gate 
time. Presumably the larger 3.5/ : 4/ chain is limiting the relative stability as 
it includes large range (±1024 tt) phase detectors necessary to compensate for 
the low servo band with available for some of the lasers. In addition the large 
frequency chain of Fig. 2]is resting on two separate optical tables whose relative 
position was not controlled. Another source of instability could be the specified 
1.5 X 10“^^ Allan standard deviation (within 1 s) of the quartz oscillator together 
with time delays present in both systems. 

Another domain of fs comb accuracy confirmation was provided by compari- 
son of the apparent measured frequency of a HeNe l 2 -stabilized laser, measured 

Here the averaging time is identical to the counter gate time. Because the dead 
time between counter readings was much larger than the inverse counter bandwidth 
juxtapositioning of say Is gate time data to derive the Allan deviation for longer 
times would produce false results m- 
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with a fs comb in JILA and with that measured by a traditional harmonic syn- 
thesis chain at NRC, Ottowa E3- Expressing the difference between the two 
measurements of the 473 THz frequency of the Iodine-stabilized transfer laser, 
one found (200 ± 770 Hz). While the accuracy of this test (1.6 x 10“^^) has 
fewer digits, it is extremely comforting to find such an agreement between the 
two synthesis methods and the two national labs. (The domain below « 1 kHz 
(2 X 10“^^) is hard to explore with the HeNe I 2 laser system, due to its broad 
line and rather large shifts with operating parameters). 



9 The Fine Structure Constant a 



Recently we have used the femtosecond technology to measure the transition 
frequency of the cesium Di line iS|- This line provides an important link for a 
new determination of the fine structure constant a. Because a scales all electro- 
magnetic interactions, it can be determined by a variety of independent physical 
methods. Different values measured with comparable accuracy disagree with 
each other by up to 3.5 standard deviations and the derivation of the currently 
most accurate value of a from the electron g — 2 experiment relies on extensive 
QED calculations The 1999 CODATA value 03 = 137.035 999 76(50) 

(3.7 X 10“®) follows from the g — 2 results. To resolve this unsatisfactory situation 
it is most desirable to determine a value for the fine structure constant that is 
comparable in accuracy with the value from the g — 2 experiment but does not 
depend heavily on QED calculations. A promising way is to use the accurately 
known Rydberg constant i?oo according to: 



2 2Rqq h 2cfrec '^Cs 

= = 2Roo X — 2 — X X 

c nie me mp 



(15) 



In addition to the Rydberg constant a number of different quantities, all based 
on intrinsically accurate frequency measurements, are needed. Experiments are 
under way in Stanford in S. Chu’s group to measure the photon recoil shift 
free = fDih/2mcsC^ of the cesium Di line m- Together with the proton- 
electron mass ratio mp/me, that is known to 2 x 10’ -®IH and even more precise 
measurements of the cesium to proton mass ratio mcs/mp in Penning traps, 
that have been reported recently m, our measurement has already yielded a 
new value of a m- 

As shown in Fig. |3 we compared the frequency of the cesium Di line at 
895 nm with the 4th harmonic of the methane stabilized He-Ne laser operating 
at 3.4 /rm (/ = 88 THz). The laser that creates the frequency comb, the fourth 
harmonic generation and the HeNe laser are identical with the systems shown in 
Fig.S However, the HeNe laser was stabilized to a methane transition in this ex- 
periment and was used as a frequency reference instead of the Cs fountain clock. 
The frequency of this laser has been calibrated at the Physikalisch Technische 
Bundesanstalt Braunschweig/Germany (PTB) and in our own laboratory jSI] to 
within a few parts in 10^^. 
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Fig. 7. Frequency chain used for the determination of the cesium Di line 



10 Conclusion 

To summarize we have presented here a new concept for measuring optical fre- 
quencies, based on a well-stabilized train of optical impulses. This new technique 
has been applied to the measurement of the hydrogen — 2S transition, to cal- 
ibrate iodine stabilized HeNe lasers, and to the Cesium Di line which is a cor- 
nerstone for a new determination of a. This development culminates in the fully 
phase locked single-laser optical frequency synthesizer. It uses a single femtosec- 
ond laser and is nevertheless capable of phase coherently linking the rf domain 
with a whole octave of optical frequencies. It occupies only 1 square meter on 
our optical table with considerable potential for further miniaturization. 

We believe that the development of accurate optical frequency synthesis 
marks only the beginning of an exciting new period of ultra-precise physics. 

The femtosecond frequency chain does also provide us with the long awaited 
compact optical clockwork that can serve in future optical clocks. Possible can- 
didates for precise optical reference frequencies derived from narrow transitions 
in Ca, Hg+ and In+ jSSj are currently investigated using the femtosecond 
comb technology. 

Acknowledgement 

Finally the Garching group likes to thank their collaborators P. Lemonde, G. Santarelli, 
M. Abgrall, P. Laurent and A. Glairon from BNM-LPTF, Paris/France and 
J. Knight, W. Wadsworth, and P. Russell from the University of Bath, Bath/Eng- 
land. The JILA group thanks J. Ranka, R. Windeler, and A. Stenz of Lucent 




142 



Th.Udem, J.Hall et al. 



BellLabs/USA, T.H. Yoon and L.S. Ma at JILA and in particular H.C. Kapteyn 
and M.M. Murnane for generous help with fs laser technology. 



References 

Note: In this discussion we have used the names of commercial products to facilitate 
technical communication with the reader. Such use in no way constitutes an endorse- 
ment of these products nor does it imply that other products would necessarily be less 
suitable. 

1. J.N. Eckstein, A. I. Ferguson, and T.W. Hansch: Phys. Rev. Lett. 40 , 847 (1978) 

2. D.E. Spence, CP.N. Kean, and W. Sibbett: Opt. Lett. 16, 42 (1991) 

3. F. Krausz, M.F. Fermann, T. Brabec, P.F. Curley, M. Hofer, M.H. Ober, C. Spiel- 
mann, E. Wintner, and A.J. Schmidt: IEEE J. Quant. Electron. 28, 2097 (1992) 

4. M.T. Asaki, C.P. Huang, D. Garvey, J.P. Zhou, H.C. Kapteyn and M.M. Murnane: 
Opt. Lett. 18, 977 (1993) 

5. U. Morgner, E.X. Kartner, S.H. Cho, Y. Chen, H.A. Haus, J.G. Fujimoto, E.P. 
Ippen, V. Scheuer, G. Angelow, and T. Tschudi: Opt. Lett. 24, 411 (1999) 

6. D.H. Sutter, L. Gallmann, M. Matuschek, F. Morier-Genoud, V. Scheuer, G. An- 
gelow, T. Tschudi, G. Steinmeyer, and U. Keller: Appl. Phys. B 70 , 5 (2000) 

7. J.C. Knight, T.A. Birks, P.St.J. Russell, and D.M. Atkin: Opt. Lett. 21, 1547 
(1996) 

8. M.J. Gander, R. McBride, J.D.C. Jones, D. Mogilevtsev, T.A. Birks, J.G. Knight, 
and P.St.J. Russell: Electron. Lett. 35 , 63 (1999) 

9. J.K. Ranka, R.S. Windeler, and A.J. Stentz: Opt. Lett. 25, 25 (2000) 

10. W.J. Wadsworth, J.G. Knight, A. Ortigosa-Blanch, J. Arriaga, E. Silvestre, and 
P.St.J. Russell: Electron. Lett. 36 , 53 (2000) 

11. J.K. Ranka, R.S. Windeler, and A.J. Stentz: ‘Efficient Visible Gontinuum Gener- 
ation in Air-Silica Microstructure Optical Eibers with Anomalous Dispersion at 
800 nm’. In: Conference on Lasers and Electro- Optics CLEO, postdeadline paper 
CD-8, Washington D.C. (1999) 

12. W.J. Wadsworth, J.C. Knight, A. Ortigosa-Blanch, J. Arriaga, E. Silvestre, B.J. 
Mangan and P.St.J. Russell: ‘Soliton Effects and Supercontinuum Generation in 
Photonic Crystal Fibres at 850 nm’. In: Annual Meeting of IEEE Lasers and 
Optics Society, LEOS, postdeadline paper PD1.5, 

13. R. Holzwarth et al.: to be published. 

14. S.A. Diddams, D.J. Jones, S.T. Cundiff, J.L. Hall, J.K. Ranka, R.S. Windeler, A.J. 
Stentz: ‘A Direct rf to Optical Frequency Measurement with a Femtosecond Laser 
Comb spanning 300 THz’. In: Quantum Electronics and Laser Science Conference 
QELS, OSA Technical Digest, pp. 109-110. 

15. R. Holzwarth, J. Reichert, Th. Udem, T.W. Hansch, J.C. Knight, W.J. 
Wadsworth, P.St.J. Russell: ‘Broadening of Femtsecond Frequency Combs and 
Compact Optical to Radio Frequency Conversion’. In: Conference on Lasers and 
Electro- Optics CLEO, OSA Technical Digest, p. 197. 

16. J. Reichert, M. Niering, R. Holzwarth, M. Weitz, Th. Udem, and T.W. Hansch: 
Phys. Rev. Lett. 84, 3232 (2000) 

17. S.A. Diddams, D.J. Jones, J. Ye, S.T. Cundiff, J.L. Hall, J.K. Ranka, R.S. 
Windeler, R. Holzwarth, Th. Udem, and T.W. Hansch: Phys. Rev. Lett. 84, 5102 
(2000) 




A New Type of Frequency Chain 143 



18. D.J. Jones, S.A. Diddams, J.K. Ranka, A. Stentz, R.S. Windeler, J.L. Hall, and 
S.T. Cundiff: Science 288, 635 (2000) 

19. R. Holzwarth, Th. Udem, T.W. Hansch, J.C. Knight, W.J. Wadsworth, and P.St.J. 
Russell: Phys. Rev. Lett. 85, 2264 (2000) 

20. V.P. Chebotayev, and V.A. Ulybin: Appl. Phys. B 50 , 1 (1990) 

21. J. Reichert, R. Holzwarth, Th. Udem, and T.W. Hansch: Opt. Commun. 172 , 59 
(1999) 

22. R. Szipocs, and R. Kohazi-Kis: Appl. Phys. B 65, 115 (1997) 

23. J.N. Eckstein, thesis Stanford University, USA 1978. 

24. D.J. Wineland, J.C. Bergquist, W.M. Itano, F. Diedrich, and C.S Weimer: ‘Fre- 
quency Standards in the Optical Spectrum’. In: The Hydrogen Atom ed. by T.W. 
Hansch (Springer, Berlin, Heidelberg 1989) pp. 123-133 

25. L. Xu, Ch. Spielmann, A. Poppe, T. Brabec, F. Krausz, and T.W. Hansch: Opt. 
Lett. 21 , 2008 (1996) 

26. Th. Udem, J. Reichert, R. Holzwarth, and T.W. Hansch: Opt. Lett. 24, 881 (1999) 

27. G.P. Agrawal: Nonlinear Fiber Optics, (Academic Press, New York 1989) 

28. D. Milam: Applied Optics 37 , 546 (1998 

29. K. Imai, M. Kourogi, and M. Ohtsu: IEEE Journal Quant. Electr. 34, 54 (1998) 

30. S.A. Diddams, D.J. Jones, L.S. Ma, S.T. Cundiff, and J.L. Hall: Opt. Lett. 25, 
186 (2000) 

31. M. Niering, R. Holzwarth, J. Reichert, P. Pokasov, Th. Udem, M. Weitz, T.W. 
Hansch, P. Lemonde, G. Santarelli, M. Abgrall, P. Laurent, C. Salomon, and A. 
Clairon: Phys. Rev. Lett. 84, 5496 (2000) 

32. P. Lemonde, P. Laurent, G. Santarelli, M. Abgrall, Y. Sortais, S. Bize, C. Nicolas, 
S. Zhang, A. Clairon, N. Dimarcq, P. Petit, A. Mann, A. Luiten, S. Chang, and C. 
Salomon: ‘Cold Atom Clocks on Earth and in Space’. In: Frequency Measurement 
and Control ed. by A.N. Luiten (Springer, Berlin, Heidelberg 2000) 

33. J. Ye, J.L. Hall, and S.A. Diddams: Opt. Lett. 25 , 1675 (2000) 

34. D. McIntyre, T. W. Hansch: Digest of the Annual Meeting of the Optical Society 
of America, paper ThG3, Washington D.C. (1988) and H.R. Telle, D. Meschede, 
and T.W. Hansch: Opt. Lett. 15 , 532 (1990) 

35. F. Biraben, T.W. Hansch, M. Fischer, M. Niering, R. Holzwarth, J. Reichert, Th. 
Udem, M. Weitz, B.de Beauvoir, C. Schwob, L. Jozefowski, L. Hilico, F. Nez, L. 
Julien, O. Acef, and A. Clairon: this book, pp. 17-41 

36. A. Huber, B. Gross, M. Weitz, and T.W. Hansch: Phys. Rev. A 59, 1844 (1999) 

37. Th. Udem, A. Huber, B. Gross, J. Reichert, M. Prevedelli, M. Weitz, and T.W. 
Hansch: Phys. Rev. Lett. 79 , 2646 (1997) 

38. M. Bellini, T.W. Hansch: Opt. Lett. 25, 1049 (2000) 

39. T. J. Quinn: Metrologia 36, 211 (1999) 

40. D. Touahri, O. Acef, A. Clairon, J.J. Zondy, R. Felder, L. Hilico, B. de Beauvoir, 
F. Biraben, and F. Nez: Opt. Comm. 133 , 471 (1997) 

41. M. Kourogi, B. Widiyatomoko, Y. Takeuchi, and M. Ohtsu: IEEE J. Quantum 
Electron. 31 , 2120 (1995) 

42. J.A. Barnes, A.R. Chi, L.S. Cutler, D.J. Healey, D.B. Leeson, T.E. McGunigal, 
J.A. Mullen Jr, W.L. Smith, R.L. Sydnor, R.F.C. Vessot, and G.M.R. Winkler: 
IEEE Trans. Instrum. Meas. 20, 105 (1971) 

43. P. Lesage: IEEE Trans. Instrum. Meas. 32, 204 (1983) 

44. J. Ye, T.H. Yoon, J.L. Hall, A. A. Made), J.E. Bernard, K.J. Siemsen, L. Marmet, 
J.M. Chartier, and A. Chartier: Phys. Rev. Lett. 85, 3739 (2000) 

45. Th. Udem, J. Reichert, R. Holzwarth, and T.W. Hansch: Phys. Rev. Lett. 82 , 
3568 (1999) 




144 



Th.Udem, J.Hall et al. 



46. T. Kinoshita: Rep. Prog. Phys. 59, 1459 (1996), and references therein. 

47. P.J. Mohr, and B.N. Taylor: Rev. Mod. Phys. 72, 351 (2000) 

48. A. Peters, K.Y. Chung, B. Young, J. Hensley, and S. Chu: Phil. Trans. R. Soc. 
Bond. A 355, 2223 (1997) 

49. D.L. Farnham, R.S. Van Dyck Jr, and P.B. Schwinberg: Phys. Rev. Lett. 75, 3598 
(1995) 

50. M.P. Bradley, J.V. Porto, S. Rainville, J.K. Thompson, and D.E. Pritchard: Phys. 
Rev. Lett. 83, 4510 (1999) 

51. P. Pokasov et al.: to be pnblished. 

52. Th. Udem, S. Diddams, K. Vogel, C. Oates, A. Curtis, D. Lee, W. Itano, 
D. Wineland, J. Bergquist and L. Hollberg: to be published. 

53. T. Becker, M. Eichenseer, A.Yu. Nevsky, E. Peik, C. Schwedes, M.N. Skvortsov, 
J. von Zanthier, and H. Walther: this edition, pp. 545-553 




Fundamental Constants and the Hydrogen 
Atom* 



Peter J. Mohr and Barry N. Taylor 

National Institute of Standards and Technology, Gaithersburg, MD 20899-8401, USA 
E-mail: mohr@nist.gov and barry.taylor@nist.gov 



Abstract. A review is given of the latest adjustment of the values of the fundamental 
constants. The new values are recommended by the Committee on Data for Science and 
Technology (CODATA) for international use. Most of the fundamental constants are 
obtained by the comparison of the results of critical experiments and the corresponding 
theoretical expressions based on quantum electrodynamics (QED). An important case 
is the Rydberg constant which is determined primarily by precise frequency measure- 
ments in hydrogen and deuterium. 



1 Introduction 

The 1998 adjustment of the values of the fundamental physical constants has 
been carried out by the authors under the auspices of the CODATA Task Group 
on Fundamental Constants m The purpose of the adjustment is to determine 
“best” values of various fundamental constants such as the fine-structure con- 
stant, Rydberg constant, Avogadro constant, Planck constant, electron mass, 
muon mass, as well as many others, that provide the greatest consistency among 
the most critical experiments based on relationships derived from condensed 
matter theory and quantum electrodynamics (QED) theory. The 1998 CO- 
DATA recommended values of the constants also may be found on the Web 
at: physics.nist.gov/constants. 



2 1998 Least Squares Adjustment 

We first recall the method of least squares as it is applied to the adjustment 
of values of the fundamental constants. The experimental results, or possibly 
theoretical results, form the observational data qi, q 2 ,..., qN- A selected set 
of the fundamental constants zi, Z 2 , ■ ■ ■ , zm {M < N), are the “unknowns” or 
variables (also called adjusted constants) of the adjustment and are related to 
the data by observational equations of the form 

= fi{z) = Mzi,Z 2 ,...,zm) ] i = l,2,...,N . (1) 



* Contribution of the National Institute of Standards and Technology (NIST), not 
subject to copyright in the United States. NIST is an agency of the Technology 
Administration, U.S. Department of Commerce. 
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The symbol = is employed, because, in general, the system of equations is over- 
determined and an equality is not possible for all of the data. 

The equations are nonlinear, and we make a linear approximation about 
starting values s for 2 : 



Qi = Ms) 



M 

E 

i=i 



dMs) 

dsj 



(^i ~ Sj) + 



( 2 ) 



or 



M 

Vi = 

i=i 



where yi = qt - /*(s), Xj = Zj - Sj, and 



dMs) 

i9si 



( 3 ) 



( 4 ) 



In terms of matrices (where X denotes a matrix with elements Xj, etc.) we 
have 



Y = AX 



( 5 ) 



with covariance matrix V = cov(K), where the elements cov{Y)a are the vari- 
ances of the Qi and the elements cov{Y)ij = cov{Y)ji are the covariances of the 
Qi and Qj . The least-squares solution X for X that minimizes 



{Y - AX)^V-^{Y - AX) (6) 

with respect to X is given by 

X = {A^V-M)-M^V~M (7) 

cov(l) = {A^V~^A)-^ (8) 

and 

Z =S + X (9) 

cov(Z) = cov(X) (10) 

Y =AX (11) 

% =/i(s) + y»- (12) 



If the observational data Y are uncorrelated, then we have 

(Y - AX)^V~^{Y - AX) = y ■ 

Ml cov(Y)u 



(13) 
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Some of the adjusted constants used in the 1998 least-squares adjustment 
are given in Tabled In that table, the relative atomic masses are defined by 



Ar(x) 



^m(i2C) ’ 



(14) 



where m(^^C) is the mass of the carbon 12 atom. The quantities Oe and are the 
magnetic moment anomalies of the electron and muon, respectively, A^mu is the 
ground-state hyperfine splitting in muonium, and Eji(nLj'j and are the 

energies of the nL^ levels in hydrogen and deuterium, respectively. (Here, n is the 
principal quantum number, L is the nonrelativistic orbital angular momentum 
symbol, and j is the total angular momentum quantum number of the level.) 
The corrections Se, Sa{nLj), and 5u{nljj) are discussed below. 



Table 1. Some of the adjusted constants nsed in the 1998 least-squares adjustment of 



the values of the constants 

Adjnsted constant Symbol 

electron relative atomic mass d_r(e) 

proton relative atomic mass 7lr(p) 

deuteron relative atomic mass d_r(d) 

fine-structure constant a 

additive correction in theoretical expression for Ue 5e 

additive correction in theoretical expression for 5,, 

additive correction in theoretical expression for A:^mu 5mu 

electron-muon mass ratio m^/m^ 

Planck constant h 

molar gas constant R 

Rydberg constant 

bound-state proton rms charge radius Rp 

additive correction in theoretical expression for E^(nLj) 5^(nLj) 

bound-state deuteron rms charge radius i?d 

additive correction in theoretical expression for EY>{nLj) 5d(uLj) 



Examples of the observational equations are given in Table El In that table, 
and VYy are transition frequencies in hydrogen and deuterium such as those 
given in Table 0 below, Kj is the Josephson constant, which is characteristic of 
the Josephson effect, and i?K is the von Klitzing constant, which is characteristic 
of the quantum Hall effect. Note that Ex{nLj)/h is proportional to ci?oo and 
independent of h, hence h is not an adjusted constant in these equations. 
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Table 2. Some observational equations that express the input data as functions of the 
adjusted constants 



— Tl2L2j2) 



Rp 

lyoiniLij^ — ri2L2j2) 



^U2L2j 2; -Roo, a, ^r(e), 4r(p), Rp, <5h(u2L2j2)^ 

-Eh ; R^,a, Ar(e), Ar(p), Rp, ) j j /h 

Rp 

^ri 2 ^2 ! Roo , O, (e) , (d) , Rd , (U 2 L 2 22 )) 

-Rd ; Roo, a, ^r(e), 4r(d), Rd, ^(niLij^ j /h 



Rd = Rd 



<5H(nLj) = 5 h(uLj) 
5D(nLj) = 5D(nLj) 
fle = Oe(a, 5e) 



<5e 

A:/Mu 

5mu 

Rj 

Rk 

r|Rk 



'-'e 

Ai^MuI Roo 5 rr, , (^Mu | 

\ rriu J 



5mu 

\fiQchJ 



1/2 




3 Electron Magnetic Moment Anomaly 

One of the most important constants is the fine-structure constant a. It is de- 
termined primarily by comparison of measurement and theory for the electron 
magnetic moment anomaly Ue defined by 



9& — 2(1 -t- Cle) , 



where ( 7 e(Dirac) = —2. Measurements by the University of Washington group |2j 
have yielded 

Oe- (exp) = 1 159 652188.4(4.3) x IQ-^^ (15) 

Oe+(exp) = 1 159 652187.9(4.3) x 10"^^ . 

(Here and throughout this paper, all uncertainties are standard uncertainties, 
i.e., one standard deviation estimates.) Assuming CPT invariance holds, we take 
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a weighted average of these values and obtain 

Oe = 1 159 652188.3(4.2) x 10-l^ 

where the covariance of the two values has been taken into account. 
The complete theoretical expression for can be written as 

+ae(had) + ae(weak) + 5 ^ , 



(16) 



(17) 



where = 1, the with z > 2 are numerical constants that depend only 
weakly on TOe/m.|x and rrie/mi, Oe(had) is the predominantly hadronic vacuum 
polarization contribution, Oe(weak) is the predominantly electroweak contribu- 
tion, and (5e is the additive correction that takes into account the uncertainties of 
all known and unknown contributions. The numerical values of these contribu- 
tions are summarized in the article on the 1998 adjustment m- Also given there 
is the estimate 6e = 0.0(1. 1) x 10“^^, for which the corresponding observational 
equation is 0.0 = 6e, with the associated variance (1.1 x 10“^^)^. 

The 1998 recommended value of a~^ based on all the available data, but 
which is primarily influenced by the comparison of theory and experiment for 
the anomalous magnetic moment of the electron, is 



= 137.035 999 76(50) . 



(18) 



4 Rydberg Constant 

The Rydberg constant is evaluated by the comparison of theory and experi- 
ment for energy levels in hydrogen and deuterium. The measured transition 
frequencies used in the 1998 adjustment are given in Table |3 



4.1 Theory Relevant to the Rydberg Constant 

The contributions that have been considered in order to obtain precise theoretical 
expressions for hydrogenic energy levels are as follows: the Dirac eigenvalue with 
reduced mass, relativistic recoil, nuclear polarization, self energy, vacuum po- 
larization, two-photon corrections, three-photon corrections, finite nuclear size, 
nuclear size correction to self energy and vacuum polarization, radiative-recoil 
corrections, and nucleus self energy. 

For example, the IS — 2S transition frequency for hydrogen is given by the 
expression 



^h( 1 Si /2 ~ 2S1/2) — ^^ooC 



1 



4r(e) 11 2 

Ar(p) 48 



28 
9 K 



In a 



-2 




14 

y 



(19) 
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Table 3. Summary of measured transition frequencies v considered in the 1998 con- 
stants adjustment for the determination of the Rydberg constant Rao (H is hydrogen 



and D is deuterium) 




Transition frequency 


Lab^-year 


«^h( 1 Si/ 2 - 2 S 1 / 2 ) = 2 466 061413187.34(84) kHz 


MPQ-97 0 


!zh( 2 Si /2 - 8 S 1 / 2 ) = 770 649 350 012.1(8.6) kHz 


LKB/LPTF-97 0 


!zh( 2 Si /2 - 8 D 3 / 2 ) = 770 649 504 450.0(8.3) kHz 


LKB/LPTF-97 0 


!zh( 2 Si /2 - 8 D 5 / 2 ) = 770 649 561584.2(6.4) kHz 


LKB/LPTF-97 0 


!zh( 2 Si /2 - I 2 D 3 / 2 ) = 799 191 710 472.7(9.4) kHz 


LKB/LPTF-99 0 


!zh( 2 Si /2 - I 2 D 5 / 2 ) = 799 191 727403.7(7.0) kHz 


LKB/LPTF-99 0 


iZH(2Si/2 - 4 S 1 / 2 ) - iz^H(lSi /2 - 2 S 1 / 2 ) = 4 797 338(10) kHz 


MPQ-95 O 


iZH( 2 Si /2 - 4 D 5 / 2 ) - iz^H(lSi /2 - 2 S 1 / 2 ) = 6 490 144(24) kHz 


MPQ-95 0 


iZH( 2 Si/ 2 - 6 Si/ 2 )-iz^H(lSi/ 2 - 3 Si/ 2 ) = 4197 604(21) kHz 


LKB-96 0 


iZH( 2 Si /2 - 6 D 5 / 2 ) - iz^H(lSi /2 - 3 S 1 / 2 ) = 4699 099(10) kHz 


LKB-96 0 


iZH(2Si/2 - 4 P 1 / 2 ) - iz^H(lSi /2 - 2 S 1 / 2 ) = 4664 269(15) kHz 


Yale-95 0 


iZH( 2 Si/ 2 - 4 P 3 / 2 )-iz/H(lSi/ 2 - 2 Si/ 2 ) = 6035 373(10) kHz 


Yale-95 0 


!zh( 2 Si /2 - 2 P 3 / 2 ) = 9 911200(12) kHz 


Harvard-94 ^3 


!zh( 2 Pi /2 - 2 S 1 / 2 ) = 1057 845.0(9.0) kHz 


Harvard -86 


!zh( 2 Pi /2 - 2 S 1 / 2 ) = 1057 862(20) kHz 


Sussex- 79 


!zd( 2 Si /2 - 8 S 1 / 2 ) = 770 859 041245.7(6.9) kHz 


LKB/LPTF-97 0 


!zd( 2 Si /2 - 8 D 3 / 2 ) = 770 859195 701.8(6.3) kHz 


LKB/LPTF-97 0 


!zd( 2 Si /2 - 8 D 5 / 2 ) = 770 859 252 849.5(5.9) kHz 


LKB/LPTF-97 0 


!zd( 2 Si /2 - I 2 D 3 / 2 ) = 799 409168 038.0(8.6) kHz 


LKB/LPTF-99 0 


iZD( 2 Si /2 - I 2 D 5 / 2 ) = 799 409184 966.8(6.8) kHz 


LKB/LPTF-99 0 


iZD(2Si/2 - 4 S 1 / 2 ) - - 2 S 1 / 2 ) = 4801 693(20) kHz 


MPQ-95 0 



i/D(2Si/2 - 4 D 5 / 2 ) - \vy,{V&x !2 - 2 S 1 / 2 ) = 6494 841(41) kHz MPQ-95 0 

«^d(1Si/2 - 2 S 1 / 2 ) - iZH(lSi /2 - 2 S 1 / 2 ) = 670 994 334.64(15) kHz MPQ-98 [E| 



MPQ: Max-Planck-Institut fiir Quantenoptik, Garching. 



LKB: Laboratoire Kastler-Brossel, Paris. 

LPTF: Laboratoire Primaire du Temps et des Frequences, Paris 
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where only the leading contributions of the reduced mass, relativistic correction 
contained in the Dirac eigenvalue, self energy, and finite nuclear size are shown. 
Three contributions of particular interest here are considered in the following 
paragraphs. 

4.2 Self Energy 

A recent calculation has substantially reduced the uncertainty of the contribution 
of the second-order one-photon electron self energy to the energy level of the IS 
state. In general, this contribution can be expressed as 



where the coefficients A 41 and A 40 , as well as some of the higher-order coefficients 
Aij, are known. A complete numerical calculation has yielded 



where the uncertainty corresponds to a frequency of 0.8 Hz, which is currently 
negligible m- The calculation incorporated new methods of convergence accel- 
eration that reduced the time required for the calculation by about three orders 
of magnitude. The best estimate of F{a) from a truncated power series evalua- 
tion alone, which stands little chance of improvement, yields a result that differs 
by more than 10 kHz from this value. 

4.3 Two-Photon Corrections 

At present, contributions from two-photon corrections and finite nuclear size 
introduce the largest uncertainty in the theoretical expressions for energy levels. 
Corrections from two virtual photons, of order a^, have been calculated as a 
power series in Z a: 




( 20 ) 



The leading terms for the IS state are given by 

= A 41 ln(o:) ^ + ^40 T * * * 7 



( 21 ) 



F{a) = 10.316 793 650(1) , 



( 22 ) 




(23) 



where 



F( 4 )(Zo) = B40 + B50 (Za) + Bq 3 {Zaf In^(Za)-^ 



+Bq 2 {Zafln^{Za)-^ + --- 
= B40 + (Za)G^'^\Za) . 



(24) 
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The final portion of -B 40 was first correctly obtained numerically nearly 30 years 
ago US], and was subsequently calculated analytically. The result is 



B40 



2 n^ In 2 — 



6131 

1296 



3C(3) 



Sio 



IkHu2-^k^ 



197 

144 




1 

k{21 + 1) 



(25) 



where k is the Dirac angular momentum-parity quantum number and I is the 
nonrelativistic orbital angular momentum quantum number. The next coefficient 
has been calculated only recently, with the result 



B 50 = -21.5561(31)5,0 • 



(26) 



There is some information about the higher-order coefficients jSDEIJ: 



Bes 

Bq2 

Bq2 



27 <5/0 

— { C + i/)(n) - Inn h 

9 \ n 

4 — 1 



27 r /2 



for P states 




for S states 



(27) 

(28) 

(29) 



where V'(^) is the logarithmic derivative of the gamma function m- Other 
coefficients such as Bqi and Bqq are not known. There have also been numerical 
calculations of one of the two-photon diagrams which are not in agreement with 
each other E311I- However, the largest single uncertainty of the two-photon 
corrections comes from the unknown constant C in Eq. (EHJ, which is estimated 
to be C = 0(5). This value is mainly responsible for the 90 kHz uncertainty of 
the theoretical energy level of the IS state. An important fact is that although 
C is unknown, its contribution to energy levels has a known dependence on n, 
namely 1/n^. Hence, the theoretical expressions for the energy levels are highly 
correlated with known covariances. For example, the correlation coefficient of 
the theoretical expressions for the IS and 2S energy levels in hydrogen is 0.999. 



4.4 Finite Nuclear Size 



At low Z, the leading contribution due to the finite size of the nucleus is 



Ens 



2 (Za)^ 

3 V? 



2 

rrieC 



ZaR^ 



2 



(30) 



where i?N is the bound-state root-mean-square (rms) charge radius of the nucleus 
and Ac is the Compton wavelength of the electron divided by 2n. The bound- 
state rms charge radius i?N is defined by the above equation and, except for 
the proton, differs from the scattering rms charge radius tn [ 2 ^. Relativistic 
corrections to this expression are known, but are comparatively small. As in the 
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case of the two-photon corrections, the uncertainty in the energy levels due to 
uncertainty in the rms charge radius has a known dependence on n, which is also 
1/n^. Since the bound-state nuclear radius is an adjusted constant, uncertainty 
in its value does not contribute to the uncertainty explicitly assigned to the 
theoretical expression for an energy level. This is in contrast to the case of 
the two-photon corrections, e.g., the uncertainty associated with the constant 
C above. In the case of i?N, the effect of its uncertainty on the theoretical 
expressions for the energy levels is taken into account automatically through the 
least-squares adjustment. 

A comprehensive analysis of the relevant existing low- and high-energy e-p 
scattering data and low-energy neutron-atom scattering data based on dispersion 
relations, together with various theoretical constraints, has yielded the result for 
the proton scattering radius Vp = 0.847(8) fm (201 . This value differs somewhat 
from the earlier value Vp = 0.862(12) fm |27] . Although this earlier result is based 
solely on low-energy data, such data are the most critical in determining the value 
of Tp. [We do not consider still earlier values, for example rp = 0.805(11) fm |2H|, 
because the more recent results had available a larger set of data and improved 
methods of analysis.] The authors of Ref. m have stressed the importance of 
simultaneously fitting both the proton and neutron data and note that if the 
value of 0.862 fm is used, one cannot simultaneously fit both sets of data in their 
dispersion-theoretical analysis. Clearly, to obtain a more accurate value of rp, 
improved low-energy data are necessary. In the absence of additional information, 
for the purpose of the 1998 adjustment we took rp = 0.8545(120) fm, which is 
simply the unweighted mean of the values of Ref. m and Ref. m with the 
larger of the two uncertainties. 

For hydrogen, in the context of the theoretical expressions we employ for the 
energy levels, Rp is the same as rp, and hence 

i?p = 0.8545(120) fm . (31) 

For deuterium, we employ the value (11:^291251 

i?d = 2.130(10) fm . (32) 

[Note that for both the proton and deuteron the interpretation of the quoted 
value obtained from the scattering data depends on whether muonic and/or 
hadronic vacuum polarization has been included as a correction to the data m- 
However, at the level of uncertainty of current interest, such vacuum polarization 
effects may be neglected.] 

4.5 Total Energy and Uncertainty 

The total energy Ex{nLj) of a particular level (where L = S, P, ... and X = 
H, D) is just the sum of the various contributions mentioned above plus an 
additive correction 6x(nLj) that accounts for the uncertainty in the theoretical 
expression for Ex{nLj). Our theoretical estimate of the value of 6x{nLj) for a 
particular level is zero with a variance equal to the sum of the variances of the 
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individual contributions, since the contributions to the energy of a given level 
are independent. (Uncertainties associated with the adjusted constants are not 
explicitly included, because the least-squares adjustment determines the values 
and uncertainties of these constants, as well as the effect of both on the energy 
levels.) For a given isotope, the covariance of any two <5’s is obtained by summing 
the variances that are common to the two levels. 

As an example, we consider the nS states of hydrogen, with the slight change 
of notation ^ EnS and i5H(nSi/2) ^ SnS- The energy levels are of 

the form Ens + SnS with variance 

var(F;„s) = var(5„s) = > (33) 

and covariance 

cov(£;„iS,£^n2s) = cov((5„iS,^n2s) = ■ (34) 

The quantity as corresponds to the contribution to the uncertainty that is pro- 
portional to 1/n^ in the theory for energy level nS, and the quantity hnS cor- 
responds to the remainder of the uncertainty. When calculating the covariances 
between states of different n, we treat the quantities 5„s as statistically indepen- 
dent. In general, |as| ^ l^nsl- This disparity leads to a considerable reduction in 
uncertainty in the theoretical expressions for the relative positions of the S-state 
energy levels. For example, for the difference Eis — 8 E 2 S, the variance is 

var(ifis - 8 E 2 S) = var(Uis) -I- 8^var(if2s) - 2 • 8 cov(ifis, i?2s) 

= + ^is + + ^2S “ 2og 

= big + big . (35) 

Since we include the covariances of the expressions for the energy levels in the 
least-squares analysis, such cancellations are automatically taken into account. 
However, this is only a special case of a more general phenomenon. Even though 
the theory determines the individual S levels with an uncertainty of the order of 
as/n^, the relative positions of the S levels are determined with an uncertainty of 
the order of bns/n^, because information about any particular S level essentially 
determines the unknown constant 03. 

4.6 Result of LSA for the Rydberg Constant 

Based on the above discussion of experiment and theory, we consider the re- 
lationship of the proton and deuteron radii, two-photon corrections, and the 
Rydberg constant in the 1998 least-squares adjustment. If the values of Rp and 
i?d given in Eqs. and dS3) as derived from scattering data are included as 
input data together with the data on which the 1998 adjustment of the constants 
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is based, then the least-squares adjustment yields the values labeled as LSA A 
in Table 01 For this adjustment, the normalized residual 



{x — x) 
u{x) 



(36) 



of each Sx{nSi/ 2 ), n = 1,2, 3, 4, 6,8, is in the range —1.410 < Xi < —1.406, 
which shows an average deviation between theory and experiment corresponding 
to 126/n^ kHz for nSi /2 states [u(a;) is the standard uncertainty of x\. 

The most likely sources for this difference are a deviation of the value of 
the proton charge radius and/or the deuteron charge radius predicted by the 
spectroscopic data from the values deduced from scattering experiments, an un- 
calculated contribution to the energy levels from the two-photon QED correction 
that exceeds the estimated uncertainty for this term, or a combination of these. 

To allow for either or both of these possibilities, we consider a second least- 
squares adjustment in which both Rp and i?d are treated as free variables, i.e., 
the scattering input values for these quantities are not included. This is the 
approach taken in the final 1998 least-squares adjustment, and yields the values 
labeled LSA B in Table El In this case, \xi\ < 0.0001 for the <5’s. 



Table 4. Results of least-squares adjustments A and B 



LSA 


Roo 


Rp 


Rd 


A 


10 973 731.568 521(81) m’^ 


0.859(10) fm 


2.1331(42) fm 


B 


10 973 731.568 549(83) m’^ 


0.907(32) fm 


2.153(14) fm 



5 Conclusion 

Because of limitations in the theory of the energy levels of hydrogen and deu- 
terium, full advantage can not yet be taken of the existing measurements of H 
and D transition frequencies to deduce a value of Rao- Since the uncertainty in 
the theory is dominated by the uncertainty of the two-photon corrections, reduc- 
ing this uncertainty is crucial for continued progress. Of comparable importance 
are improved experimental determinations of the rms charge radii of the proton 
and deuteron. Such a result for the proton radius is expected from the deter- 
mination of the Lamb shift in muonic hydrogen by an international group at 
PSI 1311 . Of course, results from high-precision measurements of the proton and 
deuteron elastic form factors at low momentum transfer as well as additional 
high-accuracy measurements of transition frequencies in H and D would be of 
value. 
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Present Status of gf — 2 of Electron and Muon 



Toichiro Kinoshita 

Newman Laboratory, Cornell University, Ithaca NY 14853, USA 



Abstract. The current status of the theory of the magnetic moment anomaly of the 
electron and muon is reviewed with particular emphasis on the on-going effort to reduce 
the statistical and non-statistical uncertainties in the numerical evaluation of the QED 
contribution. 



1 Introduction 

In the University-of- Washington experiment the anomalous magnetic mo- 
ment is measured for an electron bound in a Penning trap. Such a bound state 
may be regarded as an exotic atom (which they named geonium) in which elec- 
tron confinement is achieved by a homogeneous magnetic field and an electric 
quadrupole field instead of the Coulomb potential. The muon storage ring may 
also be regarded as an exotic bound state in highly excited Landau orbits. 

In both cases, the magnetic field is so weak that the binding effect can be 
ignored and leptons can be regarded as free to a high degree. This enables us to 
avoid complications associated with the calculation of relativistic bound states 
and go to high orders in QED (quantum electrodynamics) , and explore the 
strong and weak interaction effects. As a matter of fact, the magnetic moment 
anomaly is the only calculable property of leptons in free space since other basic 
observables such as masses and charges are not calculable and must be treated as 
external parameters within the context of QED (or, more precisely, the Standard 
Model) . This means that the lepton g — 2 is the ideal quantity to put the theory 
of Standard Model to the most stringent experimental test. 

I will discuss the current status of theoretical work on the magnetic moment 
anomalies of the electron and muon, with a particular emphasis on the on-going 
effort to reduce substantially the statistical and non-statistical uncertainties gen- 
erated by the adaptive-iterative Monte-Carlo integration routine VEGAS |2| in 
the numerical evaluation of the QED contribution. 



2 Electron Magnetic Moment Anomaly 

Breit was the first to suggest |3] that the unanticipated results of hyperfine mea- 
surements m may be explained if the electron g value deviates slightly from 
2, the Dirac value. This observation was soon confirmed by the experiment of 
Kusch and Foley |0| . Together with the discovery of the Lamb shift in the spec- 
trum of hydrogen atom , this provided a timely stimulus for the renormalization 
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theory of quantum electrodynamics (QED) , which was just being developed. 
Schwinger demonstrated the power of QED by calculating the electron magnetic 
moment anomaly Oe = {ge — 2)/2 in the second-order covariant perturbation 
theory jjj. 

This was the beginning of a long series of measurements and theoretical 
calculations over 40 years in which the precision has been improved from 10“^ 
to 10“^^. The latest results for the electron and positron anomalies obtained in 
Penning trap experiments are Q 

ae-(exp) = 1 159 652 188.4 (4.3) x 

ag+(exp) = 1 159 652 187.9 (4.3) x (1) 

where e“ and e"*" refer to the electron and the positron, respectively. The numbers 
within parentheses stand for measurement uncertainties of ± 4.3 x 10“^^, which 
consists of several parts: the statistical error of 0.62 x 10 “^^, the systematic error 
of 1.3 X 10“^^ due to the uncertainty in a residual microwave power shift, and a 
large uncertainty of 4 x 10“^^ assigned to a potential cavity-mode shift. This last 
error arises from a shift in the cyclotron frequency of the electron associated with 
image charges induced in the metallic Penning trap, an effect which depends on 
the cavity frequency modes and on the electron cyclotron frequency 0 . 

Studies to improve the experimental precision for Ue focus on the under- 
standing and control of this cavity influence on the cyclotron frequency. One 
approach is to reduce the Q of the cavity 0. In another attempt Mittleman 
et al. produced and studied a many-electron (kiloelectron) cluster in the trap, 
which magnifies the shift of the cyclotron frequency m- Gabrielse et al. are 
studying the use of a cylindrical cavity where the cyclotron frequency shift can 
be calculated analytically and is hence under better control HH. The eventual 
reduction of experimental uncertainty by about an order of magnitude is the 
goal of these experiments. 

The Standard Model prediction of ag may be written as the sum of electro- 
magnetic, hadronic, and weak interaction contributions: 

Oe(theory) = Oe(QED) -|- ae(had) -I- Oe(weak). (2) 

The QED contribution can be written as 

Oe(QED) = -I- A2{me/mfj_) + A2{me/mr) 

+ A^{me/mfj.,me/mr). (3) 

The term A\ is mass-independent while A 2 and A 3 are functions of indicated 
mass ratios. A^, z = 1, 2, 3, can be expanded in powers of a: 




The first 4 terms of mass-independent term Ai are j l ‘if I ;-![ 



Af ) = 0.5, 
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A^^'> = -0.328 478 965 579 . . . , 

= 1.181 241 456..., 

= -1.509 8 (384). (5) 

The analytic values of A^'^ and A^'^ have been known for a long time. The 
analytic value of A^^^ has been obtained recently m- It is in excellent agreement 
with the latest numerical result uni 

1.181 259 (40), (6) 

which was obtained shortly before the analytic result became available. 

The term requires evaluation of 891 four-loop Feynman diagrams. They 
fall naturally into five (gauge-invariant) groups according to the way closed elec- 
tron loops (of vacuum-polarization (v-p) type and light-by- light (l-l) scattering 
type) appear in them. 

Group I. Second-order vertex diagrams containing v-p loops of second, fourth, 
and sixth orders. Twenty five Feynman diagrams belong to this group. 

Group II. Fourth-order vertex diagrams containing v-p loops of second and 
fourth orders. Fifty four diagrams belong to this group. 

Group III. Sixth-order vertex diagrams containing a v-p loop of second order. 
One hundred fifty diagrams belong to this group. 

Group IV. Vertex diagrams containing an l-l scattering subdiagram with further 
radiative corrections and/or v-p loop insertions. One hundred forty four diagrams 
belong to this group. 

Group V. Eighth-order vertex diagrams of pure radiative corrections with no 
closed electron loop. Five hundred eighteen diagrams belong to this group. 

Numerical evaluation of the first three groups is relatively easy and had been 
carried out to a reasonably high precision. Some are also known analytically. 
Numerical evaluation of Group IV diagrams was more difficult but gave results 
accurate enough for comparison with the measurement dn>- 

The size and complexity of Group V diagrams make their analytic evaluation 
prohibitively difficult even with the help of the fastest computers. Thus far only 
a small number of Group V diagrams have been evaluated analytically |i6ll7j . 
Crude numerical evaluations of all eighth-order integrals began around 1980 
yTT^ . It is only in the last few years that the calculation of this term began to 
move from a “qualitative” to a “quantitative” stage thanks to the development of 
massively-parallel computers. In Sect. 4 and the Appendix I will discuss problems 
encountered in previous numerical works and the current effort to resolve them 
and obtain higher precision results. 

As for A 2 , it was shown long time ago by numerical integration that contri- 
butions of lowest order terms of A 2 to are very small m-- 

A^\me/mfj_){a/Tr)‘^ = 2.804 x 10“^^, 

A^\melmr){alTr)‘^ = 0.010 x 10“^^. 



(7) 



160 



Toichiro Kinoshita 



Smallness of a; = me/m^ and y = me/rrir enables us to evaluate A2{x), A2{y), 
and A^{x,y), which vanish at a; = 0 and/or y = 0, by expanding them in 
power series around x = 0 and/or ?/ = 0. In this manner it was found that 
|2(]i2ll22l23l24| 

A^^\me./m^) = 5.197 387 62 (32) x 10"^ 

A^^\melmr) = 1.837 50 (60) x 10"®, 

= -7.373 942 53 (33) x 10”®, 

A^^\melmr) = -6.5815 (19) x 10"®. (8) 

where the standard uncertainties are due to the uncertainties of the 1998 rec- 
ommended values of mass ratios |2S|- The first two lines confirm the results O- 
The contributions of the remaining two to are 

A^\me/mfi){a/Tr)^ = —0.092 x 10“^^, 

A‘'^\me/mr){a/Trf = -0.001 x 10"^^. (9) 

Some coefficients of ^ 2 *^ and have been evaluated precisely in terms of a 
series expansion in powers of x and/or y Pl?7j . 

The term is even smaller EEHI: 

A^^\me/mfj,,me/mT) = 1.91 x 10“^®, (10) 



and 



a: 



(6)/ 



Tg dme/TO^,TOe/TOr)(o;/7r)® = 2.4 X 10 (11) 

Finally we must include the non-QED part of the Standard Model contri- 
bution, namely, the hadronic and weak interaction terms. The hadronic term is 
small but not negligible 



tWiSlIllSil 



( 12 ) 



tte(had) = 1.645 (42) x 10' 



being of the same order of magnitude as the current experimental uncertainty 
in CO). The weak interaction contribution is much smaller: 

Oe(weak) = 0.0297 (7) x lO’^^ (13) 



To compare the theory of ag with experiment, it is necessary to know the 
value of a, which has been measured in diverse branches of physics. Currently 
best values of a, with relative standard uncertainty of 1 x 10“^ or less, are those 
based on the quantum Hall effect the ac Josephson effect 1^’ the neutron 
de Broglie wavelength the muonium hyperfine structure and an 

absolute optical frequency measurement of the Cesium D\ line m- 



a“®(q.Hall) 

a“®(acJ) 

a“®(h/mn) 

o;“®(^hfs) 

o-'(C,Di) 



137.036 003 7(33) [2.4x10"®], 

137.035 988 0(51) [3.7x10"®], 

137.036 011 9 (51) [3.7x10"®], 

137.035 993 2 (83) [6.0x10"®], 

137.035 992 4 (41) [3.0x10"®], 



( 14 ) 
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where the numerals enclosed in the parentheses are the standard uncertainties 
and numbers within the brackets are the fractional precisions. 

A preliminary result from measurements based on the atom beam interferom- 
etry of the Cesium atom has also been reported m The He atom fine structure 
will become another source of high precision a when the current theoretical work 
is completed pil8i;iHI4()l41l42j . It is fortunate that so many independent ways are 
available for obtaining high precision a. Precision of some measurements may 
exceed 1 in 10® in the near future. Even higher precision might be achieved by 
techniques based on the atom interferometry m and the single electron tunnel- 
ing |H) . 

If one uses o;(q.Hall), the best in HI 411 . the theoretical value of Ug becomes 

ae(q.Hall) = 1 159 652 153.4 (1.2) (28.0) x lO'^^ (15) 

where the numbers enclosed in parentheses are the uncertainty in the numerical 
integration result and that of a from m respectively. 

Note that the intrinsic theoretical uncertainty in (15) is already very small. 
Thus the overall uncertainty is dominated by the uncertainty of a(q.Hall). In 
other words, the insufficient precision of this a prevents us from testing the 
validity of QED by full exploitation of the precision attained by the theory 
and measurement of Og. This means, in turn, that comparison of theory and 
measurement of Og will give a more precise value of a. The value of a determined 
from the average of Ug- and Og+ and the theory is uni 

a~\ae) = 137.035 999 58 (14) (50) 

= 137.035 999 58 (52) [3.8 x 10"®], (16) 

where the uncertainties on the first line are from the term and the measure- 
ment uncertainty of Og given in dD, respectively. 

Implications of high precision a(oe) to physics will be discussed in Sect. 5. 

3 Muon Magnetic Moment Anomaly 

The muon g — 2 value has been determined in a series of experiments at CERN 
The primary purpose of the new muon g — 2 experiment at Brookhaven 
National Laboratory is to improve the precision of the experiment by about 
a factor 20 and verify the presence of the electroweak effect which has been 
evaluated to two loop orders in the Standard Model. In this experiment, polarized 
muons from pion decays are captured in a storage ring with a uniform magnetic 
field and a weak-focusing electric quadrupole field. For a muon momentum of 
3.09 GeV/c and 7 = 29.3 the muon spin motion is unaffected by the electric 
quadrupole field and the difference frequency uja is given by 

eB 

U!a=UJs-COc= an, (17) 

me 

in which LUg is the spin precession frequency and Wg the orbital cyclotron fre- 
quency. Measurements of uJa and B thus determine a^. 
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The stored in the ring decay to via the parity-violating weak decay 
/r’*' ^ + + and high energy are emitted preferentially in the direction 

of the muon spin. Decay are detected with lead/scintillator detectors as a 
function of time after tt (or /i) injection. The time spectrum for the counts 
is given by 

Ne = -I- ^cos(wQt -I- (j))], (18) 

in which tq is the muon lifetime at rest, 7 is the relativistic time dilation factor, 
and A and (f> are fitting parameters. The exponential muon decay is modulated 
at the frequency LOa, which are determined from the fit of (18) to the data. The 
storage ring field B is measured by NMR. 

The important advances for the Brookhaven experiment are: 

(1) An increase in primary proton-beam intensity by a factor of 200 as com- 
pared with the CERN experiment. 

(2) A superferric magnet storage ring that provides a magnetic field of excel- 
lent stability and homogeneity, and an NMR system capable of field measurement 
to 0.1 ppm. 

(3) A modern Pb/scintillating fiber detector system, incorporating a Loran 
frequency standard, capable of measuring time intervals with a precision of 20 
ps. 

(4) Muon as well as pion injection into the storage ring. Muon injection 
increases the number of stored muons and reduces background in the ring. 

The experiment is making a rapid progress and is expected to achieve a 
precision of about 40 x 10“^^, more than 20 times better than that of the best 
previous result m 





a^(exp) = 1 165 923 (8.5) x 10"® 


[7 X 10"®]. 


(19) 


Preliminary results obtained at the Brookhaven National Laboratory in 
and 1998 runs are ^7| 


the 1997 




a+(exp) = 11 659 251 (150) x 10-^° 


[13 X 10"®] 


(20) 


and gS] 


a+(exp) = 11 659 191 (59) x 10-^° 


[5 X 10"®], 


(21) 



respectively. More recent result will be made available shortly. 

The theory of is more complicated than that of Oe because the effect of 
weak and strong interactions are about (m^/mg)^ times larger than that of Cg. 
As in the case, the QED contribution can be written as 

0;_j(QED) = Ai + A2(m^/me) -I- A2{m^/mr) 

-I- A3(m^/TOe,m^/m,-), (22) 

where Ai, i = 1, 2, 3, can be expanded in powers of a: 



( 23 ) 
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Ai is the same as for Og. A 2 and A^ have logarithmic singularities for m^jme — *■ 
00. 

A^\mfj,/me) and A‘^\mij,/mr) have been evaluated very precisely by an 
asymptotic expansion in m^/rrie and by a power series expansion in 
respectively 

A^^\mf,/me) = 1.094 258 2828 (98), 

A^ 2 \m^,/mr) = 7.8059 (25) x 10"®. (24) 



where the uncertainties come from those of the 1998 recommended values of the 
mass ratios 



A^ 2 '^ (mfi/'^e) and A'^\mp_/mr) have contributions from 24 Feynman dia- 
grams containing vacuum-polarization loops or an l-l scattering subdiagram. 
They have been evaluated very precisely by an asymptotic expansion and by a 
power series expansion, respectively 



1(6) 



mmi SHI 



A®(m^/me) = 22.868 379 36 (23), 

A^ 2 \mf,/mr) = 36.054 (21) x 10"®, (25) 



where the uncertainties come from those of the 1998 recommended values of the 
mass ratios m- 

The extraordinarily large size of 2 l 2 ^^(m^/me) was first discovered by numer- 
ical integration m- It comes mainly from diagrams containing the l-l scattering 
subdiagram. Such a large value has been interpreted as the low-energy effect of 
binding between the positive muon and the electron m- 

The next term A 2 A'^ul'^e) has contributions from 469 Feynman diagrams 
containing v-p loops and/or l-l scattering subdiagrams. They falls naturally into 
four (gauge invariant) groups according to the way closed electron or muon loops 
appear in them. 

Group I*. Second-order vertex diagrams containing v-p loops of second, fourth, 
and sixth orders, of which at least one is an electron loop. This group consists 
of 49 diagrams. 

Group II*. Fourth-order vertex diagrams containing v-p loops of second and 
fourth orders, of which at least one is an electron loop. This group consists of 
90 diagrams. 

Group III* . Sixth-order vertex diagrams containing a v-p electron loop of second 
order. This group consists of 150 diagrams. 

Group IV*. Vertex diagrams containing a l-l scattering subdiagram with fur- 
ther radiative corrections and/or v-p loop insertions, of which at least one is an 
electron loop. This group consists of 180 diagrams. 

By numerical integration (and some analytic work) A 2 Vm^/me) was found 
to be very large: 



A^2^\m^/me) = 127.50 (41). 



(26) 
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The large size comes primarily from the Group IV* diagrams which contain the 
l-l scattering subdiagram m- In other words, it is a reflection of largeness of 
the sixth-order term found in (E3). 

The presence of closed electron loops with small electron mass enables us to 
explore the properties of A 2 {x) and A^{x^y) for large values of x = rrifj^fme by 
various analytic means. In particular, the leading logarithmic terms in m^jme 
can be obtained from the analysis of mass singularity coupled with the 
renormalization group method or the Callan-Symanzik equation inni 

An approach based on a Fade approximation is another fruitful method 
Some diagrams of Group I* and Group II* have been evaluated precisely using 
the asymptotic expansion in x m- 

It was pointed out in m that the contribution to A^^'^ (nir-l'^e) cited in isni 
from a subset of Group I* diagrams containing sixth-order vacuum-polarization 
diagrams seems to be well outside of its error bars. Their result was obtained 
using a Fade approximant of the sixth-order v-p spectral function which is deter- 
mined from an exact information at some points near threshold and the asymp- 
totic behavior. Our recent calculation inn has confirmed the result of mm and 
identified the discrepancy as a consequence of limited number of digits available 
in computer calculation. This is a problem inherent in any computer calcula- 
tion and gives rise to serious round-off errors in some cases. (See Appendix for 
details.) The value (26) includes the new results given in |t)6lt)/j . 

Although the QED contribution a^(QED) given in (29) has a relatively small 
uncertainty, its evaluation is fairly crude and dated. A new and more accu- 
rate evaluation is in order. The largest uncertainty in a^(QED) comes from 
A 2 qm^/me), in particular, from the diagrams of Group IV*. The work in 
progress will reduce the uncertainty by an order of magnitude. 

The tenth-order contribution has also been given a crude estimate |b3lbSI2V| : 



The lowest-order non- vanishing coefficient of the ^43 terms was first calculated 
in m- If one uses the 1998 recommended values of the mass ratios ^^1) more 
recent work |23 on the lowest two terms of A3 give 



Collecting all these results we obtain the Standard Model prediction of a^(QED): 



A!2°\mf,/me) = 930 (170). 



(27) 



A®(m^/me,TO;,/m^) = 0.52763 (17) x lO'^ 
Af\mn/me,m^/mr) = 0.079 (3). 



(28) 



o^(QED) = 116 584 705.6 (1.7) x 10"“ 



(29) 



The hadronic correction consists of three parts. 
(1) Hadronic vacuum polarization contribution: 



-11 



0;,(had.l) = 6 924 (62) x 10 



(30) 
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We quote here only the latest value obtained from the measured hadronic pro- 
duction cross section in e“'"e“ collisions as well as the information obtained from 
the analysis of hadronic tau decay data m-- 

(2) Higher order hadronic vacuum polarization effect |,'ll)|5bj : 

a^(had.2) = -101 ( 6 ) x 10"“, (31) 



(3) Hadronic l-l scattering contribution 1311 : 



,(had.ll) = -79.2 (15.4) x 10“ 



(32) 



Finally, the electroweak contribution of up to two loop orders is given by 

a^(weak) = 153 (3) x 10“^^. 



(33) 



The sum of these contributions gives the prediction of the Standard Model: 

a^(th) = 116 591 602 (65) x lO'^^ (34) 

This is in good agreement with the measurements (19), (20), and (21). The 
uncertainty in (34) comes mainly from the hadronic vacuum-polarization con- 
tribution (30). It must be improved by at least a factor of two before we can 
extract useful physical information from the new high precision measurement 
of a^. Fortunately, this contribution can be calculated from the measured value 
of R (— (T*°*“*(e“''e“ ^ hadrons)/cr‘°*“^(e“''e“ — > in e“*'e“ collisions. Fu- 

ture measurements of R at VEPP-2M, VEPP-4M, DA^NE and HEPS as well 
as analysis of the hadronic tau decay data | 61 l 62 lt);i) . is expected to reduce the 
uncertainty of this contribution to a satisfactory level. 

The contribution of the hadronic l-l scattering effect (32) is relatively small 
but is potentially a source of serious problem because it is difficult to express in 
terms of experimentally accessible observables; it must be evaluated by theoreti- 
cal consideration. It has been estimated by two groups, within the framework of 
chiral perturbation theory and the 1 /N^ expansion ElESI- Recently the theory 
dependence of these calculations has been reduced m by improving a part of 
the calculation incorporating the measurements of the P 77 * form factors inni, 
where P stands for 7 r°, 77 , and 77 '. The value quoted in (32) is the result of this 
work. Evaluation of these effects in lattice QCD will be particularly timely and 
interesting. 

Because of the unusually high sensitivity of a precise experimental value of 
to possible physics beyond the Standard Model, theoretical predictions of the 
contributions to of these theories are of great interest. In general any new 
particles or interactions which couple to the muon or to the photon contribute 
to , whose value then provides a sum rule for physics (S3- In comparison with 
experimental data from the higher energy colliders (LEP II, Tevatron, LHC), 
an value with a precision of 0.35 ppm, as projected for the current BNL 
experiment, provides a comparable or greater sensitivity to a composite structure 




166 



Toichiro Kinoshita 



of the muon or W boson and also to the new particles in supersymmetric theories 
(SUSY). For the muon a composite mass scale A = 4 TeV and for the W boson 
an anomalous magnetic moment k = 0.04 would be detectable. Of course, any 
observation of physics beyond the Standard Model from would be indirect 
and would not by itself determine the process involved. 

Of particular interest is possible SUSY contributions which arise from smuon- 
neutralino and sneutrino-chargino loops They can be significant if the su- 
persymmetric particles are not too massive and if tan/3 = vijvx is large. In the 
large tan f3 limit the one-loop SUSY effect gives 



„SUSY 



a ml 
STTsin^ 9w 



tan/3 



(35) 



where m represents a typical SUSY loop mass. If tan/3 ~ 40, a sensitivity of 
I ppm in the measurement probes m at the 750 GeV level, which may be 
competitive with direct high energy collider searches. Other theories discussed 
thus far include muon internal structure m, extra space-time dimensions m 
and possible violations of CPT invariance , and Lorentz invariance , E3E0I. 



4 Improving the Term of the Electron g — 2 

As is seen from m, the largest source of uncertainty in Oe (theory) is the coeffi- 

/o'! . 

cient A) ' of the term. Although it has a sufficient precision for comparison 
of theory and experiment at present, it will be necessary to improve it further 
when the measurement improves msm and better a’s of non-QED origin be- 
come available. The term comes from 891 Feynman diagrams , which can 
be classified into five gauge-invariant sets, depending on the number and type 
of closed electron loops. Of these the largest set, the Group V, is the source of 
most uncertainties in the numerical work. 

To discuss the results of our calculation with a proper perspective it is neces- 
sary to explain how our computation is carried out for Feynman integrals which 
require point-by-point renormalization. The first simplifying step is to reduce the 
number (891) of diagrams contributing to A® to about 120 using the Ward- 
Takahashi identity. Each integrand thus obtained is an algebraic function of up 
to 20,000 terms, each term being a product of up to 10 functions defined in a 
10-dimensional hypercube: 

0<a;*<l, 1,2,---,10. (36) 

FORTRAN codes of some of the integrals are as large as 300 kilobytes. VE- 
GAS PI is the only effective method currently available to integrate such huge 
integrals. 

The theoretical value of Oe has been improved steadily in step with the in- 
creasing power of computers over the last decade. Some values of the coefficient 
of the a'^ term reported are 

£>1 = -1.434(138), 
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D 2 = -1.557(70), 

Da = -1.4092(384), 

Di = -1.5098(384). (37) 

Thus far D\ is the only result published as the final value of a calculation. It is 
basically an order-of-magnitude estimate, and its uncertainty is statistical only. 
Although it has meager statistics by today’s standard and its non-statistical 
error has not been analyzed, it is at least independent of other results. One of 
the purpose of this paper is to examines the nature and magnitude of the non- 
statistical error of D\ in detail. The result is reported later in this Section as 
D\a- 

D 2 , Da, and H4 have increasingly larger statistics. But they are not mutually 
independent. Many integrals in D 2 appear in Da, and so on. This is due to the 
circumstance that complete evaluation of each integral takes typically three to six 
months of continuous run on fast computers. Thus, at any moment, only a small 
number of these integrals are being improved. D 2 , Da, D 4 are snapshots of this 
continuously evolving numerical work. Errors of D 2 and Da are statistical only. 
The uncertainty of D 4 is different and requires an explanation. The statistical 
uncertainty of D 4 is about one-half that of Da- Also, D 4 has a smaller non- 
statistical error. But the uncertainty of D 4 given in 11,'tYll is identical with that 
of Da- This is done to avoid publishing another value which will be superseded 
before long. It is also large enough to accommodate the systematic uncertainty 
which was not fully analyzed yet. 

With increasing statistics, understanding of systematic uncertainty becomes 
more and more crucial. The work in progress (Da) has not only higher statistics 
than D4 but also eliminates most of systematic uncertainties. 

The difficulty encountered in evaluating these integrals originates primarily 
from the round-off errors caused by a finite number of bits available (64 bits, 
128 bits, etc.) in the computer work. I call it the digit-deficiency (or d-d) prob- 
lem. Although this was the suspected cause from the beginning, it was clearly 
identified by comparing our numerical work m with the result obtained by the 
Bade approximant method m- 

In order to deal with the d-d problem I have developed various methods 
described in the Appendix, namely, stretching, higher-precision arithmetic, 
freezing, and chopping. Practically all integrals benefit from stretching. Typi- 
cally several stretchings are tried for each integral. Other methods are used as 
the need arises. Once the d-d problem is under control, the result of integra- 
tion behaves (nearly) statistically and its error generated by VEGAS improves 
proportional to as the total number Af of data sampling increases. 

In early calculations, because of computing time restriction, we could not 
use real*I6 extensively. Thus we had to rely heavily on chopping. The shortage 
of computing time also made it difficult to analyze the effect of chopping, since 
it requires that the calculation is repeated for several values of the chopping 
parameter 5, which is very time-consuming. This is the main reason why error 
estimates of early calculations were statistical only. 



168 



Toichiro Kinoshita 



With the availability of faster computers in recent years, we are now able 
to handle these problems more easily. In particular, we examined the effect of 
chopping on D\ by carrying out a similar calculation in real*16. This calculation, 
Dia, controls the d-d problem by real*16 arithmetic, in contrast to Di in which 
it was controlled by chopping. 

Di and Dia have similar statistics, hence similar statistical errors generated 
by VEGAS. The total number of samplings J\f for each integral ranges from 
~ 10® to ~ 10®. Statistical errors are of order ~ several x 10“'*. The new 

result Dia is 

Dia = -1.386(129), (38) 

to be compared with the old value (EZ». About half of 47 integrals 0 of Group V 
contributing to Di used chopping with 6 ~ 10“®. The effect of chopping for 
S = 10“® may be judged by the scale set by 

5*/^|ln((5)|2 - 0.034, ln((5) I - 0.0019. (39) 

Although the actual effect of <5 depends on the integral, it exceeds the statistical 
uncertainty in many cases. About one-half of Group V integrals contributing to 
Di deviate from those contributing to Dia by more than 2 standard deviations. 
This is mostly the effect of chopping. 

Summing over positive and negative deviations separately, we obtain 

(-H) (-) 

^Z\(*)-1.27, 1.39, (40) 

i i 

where = D^^l — and and are terms contributing to Dia and 
Di, respectively. The total effect of chopping is their sum (~ —0.12). This is not 
the same as the difference (-0.048) of lj,S7|l and (38) which includes improvement 
in the renormalization terms as well as the contributions of Group I - Group IV. 
In computing Di, the chopping parameter <5 was chosen differently for different 
integrals. If the same 6 were used for all integrals, the effect of chopping on Di 
would have been much smaller (^ 0.01). It is interesting nevertheless to note 
that the net effect of chopping on Di is not too severe. 

The result (40) enables us to understand why Z? 2 , D^, D^ fluctuated so 
much. This is because the positive and negative effects of chopping were not 
balanced at the moment these intermediate results were reported. This is clearly 
visible in the new calculation D^ which avoids chopping almost entirely, and 
in rare cases where chopping is still needed, the dependence on 6 is carefully 
examined. The resulting uncertainty is nearly statistical, as is seen from the fact 
that individual terms contributing to Dia and D^ , as well as other intermediate 
results obtained in real* 16, are consistent with each other and have the 
behavior. Furthermore, D^ allows us to estimate the effect of chopping on D 2 , 
Z? 3 , D 4 without costly direct calculation. 

* The number of Group V diagrams is reduced from 518 to 47 using the Ward- 
Takahashi identity and time-reversal symmetry of diagrams. 
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The latest value of is consistent with ZI4, when the latter’s systematic 
error is taken into account. Unfortunately, numerical work on H5 is not yet 
finished (due to delay caused by computer system upgrade) . If there is no further 
unexpected delay, the final result ZI5 will be obtained within a year. 

5 Concluding remarks 

In order to enhance the sensitivity of to the weak effect and beyond, it is 
important to sharpen the QED and hadronic contributions as much as possible. 
Improvement of the term of by an order of magnitude is in progress and 
will be completed within a few months. Some a® terms will also be improved 
or newly evaluated in the near future. This puts the QED part of in a very 
good shape. Of course the hadronic contribution must be improved further to 
give the weak interaction contribution to a very stringent test. 

Within the Standard Model, Oe is not sensitive to the short-distance effects. 
Thus Qe is used primarily to test the renormalization theory of QED. Our current 
goal for Oe is to calculate the coefficient of the o'* term to a precision of ^ 0.01. 
This corresponds to the uncertainty of ~ 0.3 x 10“^^ in ae- With the matching 
improvement in experiment, this will provide a with a precision of 10“® or better. 
How far can we go beyond this ? It is certainly feasible and desirable to improve 
it further by another factor of 4. This is just a matter of computer time. (It will 
require about 10 million hours of computing time.) However, improving the 
term much further will not make sense until the tenth-order term is evaluated 
or estimated reliably which will be of the order of 

(o/tt)® ~ 0.068 X 10"^^ (41) 

This is a very formidable task indeed. 

Finally let me discuss the physical significance of pushing the precision of 
a further. At present there are several competing measurements of a based on 
diverse fields of physics, namely, condensed matter physics, atomic physics, nu- 
clear physics, and QED. These measurements are in agreement with each other 
within the uncertainties of ~ 10“^. This is remarkable since it implies that the 
underlying theories of these measurements are correct to this level of precision 
even though most of the theories may not be able to justify such a precision 
because they do not include correction terms such as relativistic and radiative 
effects which may be as large as 10“^ and which must be included to achieve such 
a precision. The excellent agreement in spite of this must imply that these cor- 
rections are much smaller for some reason and these theories are fundamentally 
correct to this order even though most of them have no explicit theoretical justi- 
fication for such a claim. Such a remarkable “coincidence” must be attributable 
to two fact: One is that they are all built on a common foundation, namely quan- 
tum mechanics. The other is that the extraordinary precision derives from the 
general feature of quantum mechanics, such as one-valuedness of wave function 
and gauge invariance izncD, which override various approximations introduced 
in constructing specific theories. 
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From this viewpoint we must expect that all measurements of a, whether 
they are based on atomic physics, nuclear physics, or condensed matter physics, 
must agree with a obtained from QED (or more precisely the Standard Model) 
when their precisions are improved to ~ 10“®, comparable to that of a(ae). If 
serious disagreement develops as precision of measurement improves, it might 
indicate a serious fault in some of these theories, possibly including quantum 
mechanics itself. See m for further discussions. 
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Appendix: VEGAS and Feynman Integral 

VEGAS is an adaptive-iterative integration routine based on random sampling 
of the integrand. In the i-th. iteration, the integral is evaluated by sampling it at 
points chosen randomly according to a distribution (a step function defined 
by grids) constructed in the (i — l)-st iteration. This generates an approximate 
value li of the integral, an estimate of its uncertainty Ui, and the new distribution 
function to be used in the next iteration. 

The distribution p^ is constructed in such a way that the grids concentrate 
more and more in the region where the integrand is large. The construction of 
Pj involves a positive parameter (3 that controls the speed of “convergence” to 
a stable configuration. In most cases we chose (3 = 0.5. However, we may even 
choose /3 = 0 (no change in p) which is useful in some cases. 

After several iterations It and are combined under the assumption that 
all iterations are statistically independent. The combined value and uncertainty 
are given by 



I = (Ea*^?))/(E(v^?)), ^ (42) 

i i i 

For well-behaved integrals the function p^ converges rapidly to a (practically) 
stable configuration. Once p^ is stabilized, the error generated by VEGAS is 
(nearly) statistical and is proportional to where N is the total number 

of data samplings. The problem is that Feynman integrals in general are not 
well-behaved in the sense described below. 
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The renormalized Feynman integrand is of the form 

/ = /o H + /r, (43) 

where /o is obtained directly from a Feynman diagram and fi,..., fr are terms 
needed to renormalize ultraviolet and/or infrared divergences of /q. All terms 
/o, fr are divergent on the surface of the unit cube (36). Of course, by 
construction, / is mathematically well-defined and integrable. 

This does not guarantee, however, that / is well-behaved on the computer. 
This is because / is expressed on a computer only as accurately as the number of 
digits available (64 bits, 128 bits, etc.). The integration domain includes regions 
where /o, ..., fr are singular and the sum / loses most or all of significant digits 
and is severely affected by round-off errors. When this happens, VEGAS gives 
li and Ui which become unreliable or even divergent. 

Note that this problem is inherent to our integration method based on Monte- 
Carlo sampling. Sooner or later one will be caught up by it (which will be called 
digit-deficiency or d-d problem) . In order to cope with the d-d problem before it 
upsets the integration, we have developed several strategies. 

a. Stretching. The renormalized integrand / defined in (43) may still have weak 
(integrable) singularities on some boundary surfaces. Since it is renormalized, 
however, such singularities can be removed by an appropriate change of variable, 
or mapping. The integrand being extremely complicated, however, it is difficult 
to find analytically correct mapping. A simple, although not always successful, 
way to remove or weaken the d-d problem is the “stretching” defined as follows: 
Suppose VEGAS finds after several iterations that the integrand samplings tend 
to concentrate near an (n — l)-dimensional surface defined, say, by xi = 0 at an 
end of the xi axis. In such a case, if one maps xi into x\ as 

A = A\ (44) 

where oi is a real number greater than 1, the domain near x\ = 0 is stretched out 
and random samplings in the x'l variable give more attention to this region from 
the beginning of iteration. Also, the Jacobian a\x°‘^~^ of this transformation 
weakens the singularity of the integrand. Similarly, the singularity at xi = 1 can 
be weakened by the stretching 

a;/ = 1 — (1 — xi)^b b\ > 1. (45) 

Stretching is a one-to-one mapping of a unit hypercube onto itself. It may be 
applied to all variables independently. By an appropriate stretching, one can 
speed up convergence of p considerably. Note also that different stretchings lead 
to statistically independent samplings of an integral which should give the same 
answer within their error bars. This flexibility is important in assessing the reli- 
ability of results of integration. Of course, stretching does not solve all problems 
since it disregards analytic structure of the integrand. 

b. Higher precision arithmetic. Going from double precision (64 bits or real*8) to 
quadruple precision (128 bits or real* 16) arithmetic is the most effective method 
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to control the d-d problem. One serious obstacle is that it slows down the com- 
putation speed by about 30. Thus we were not able to use real*16 extensively 
until massively parallel computers became readily available. 

In many cases real* 16 is needed only in a small portion of integration domain. 
To take advantage of this situation we normally start with evaluation of Feynman 
integrals in real*8 which has higher speed. If this runs into a d-d problem, we 
split the integration domain into a small (rectangular) part containing the d- 
d domain and the remainder. The difficult region is then evaluated in real* 16, 
while the rest continues in real*8. This strategy has been very successful and 
many integrals have been evaluated precisely. 

Recently, a modified algorithm of VEGAS (called a-p VEGAS) has been 
developed □ which enables us to make this splitting local and automatic |ZS|. 
In this approach the integrand / is first evaluated at each point in real*8. The 
result is tested by computing the ratio 

t = (/+ + !/_ !)/!/+ + /_ I, (46) 

where /+(/_) is the sum of positive(negative) terms of fo,...fr- If t is larger 
than a chosen number to(^ 1)) h signals possible presence of the d-d problem. 
(Ghoosing to is by trial and error.) Then the integrand is reevaluated in real*16 
at the same spot. 

Note that t > to is not a necessary or sufficient condition for identifying the 
d-d candidate. It is simply a quick way to find most (but not all) d-d problems. 
In particular, if the integrand / of (43) has no renormalization term (namely, 
r = 0), t defined by (46) is equal to 1 and thus t > to cannot be satisfied for 
to > 1. The integral may still suffer from a d-d problem, but for a reason entirely 
unrelated to the renormalization. 

If the d-d problem is not severe, this method is very efficient and runs much 
faster than pure real*16. In some cases, it is useful to split the integration domain 
into two or more parts in the manner as described above, and apply the a-p 
VEGAS choosing different values of to in different parts. In more difficult cases, 
however, pure real* 16 works faster since it does not require the overhead needed 
in computing (46). 

It must also be emphasized that the a-p VEGAS is designed to deal with the 
d-d problem found in the real*8 calculation. If the d-d problem occurs in real* 16, 
it is necessary to go to even higher precision arithmetic. Unfortunately, such a 
device is not available at present on massively parallel computers. Thus we may 
be forced to deal with the d-d problem in combination with other techniques 
described in the following. 

c. Freezing. Sometimes, iteration procedure runs into the d-d problem before it 
settles down to a (nearly) stable p. In such a case, one may freeze p by putting 

^ This program was written by R. Sinkovits for MPI parallel processing FORTRAN 
as one of the projects of the NPACI Strategic Applications Collaboration (member: 
R. Sinkovits, R. Leary, and T. Kinoshita). It was adapted to DEC a (with slight 
modifications) by Makiko Nio. 
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/3 = 0 few steps before the d-d problem becomes serious. The resulting p is 
not optimal so that it requires longer computing hours to achieve the desired 
statistical uncertainty. 

d. Chopping. If procedures a, b, c fail to solve the d-d problem, one may restrict 
some integration axis from (0, 1) to (i5, 1 — 5), where 0 < (5 <C 1, to avoid 
the dangerous region. This is referred to as chopping. The error introduced by 
chopping will be of order i5^^^(ln i5)“, where a is a positive number that can not 
be fixed exactly without knowing the analytic structure. For our purpose, it is 
sufficient to find a crude value of a empirically by carrying out integration for 
several values of <5. 

In using chopping we must pay attention to the following points: 

(i) We must repeat full scale calculation for several <5. This requires a substantial 
extra computing time. 

(ii) Integration becomes more and more difficult as S gets smaller, making ex- 
trapolation to (5 = 0 far from straightforward. The difficulty in assessing the 
effect of chopping was the major source of non-statistical uncertainty in earlier 
calculations. 

(iii) We can choose a much smaller chopping parameter in real* 16 compared 
with that of real*8. This means that we can reduce the error due to chopping 
substantially by going to real* 16. 
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Laser Spectroscopy of Hydrogen-Like and 
Helium-Like Ions 



Edmund G. Myers 

Florida State University, Department of Physics, Tallahassee, FL 32306-4350, USA 



Abstract. Laser spectroscopy of hydrogen-like and helium-like ions is reviewed. Em- 
phasis is on the fast-beam laser resonance technique, measurements in moderate-^ 
ions which provide tests of relativistic and quantum-electrodynamic atomic theory, 
and future experimental directions. 



1 Introduction 

Precision measurement of energy intervals in hydrogen and helium has been 
fundamental to the development of atomic theory. Relativistic and quantum- 
electrodynamic contributions scale with various powers of Z . Hence more infor- 
mation is gained by extending precise measurements to one- and two-electron 
ions. Laser spectroscopy is restricted to certain special transitions which fall in 
the infrared, visible or near-ultraviolet, and from which a useful signal can be 
obtained. However, where applicable, it provides precision tests of theory. The 
focus of this review is laser spectroscopy of the n = 2 levels of moderate-Z 
helium-like and hydrogen-like ions. Previous reviews may be found in PJ2E1. 

2 Fast-Beam Laser Resonance Technique 

The first application of laser spectroscopy to a one-electron ion was a measure- 
ment of the 2Si/2 — 2 P 3/2 interval in F®+ by a Rutgers-Bell Labs collabora- 
tion 0. This experiment is the prototype of much subsequent work. The basic 
technique is illustrated in fig. la,b. ions, of which about 1% were in the 

metastable 2Si^2 level, mean lifetime 0.23 /iS, were produced by foil stripping a 
64MeV {(3 = v/c ~ 0.075) beam of lower-charged fluorine ions to F®+ from a 
tandem Van de Graaff accelerator, followed by single-electron capture in a sec- 
ond 5 /j,gcm“^ foil. After a distance of 1 m, corresponding to a time interval of 
about 50 ns, the ions intersected the beam from a pulsed HBr chemical laser, 
which induced transitions to the 2 P 3/2 level. This level decayed rapidly emit- 
ting a 826 eV X-ray which was detected in a proportional counter. Because of 
the large beam velocity, the laser frequency as seen by the moving ion, uj' , is 
Doppler shifted from the frequency in the laboratory frame, u>i , according to the 
relativistic Doppler formula 



uj' = w/ 7 (l — j3 cos 9) 



( 1 ) 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 179—203, 2001. 
(c) Springer- Verlag Berlin Heidelberg 2001 
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where 7 = (1-/3^)“^/^, and 6 is the angle of intersection between the ion and the 
laser beam in the laboratory frame. The high-power HBr laser output consisted 
of various fixed frequency lines around 2300 cm“^. The effective laser frequency 
was scanned across the broad 2S'i/2 — 2P3/2 resonance by varying the intersection 
angle. 




Fig. 1. (a) Energy levels of F®"*" relevant to the measurement of the n = 2 Lamb shift 
(b) Schematic illustrating the fast-beam laser resonance technique 

Using a related arrangement, a measurement of the ls2p ^P 2 —^P\ fine struc- 
ture interval in the two-electron ion F^“'" was carried out at Oxford m Here 
a continuous- wave CO2 laser induced the magnetic-dipole transition from 2^P2, 
mean lifetime 10.4ns, to 2^Pi, mean lifetime 0.54ns. The excited ions were 
produced by stripping ll-17MeV beams. The fixed frequency laser beam 

intersected the ion beam at 5° and was tuned across the relatively narrow reso- 
nance by varying the beam velocity. The resonance was detected via the X-ray 
decay of 2 ^Pi to the ground state. 

2.1 Signal Formation 

Production of highly-charged ions by passing an accelerated lower-charged ion 
beam through a thin foil is a standard technique of accelerator physics. The 
cross-section for removing or exciting an electron in the n-shell of the moving 
ion of nuclear charge Z becomes large when the ion velocity becomes comparable 
to the Bohr velocity Zacjn. Tables of resulting charge-state distributions can 
be found in [^. From the point of view of the moving ion, the foil produces a 
space-charge compensated electron current pulse of ~ 10^^ Acm“^, 10 orders- 
of-magnitude higher in intensity than the electron current density in an electron 
beam ion trap (EBIT) 0, for example. The high collision frequency is very 
effective in producing highly-charged ions in excited states. A foil-stripped ion 
beam from a tandem accelerator could contain 10 particle-nA (nA/charge) in 
the hydrogen-like charge state, in a beam focused to a diameter of ^1 mm, with 
a few mrad divergence. If 1% are in the 251/2 state, the metastable production 
rate is ^ 10® s“^. 
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With the fast-beam technique the region of excited state production - where 
there is usually a high X-ray background from short-lived states such as the 
nPi/ 2 _ 3/2 levels - is spatially separated from the region where the laser-induced 
signal is detected. It is also advantageous to detect fluorescence from a transi- 
tion well separated in wavelength from the laser, and preferably much shorter 
in wavelength, so that good detection efflciency can be obtained with reduced 
sensitivity to the laser light. 

Laser induced transition probabilities are often small. This is because the 
interaction time of the ions with the laser is short (~ns), and because the relevant 
matrix elements are small, or else the levels involved have large natural widths. 
A useful approximate expression for estimating signal strengths for an electric- 
dipole (El) transition from a metastable level |1) to a short lived level |2), 
followed by a spontaneous decay to a third level |3), when the interaction time 
is long compared to the lifetime of the second level is |E|: 



dP/dt' 



I' A23|(2|4|1)P 

2eoch? (w' — wo)^ + (r/2)2 



( 2 ) 



where dP/dt' is the laser induced transition probability per unit time for the 
process 1 ^ 2 — > 3, /' is the light intensity, A 23 is the spontaneous decay 
rate of level 2 to level 3, de is the electric-dipole operator, lo' is the (Doppler- 
shifted) laser frequency, cuq is the transition center frequency (oj', ojq are in 
angular frequency units), and P = Pi + P2 is the sum of the total decay rates 
of levels 1 and 2. In eqn. 2 all quantities refer to the rest frame of the moving 
ion. /' is related to the intensity Ii of the laser in the laboratory frame by 
I' = //7^(1 — /3cos6*)^. Because of time dilation, the transition probability per 
unit time observed in the laboratory frame is dP/dt = {l/j)dP/dt' (Sj. When 
evaluating |(2|(ie|l)P an appropriate average has to be taken over the initial and 
final substates of levels 1 and 2 unj. 



2.2 Co-linear Geometry and Kinematic Compression 

Advantages of a co-linear interaction geometry are the longer interaction time 
and reduced sensitivity to the angular dependence of the Doppler-shift (since 
cos9 ~ 1 — 9^ 12). There is usually also an advantage, compared to a transverse 
laser-ion interaction geometry, as regards reduced Doppler width. For example, 
an ion beam from a tandem Van de Graaff accelerator focused to a diame- 
ter of 1 mm may have an angular divergence A9 ~ 5 mrad, leading to a large 
fractional Doppler width of Aut/oj ~ PA9 ~ 2.5 x 10““^, if the laser is perpendic- 
ular to the ion beam. With an accelerated beam, a given energy spread in the 
laboratory frame, AEi, corresponds to a decreased longitudinal velocity spread 
A/3 = {l/P)AEi/Mc^, where /3c is the mean velocity and M is the ion mass. 
This reduction in velocity spread, and hence of “temperature” in the co-moving 
frame, is called kinematic compression. For a typical foil-stripped tandem beam 
of charge q, AE ~ SgkeV, A/3//3 ~ 10 “^, and Auiluj ~ A/3 ~ 5 x 10 “®. In 
heavy-ion storage rings, equipped with electron beam cooling, the longitudinal 
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velocity spread is determined by the competition between intra-beam scatter- 
ing (IBS) and the cooling force from the electron beam, and fractional spreads 
Z\/3//3 ^ 10“^ — 10“® are typical d. For small numbers of ions trapped in the 
ring a phase transition has been observed, leading to A^/ (5 < 10’ -6 d. Laser 
cooling of Li+ 2^5'i metastables using the 2^S'i — 2^P2 transition j1 Mil 4j has 
resulted in Z\/3//3 < 10“®, and Doppler linewidths AujIoj < 4 x 10“® ^S]. Such 
beams have been used to test the relativistic Doppler formula. 

2.3 Determination of the Beam Velocity: Doppler-tuned 

Spectroscopy with Co- and Counter-Propagating Laser Beams 

Co-linear geometry leads to maximal sensitivity to the ion beam velocity. This 
can be measured by magnetic or electrostatic analysis, time-of- flight, or nu- 
clear resonance techniques m- In storage rings it can be obtained from the 
acceleration voltage of the electron cooler beam or the ion orbital frequency. A 
fundamental problem is that the average velocity of the metastable ions of in- 
terest may not be the same as that of the ion ensemble as a whole. The solution 
is to induce resonances with laser beams propagating in opposite directions, so 
the Doppler shifts partially cancel. However, compared to spectroscopy on un- 
accelerated species, relativistic effects are large. Consider an ion moving with 
velocity at (a small) angle 9i with respect to the direction of a laser beam 
of laboratory frequency wi. When a transition of frequency to' in the rest frame 
of the ion comes to resonance, u>' will be related to by 

w' = tui7i(l - /3iCos6»i), (3) 

where 7^^ = (1 — Likewise, an ion travelling at velocity /?2C will be 

resonant with a counter-propagating laser beam of frequency C 02 , if 

w' = 0^272(1 + /32 cos 6*2), (4) 

where 02 is defined relative to the direction opposite to the second laser beam. If 
either laser is continuously tunable, then Eqs. (3) and (4) can be satisfied with 
/?! = /?2, 01 = 02 = 0, giving the well-known Doppler-free result 

uj' = {uJiUJ2Y^‘^ ■ (5) 

If the laser frequencies wi,W2 are fixed (as for a CO2 laser for example), the 
beam velocity must be changed between resonances. However, if u}\ and u >2 can 
be chosen so that resonances occur at similar beam velocities, a considerable 
reduction in sensitivity to the absolute beam velocity is still obtained. In this 
case one can write 



= wiW2[l + /{Ap,p,Z\(6<^),6<^}], (6) 

where Ap = J2P2 ~ 7i/?i, P = iliPi + 72/?2)/2, A{0'^) = 0^ - 0\, and 0^ = 
(01 + 02 )/ 2 - (It is convenient to express the beam velocity in terms of p = 7/3 
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because this quantity is proportional to the “magnetic rigidity” of the beam) . To 
a very good approximation, typically 1 part in 10® the “correction factor” 
/ is given by 

r A 1 ! A -2 ) -/I , p^ \ , -2^2 m\ 

/ ~ z\p-k — - 6» ] —p{l + —)+pe... (7) 

Hence / is mainly sensitive to the change in 7/?, Ap, and to the change in laser- 
ion intersection angle-squared, A(9^). It is relatively insensitive to the harder to 
measure absolute rigidity, p, which may include the energy lost in the foil, and 
the average intersection angle-squared, 9^. 

It is also useful to realize that in eqn. 6, w'® can be replaced by where 

Lu'i and U 2 are frequencies of two different transitions in the moving ion, which 
are brought to resonance with lasers of frequency oji and u >2 at a similar beam 
velocity m. The laser frequencies oJi and u >2 could also be from different 
regions of the spectrum (e.g. microwave, IR, UV). This is necessarily the case for 
spectroscopy on highly-relativistic beams. But it could also be used, for example, 
to enable the beam velocity to be calibrated for a fine-structure measurement, 
making use of a well known gross-structure transition. Analogous (and more 
obvious) expressions can be written for the ratio for the case of two laser 

beams both propagating nearly parallel, (or antiparallel) to the ion beam. These 
expressions are useful for obtaining the frequency difference between nearby 
transitions, such as hyperfine structure and fine-structure splittings |2S1- 



2.4 Wavefront Curvature Effects 



So far it has been assumed that the electromagnetic field of the laser experi- 
enced by the moving ion can be treated as a plane wave. Particularly for longer 
wavelength lasers with tightly focused beams perturbations to the plane-wave 
Doppler formula must be considered. For a laser in a TEMqo mode, propagating 
along the z-axis, a better approximation is the fundamental Gaussian beam HZI, 
where the electric field is given by 



E{x, y, z, t) = Re[Eo{x, y, z) expi<P(x, y, z) expi{kz — u>t)], (8) 



where Eo{x,y,z) describes the Gaussian variation in amplitude, and <P{x,y,z) 
describes the variation in phase occurring along the axis and due to wavefront 
curvature. After a relativistic transformation to the rest-frame of the moving ion, 
the phase factor expi<l>(x, y, z) leads to a shift in the instantaneous frequency of 
the laser, as experienced by the ion. For an ion travelling parallel to the z-axis, 
and at a distance r from the axis, this is given (in rads“^) by 



Suj' = — 7 / 3 c d^jdz 



l!3c 

zo 




1 + 



wl{z^ + zl)_ ’ 



(9) 



where wg is the laser spot-size parameter, zq = ttwq/A is the confocal parameter, 
and z is the perpendicular distance from the waist. The first term is due to the 
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phase shift along the axis and the second term is from the wavefront curvature 
of the laser beam. A rigorous treatment of the laser-ion interaction involves solv- 
ing the time-dependent Schrodinger equation and averaging across the various 
trajectories of the ions. However in cases of multi-transverse mode laser beams 
it may only be practical to estimate shifts based on the measured laser beam 
divergence. For two-photon spectroscopy, using counter-propagating beams in a 
standing wave, curvature effects cancel up to the time-dilation factor. However 
in co-linear fast-beam saturation spectroscopy the interactions with the pump 
and probe beams responsible for the signal may occur at different locations and 
the analysis is more complicated. 

2.5 Alternatives to the Beam-Foil Technique 

Excited few-electron ions can be produced by stripping in a gas target, or by 
electron capture to the next higher charge-state in a gas target. This can be 
useful for producing metastable beams with reduced beam spread HOT. The 
initial fully-stripped or hydrogen- like ions can be obtained from sources of highly- 
charged ions such as the electron cyclotron resonance ion source (ECRIS) [201, 
or the electron beam ion source (or ion trap) (EBIS,EBIT) |2 If22j . Experiments, 
with laser detection, have also been carried out on beams of highly-charged ions 
passing through optically pumped Rydberg vapor targets Highly-charged 
ion sources are designed to increase the time the ions spend interacting with 
energetic electrons inside the source. Metastables can be extracted directly from 
such sources, but usually only longer-lived 100 /rs) metastables of easily 
ionized, lower-Z ions. 

One- and two-electron ions in excited states can be produced in storage rings 
by electron capture from an internal gas target or the electron beam used for 
cooling. Electron capture (recombination) can also be stimulated, and two-step 
laser stimulated recombination, where the second step is a bound-bound transi- 
tion, has been used for spectroscopy of Rydberg transitions, e.g. in Ar^^+ |21j 
and Work aimed at achieving higher precision by using two-photon 

spectroscopy for the second step is in progress m- 

It has been proposed to apply laser spectroscopy to measure ground state 
hyperfine structure of high-Z hydrogen-like ions extracted from an EBIT and 
trapped in a cryogenic Penning trap |77t2^ . It should then be possible to de- 
tect laser induced transitions between ground state hyperfine levels of a single 
trapped hydrogen- like ion using the “continuous Stern-Gerlach” technique 1201 . 
Laser spectroscopy of the n = 2 Lamb shift in hydrogen-like ions inside an EBIT 
has also been studied 1^. 

3 Hydrogen-like Ions 

3.1 Lamb Shift 

The spectrum of hydrogen and one-electron ions provides a direct test of bound- 
state quantum electrodynamics. Except for finite nuclear-size and mass (recoil) 
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corrections, QED effects can be isolated as the difference between actual transi- 
tion energies and results of the Dirac formula. The theory of hydrogen and hy- 
drogenic ions has been extensively reviewed |8ll82ll8b4l85| . where and 

m focus on light (low-Z and muonium) and heavy (high.-Z) systems respec- 
tively. The Lamb shift m originally referred to the energy separation between 
the 2 Si /2 and 2 Pi ^2 levels in a one-electron system, which are degenerate in the 
Dirac theory, see fig. 1. This separation is due to QED effects and finite nuclear 
size effects. However the term is often now used to refer to the QED shift of any 
atomic energy level, particularly of S'-states, where the effect is largest. 

QED contributions to the Lamb shift consist of electron self-energy and vac- 
uum polarization terms. In one-electron atoms the former is both the larger and 
the more difficult to calculate and has been the focus of much recent theoretical 
work. Up to Feynman diagrams including two-loops the self-energy contribution 
to a hydrogenic energy level can be written as 1221 

Ese = (o!/7r)[(.Za)^/n^]Fji(Za)meC^ -I- {a/Tr)‘^[{Za)‘^ /n^]Hn{Za)meC^ (10) 



where Fn{Za) and Hn{Za) can be expressed as a double power series in Za and 
ln(Z a)~^ . A decade ago the main aim of Lamb shift measurements in hydrogen- 
like ions was to investigate higher-order terms in F{Za). However F(Za) has 
now been calculated numerically (to all orders in Za) with good accuracy at 
both high- and low- Z f,87l8Hj . and experimental verification has been provided 
by X-ray measurements of the 151/2 Lamb Shift in j8t)l41 ^ . In the meantime 
focus has shifted to the two-loop contribution. In the Za expansion of H{Za), 
the leading term, and term of relative order Za have been obtained |41I42| . 
For terms of relative order (Za)^, only contributions from some Feynman dia- 
grams (the loop-after-loop correction) have been calculated mmm . including 
a logarithmic contribution of relative order {Za)^ln?{Za) There is dis- 

agreement about these calculations and the usefulness of the Za expansion. Lack 
of knowledge of these higher-order terms now limits the precision with which re- 
cent ultra-precise two-photon spectroscopy of atomic hydrogen 14714X14 can be 
used to obtain values for the proton charge radius and the Rydberg constant. 



3.2 Experimental Considerations 

The 25 i/2 — 2 Pi /2 (Lamb shift) and 25i/2 — 2 P 3/2 (fine structure - Lamb shift) 
transitions are in principle accessible to laser spectroscopy over a wide region of Z 
using far-infrared to ultraviolet lasers, spanning the range ^100-50,000 cm“^. A 
serious problem is the large natural width of the transition, due to the short life- 
time of the 2P levels. The radiative decay rate A(2P— 15) ~ 6 . 8 xio®z^s“^ pnj . 
The Lamb shift increases with Z somewhat more slowly than Z'^, and the ratio 
of the QED shift to the natural linewidth decreases from 10.6 for hydrogen, to 
about A at Z = 15. Precision spectroscopy thus requires the centroid of a reso- 
nance to be determined to a small fraction of the linewidth. A frequency scan 
across the 25i/2 — 2 P 3/2 resonance involves a smaller fractional change in the 
laser wavelength, typically 1 - 2 %, and so is more amenable to laser spectroscopy 
than the 25i/2 — 2 P 3/2 transition. 
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From eqn. 2, the expected signal for a transition 2S — 2P followed by spon- 
taneous decay to IS” varies as \{2P\de\2S)\'^ /A(2P — IS”) ~ Z~^. X-ray back- 
grounds from the decays of the 2Si/2 level increase according to A{2E1) ~ 
8.23 Z®s“^ jnj) and as A{M1) ~ 2.50 x |H2|. Hence the expected 

signal-to-background ratio falls as or faster. It is difficult to see how the 
technique could be extended to Z above 20. On the other hand, X-ray spec- 
troscopy of 2P — IS' transitions, which is applicable to all Z^ has not yet pro- 
duced ground state Lamb shift measurements with uncertainties less than 1- 
2 % 1301401531541 . 

3.3 Lamb Shift Measurements in F*+, and CP®+ 

The pioneering laser measurement of Kugel et al. ^ on the 2Si/2 — ^Pzj 2 transi- 
tion in F®+ attained a precision equivalent to 1% of the Lamb shift. Comparable 
precisions were obtained in neighboring ions using the Stark-quenching tech- 
nique Q. The same group achieved a precision of 0.7% for the Lamb Shift in 
a measurement of the 2 S'i /2 — 2 Pi /2 interval in [S|j using a line-tunable 

CO 2 laser and a combination of frequency and angle tuning. The laser system 
consisted of a scientific CO 2 laser seeding a large (13 m long) amplifier, based on 
a slow-axial-ffow, industrial laser. This was operated in a long-pulsed mode with 
120 /rs, 175 W pulses, at 480 Hz. All subsequent measurements have been of the 
2 S'i /2 ~ 2 P 3/2 interval using pulsed dye lasers, which were tuned across the res- 
onance at a fixed beam energy and intersection angle. Using a nitrogen-pumped 
tunable dye laser (7 ns, ^200 kW pulses at 50 Hz) Pellegrin et al. |SE1 achieved a 
precision equivalent to 1.2% for the Lamb Shift in This experiment made 

use of synchronization of the laser to ion pulses from a cyclotron. The most 
extensive development has been done by von Brentano and collaborators, who 
used a specially constructed flash-lamp pumped dye laser (6 /rs, ~200kW pulses 
at 2 Hz) for measurements on [51] and pi^+ |SE|- They achieved precisions 
of 0.25% and 0.14% for the Lamb shifts in the two ions respectively. The last 
four measurements, together with results from the Stark-quenching technique at 
Z = 16 and 18, are compared with theory in table 1 (taken from |3 /jL 

It can be seen that the theoretical values are consistently larger than the 
experimental values, and that the most precise measurements are those using 
the laser resonance technique. But even here, the most precise experiments, 
a,t Z = 15 and 16, show discrepancies with theory at only the level of one 
experimental error bar. 

3.4 Future Prospects for Laser Lamb Shift Measurements 

The largest source of uncertainty in the above experiments was limited statistics. 
If the centroid of a resonance of FWHM Au> is to be located to an uncertainty 
then the number of laser-induced signal counts acquired, S, must satisfy 
S‘^/{S + B) ^ {Aujfau,)^, where B is the number of background counts acquired 
in the same time. With the flash-lamp pulsed dye-laser experiments the high 
pulse power gave good S/B. The poor statistics were due to the low duty cycle 
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Table 1. Lamb shift in mid-Z hydrogen-like ions 



z 


Reference 


Experiment 

[THz] 


Theory 

[THz] 


15 


Pellegrin et al. jSEl 


20.13(20) 


20.23(2) 


15 


Press et al. 1581 


20.188(29) 




16 


Zacek et al. 


25.14(24) 


25.34(3) 


16 


Georgiadis et al. |5Yj 


25.266(63) 




17 


Wood et al. |SS1 


31.19(22) 


31.30(4) 


18 


Gould and Marrus |60| 


37.89(38) 


38.19(6) 



of the laser ~ 10 “®, mis-matched to the continuous ion beam from the tandem 
accelerator. The use of a high power pulsed laser also led to problems of optical 
damage, and difficulties with measuring the laser frequency, power and overlap 
with the ion beam, as the laser is tuned across the resonance. Uncertainty in 
the beam velocity was a significant, but not dominant source of error in 1^71^ . 
This can be reduced by application of counter-propagating beam methods. 

The statistics obtained with high-power pulsed lasers would be improved by 
matching of the ion beam to the laser, by using a pulsed ion source and ion 
bunching techniques, or a storage ring. A problem is that this leads to very high 
count rates during the laser pulses which the X-ray detectors must record with- 
out saturation. It is worth noting that the Ti:sapphire laser, either flash-lamp 
pumped, or continuous wave/mode-locked, could be applied to a measurement 
on hydrogen-like silicon. 



Measurement in N®+ with a Continuous- Wave CO 2 Laser 

Another approach is to work at lower Z so adequate signal-to-background can 
be achieved using a continuous- wave laser. The 2 S'i /2 ~ 2 P 3/2 transition in 
is near 12.0 /im and is accessible to the CO 2 laser. An exploratory measure- 
ment m has been carried out using a 35MeV beam and the CO 2 laser 
system described in section 4.3 below, but with a 4° intersection angle. With cw 
powers of 150 W a signal rate of 10^ s“^/particle-na and S/B of about 20 were 
obtained. This signal is consistent with the goal of measuring the 2S'i/2 — 2 P 3/2 
interval to a few ppm, sufficient to probe the two- loop binding corrections. A 
more refined measurement using two isotopic CO 2 lasers is in progress m- 



Two-Photon Spectroscopy of the 2S'i/2 ~ 3S'i/2 transition in He+ 

In high precision two-photon spectroscopy of hydrogen the large natural width 
of the 2P level is avoided by measuring nS—n'S, D transitions l47l4^l4fH . In He+ 
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the 2S — SS transition occurs with two photons at 338 nm. A measurement using 
a frequency-doubled dye laser with a resonant build-up cavity is in progress m- 
The 2S — 3S transition is 100 times narrower than the 2S — 2P transition. 
He’*' 2Si/2 metastables are obtained directly from an electron-bombardment ion 
source and decelerated to about 2eV. Detection is via the 3S — 2P— IS' cascade 
(164 nm and 30 nm) using a silicon photo-diode and a channeltron. The absolute 
frequency calibration makes use of an iodine stabilized diode laser. Once a signal 
is obtained, a precision for the He’*' Lamb shift better than 10% of the 16 MHz 
linewidth is expected. With subsequent improvement the precision should be 
competitive with the quench-anisotropy measurement of the He“'" 2Si/2 — 2Pi/2 
interval by van Wijngaarden et al. jSl]. They obtained 14041.13(17) MHz, in 
good agreement with their theoretical value of 14041.18(13) MHz. 

3.5 Ground-state Hyperfine Structure of High-Z Hydrogen- like 
Ions 

For some very highly charged hydrogen-like ions, e.g. 209gj82-i- 207pj^8H-^ 

the ground state hyperfine structure splitting is an optical transition. Hence 
the splitting can be measured by laser excitation of the Ml transition from the 
lower hyperfine level insE]. Measurements were conducted using ~200MeV/u 
beams of hydrogen-like ions in the heavy-ion storage ring ESR at GSI. The 
experiment on ^°®Bi used an excimer-pumped pulsed dye-laser. The experiment 
on ^°’^Pb used a pulsed, frequency-doubled, Nd:YAG laser parallel to the ion 
beam, with Doppler-tuning; and a Nd:YAG pumped optical-parametric oscillator 
at 1900 nm antiparallel to the ion beam. In each case the delayed, Doppler-shifted 
fluorescence was detected using photo-multiplier tubes. These measurements are 
sensitive to higher-order QED corrections, but also to the charge distribution 
(Breit-Schawlow effect), and especially the magnetization distribution (Bohr- 
Weisskopf effect), of the respective nuclei. 

4 Helium-like Ions 

Helium and helium-like ions are the prototypical many-electron system. All the 
bound-state QED physics of one-electron atoms is still present, of course, but 
with considerable added complication due to the electron-electron interaction. 

By identifying common terms in approaches based on the non-relativistic 
Schrodinger equation with matrix elements of the Breit-Pauli operators Kl, 
and results of a perturbation expansion based on Dirac eigenvalues and ma- 
trix elements of the Breit interaction, Drake produced a “Unified” tabulation of 
ground state and n = 2 energy levels for all Z jOSj. This approach obtained all 
“structure” contributions of orders {Za)'^/ZP, (Za)'''/ZP, (Za)^’^ and (Za)^"/Z 
(in units of irieC^, where n,p = 1,2..). QED corrections were added making 
use of results for hydrogen-like ions m with an approximate treatment of two- 
electron corrections of order a^Z^lna and a^Z^rUe c2 |69r/(ll71| . More recently 
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the ground state and n = 2 energies of all helium-like ions have been calcu- 
lated relativistically using the Breit equation and a no-pair Hamiltonian formu- 
lation ca, by many-body perturbation theory (RMBPT) ca, by configuration 
interaction theory Eiza, and by “all-orders” many-body theory m- These cal- 
culations, except at lower Z where they lose accuracy, reproduce the “structure” 
terms of m- In addition, they include a term of order {Za)'^a'^meC^ ■ But they 
do not address explicit QED corrections of this order. Multi-configuration Dirac- 
Fock (MCDF) codes have also been applied to helium-like ions, e.g. see | 77 | . 

It is possible to formulate multi-electron atomic theory completely as a prob- 
lem in bound-state QFD ESEH]. This approach is most useful at high Z where 
the electrons can be initially considered hydrogenic, and interactions with the 
radiation field (including electron-electron photon exchange) , are treated as per- 
turbations. This can be shown to reproduce RMBPT (“structure”), along with 
other explicit QED terms. Calculations have been carried out for the ground 
state energies of high-Z helium-like ions and recently extended to n = 2 

states mm- 

Much recent theoretical work has been devoted to atomic helium 
and in particular to the ls2p fine structure It is aimed to calculate the 

larger, approx. 30 GHz, J = 0 — 1 interval to better than 1 kHz. With comparably 
precise experiments this will yield a new value for the fine structure constant. 
Only J-dependent terms must be considered, and the theory now includes terms 
up to order a® and a^lna WeC^ |88l89j . Operators for the terms of order 
have been evaluated by Zhang jHHI and their evaluation is in progress jHII] . Con- 
tributions of order have also been obtained using an effective Hamiltonian 
procedure by Pachucki and Sapirstein m- Refs. |88I89| also give results for 
helium-like ions up to Z = 12. Progress has also been made in evaluating the 
two-electron Bethe-logarithm 

4.1 Experimental Considerations 

The n = 2 levels of helium-like ions, with their principal decay modes EMna, 
are shown in fig. 2. Here there are two metastable levels, 2^ Si, with lifetime 
oc due to a relativistic Ml decay, and 2 with lifetime oc Z~^ due to a 
two-photon El decay. Important for precision spectroscopy, the 2 levels are 
much longer lived than the 2 level, or the 2P levels of hydrogen- like ions of 
the same Z, since their ground state decays are not fully-allowed El transitions. 
For low-Z the 2^P levels decay primarily to 2^S'i with rates approx, oc Z. But 
as Z increases, 2^ Pi mixes with the 2 ^Pi level due to relativistic interactions, 
and decays to the ground state with a rate initially increasing approx, as Z^^. 
This becomes the fastest decay mode of this level for Z > 6. The 2^P2 level 
can decay to the ground state by a magnetic-quadrupole interaction with rate 
scaling approx, as Z^. This mode becomes dominant for Z > 18. Finally, 2 ^Pq 
can mix with 2 ^Pi due to the hyperfine interaction in ions with nuclear spin, and 
hence also decay to the ground state ISEl. The lifetimes of these levels (excluding 
hyperfine quenching) are shown for different Z in fig. 3. 
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Fig. 2. Schematic of the n = 2 levels of helium-like ions showing the principal decay 
modes 




Fig. 3. Mean lifetimes of the n = 2 levels of helium-like ions 



Laser Spectroscopy of Hydrogen-Like and Helium-Like Ions 



191 



The energies of the allowed El 2 — 2 ^Pj transitions scale approx, as Z and 

lie the vacuum ultraviolet (A < 200 nm) for Z > 6. However, the relativistically- 
allowed 2^S'o — 2^Pi (intercombination) transition lies in the laser-accessible 
infrared up to Z ~ 40 see fig. 4. This transition has the further advantage 

that the QED contribution is a much larger fraction of the total interval. Due 
to hyperfine mixing the 2^50 — 2^Pq transition is also observable in special 

cases m- 
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Fig. 4. The intercombination interval AE{ls2s ^So — ls2p ®Pi) versus Z 



It is interesting to consider a figure-of- merit, Qqed = 2\EQED/{fir), where 
^Eqed is the total QED contribution to the transition energy and HP is the 
total natural width. This is plotted against Z for the four transitions in fig. 5. The 
potential experimental sensitivity to QED is much higher than for hydrogen-like 
ions, particularly for the 2 — 2 ^^2 transitions with Z > 6. Unfortunately 

this is also the region where laser spectroscopy with current technology becomes 
difficult. For the 2 ^Si — 2 ^Pi and 2^So~2 ^P\ transitions, Qqed falls off above 
Z = 6 due to the ground state decay of 2^Pi. Nevertheless, the laser accessible 
2 — 2^Pi transition still has a large linewidth advantage over the hydrogen- 

like 2S — 2P transitions at the same Z. The 2 ^S'o — 2 ^Pi transition has no 
linewidth advantage over the hydrogen-like transition. 

The matrix elements for the 2^S — 2^P transitions are similar to the 2S — 2P 
hydrogenic matrix elements at the same Z. Provided the Doppler width can 
be reduced so that natural broadening dominates, eqn. 2 shows that the laser 
induced transition probability for the 2 — 2 ^Pq, 2 ^P 2 transitions is larger than 

for the hydrogen-like ion, and falls off more slowly with Z, as Z~^. However there 
is the problem that the fluorescence must be detected against a background of 
similar wavelength scattered laser light. For the 2^5'o ~ 2^Pi transition with 
Z > 6, if the X-ray decay to the ground state is detected, the laser induced 
signal is comparable to the hydrogen-like case, and falls as Z“®. Here the main 
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Fig. 5. QED contribution to the energy interval divided by the natural linewidth for 
the ls2s ^Si — ls2p ^Pj and ls2s ^So — ls2p ^P\ transitions 



backgrounds are from the 2E1 decay of 2 ^S'o and the Ml decay of 2 ^S\, and so 
scale as or . As for laser Lamb shift measurements on hydrogen- like ions, 
the practical limit for measurements of the 2 interval is ^ ~ 20. 

Direct measurements of the ls2p ^ P\ and ls2p ^P 2 — ^ P\ fine structure 
intervals use a laser to induce the Ml transitions between them [bl I Dim oTj . The 
initial level is either 2 or 2 ^P 2 (mean lifetimes a few ns) and detection is via 
the X-ray decay of the shorter lived 2^Pi to the ground state. Such measurements 
test higher-order QED corrections to the theory of the fine structure and are 
relevant to the problem of obtaining a from the fine structure of helium m- 
The 2 ^P 2 — 2 ^Pi and 2 ^Pi — 2 ^Pq intervals are shown in fig. 6. The level ordering 
is completely inverted for He; the “natural” ordering is achieved by N®+. The 
0—1 interval inverts again for Z > 45. In fig. 7 the natural linewidth, as a fraction 
of the transition interval, is also shown. Particularly for the 2—1 interval near 
Z = 7 there is a considerable fractional linewidth advantage compared to helium. 
A fine structure measurement on a moderate-^ helium-like ion could, ultimately, 
achieve a higher precision than can be obtained in helium. If the theory could be 
developed to match this precision (which does not appear possible at present), 
this would lead to a more precise determination of the fine structure constant. 

The Ml transition matrix element is ~ /r^, independent of Z. Hence the laser 
induced signal for transitions to 2^Pi falls as The main X-ray background 
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Fig. 6. The fine structure intervals AE(ls2p — ^Po) and AE{ls2p — ^Pi) 



is usually from the M2 decay of 2 ^P 2 - Hence the signal-to-background ratio falls 
as Z~^^. The technique appears to have a practical limit below Z = 20. 




Fig. 7. Natural linewidth divided by the total transition energy for the ls2p — ^Pi, 
ls2p ®P 2 — ^Pi and ls2p ®Pq — ®P 2 fine structure intervals 



The 2 — 2^S transitions have been studied extensively using classical UV 
spectroscopy, e.g. 110 ^ 1103110411051 . At the precisions obtainable, the results are 
generally well described by the “Unified” or relativistic theories, e.g. see m- 



194 E.G. Myers 

4.2 2®S'i — 2^Pj Transitions in Li+, Be^+ and 



Precision measurements of the 2 — 2 ^Pj transitions in Li+ |1 Ofij . [1 07| 

and |1 08| . have been made using co-linear spectroscopy with tunable, cw 
lasers. Earlier laser work with Li'*' may be found in |1 0911 1 0il 1 1| . A co-linear 
measurement of the 2 *^S'o ~ 2 interval in Be^'*' is described in m- Ion 
beams containing 2^ Si or 2*^50 metastables were extracted from ion sources: 
a discharge source, an electron-bombardment source, and an ECRIS, for Li, Be 
and B respectively. All the measurements used counter-propagating laser beams, 
allowing for the Doppler shift using eqn. 5. For Li'*' llOtil two dye lasers were 
used, and a “Doppler-free” saturated fluorescence signal of 20 MHz FWHM was 
obtained. The total Doppler width was about 100 MHz at an ion beam energy of 
100 keV. For the Be^'*' 2 ^S — 2^P measurement a frequency-doubled Ti-sapphire 
laser was used, and for B^'*', a frequency-doubled dye laser. With only one laser 
it was necessary to scan resonances alternately, reversing the direction of the 
laser between scans, and to rely on the energy stability of the ion beam. For 
Be^'*' 2^S — 2^P the beam energy was 15 to 20keV, with a Doppler width of 
850 MHz, while for B^'*' the beam energy was SOkeV and the Doppler width 
was 1 GHz. In the case of Be^'*' 2 — 2 ^Pi, the resonance width was approx. 

20 GHz, dominated by natural broadening. All experiments made use of “post- 
acceleration” . A voltage was applied to an electrode surrounding the interaction 
region to fine tune and modulate the beam velocity. The principal background 
in all three experiments was scattered laser light. The laser frequency calibration 
used I 2 reference lines. 

The largest source of uncertainty quoted in the Li'*' measurement was a sys- 
tematic error of 250 kHz for possible mis-alignment of the laser and ion beams, 
the remaining error being due to the calibration (120 kHz) and statistics. For 
both Be^'*' experiments the main uncertainty was statistical, from fitting the 
data and from ion beam energy drift. For B^'*' the quoted errors are mainly 
statistical. But, presumably to allow for possible systematic errors, the assigned 
error was three standard deviations of the mean. All the 2^S — 2^P measure- 
ments required analysis of the hyperfine structure to extract the “hyperfine-free” 
transition energies because of mixing of the fine structure due to the hyperfine 
interaction. Results for the 2'^S'i — 2^Pj transitions for each of the three ions 
are shown in table 2. The result of the Be^'*' 2*^S'o ~ 2 measurement was 
16276.774(9) cm“*^. For the 2^S — 2^P measurements the errors, as a fraction 
of the total QED contributions to the intervals, were 11 ppm for Li'*', 70 ppm 
for Be^'*', and 880 ppm for B^'*'. This precision exceeds that of the theory for 
higher-order relativistic and QED corrections. The theory for Li'*' in lEO) indi- 
cates that the expansion in \ jZ is too poorly convergent to enable isolation of 
the order (Za)^Q;^meC^ term given by the relativistic theories jY, 41/41/ hlYtij . and 
that the QED uncertainty was at best 30 MHz, or about .1% of the QED cor- 
rection. Similar analyses for Be^'*' and B^'*' are yet to be published. As regards 
the 2^P fine structure (see later), the results for Li'*' and B'^'*' are in agreement 
with the calculations of issEn]. But for the J = 2 — 1 interval in Be^'*' there is a 
discrepancy of 6 times the combined experimental and theoretical uncertainty. 
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Table 2. Experimental ls2s — ls2p intervals in Li'*', Be^^ and B®"*". Units are 
MHz for Li+, and cm’^ for Be^+ and B®+. 



Ion 


Reference 


2^ Si -2^Po 


2^ Si -2^ Pi 


2^Si-2^P2 


®Li+ 


Riis []Q6[ 


546 525 935.34(36) 


546 370 231.34(44) 


546 432 908.30(43) 


"Li+ 


Riis [1 Dti] 


546 560 683.07(42) 


546 404 978.80(51) 


546 467 657.21(44) 


^Be^+ 


Scholl 


26 864.6120(4) 


26 853.0534(3) 


26 867.9484(3) 


11B3+ 


Dineen [1 08| 


35 393.627(13) 


35 377.424(13) 


35 430.084(9) 



4.3 2 ^So — 2 2 ®Pq Intercombination Transitions in N®+ 

The ls2s ^Sq — ls2p ^Pq intervals in helium-like nitrogen have been 

measured by Doppler-tuned co-linear spectroscopy using a CO 2 laser EZEana, 
see fig. 8. A 5-7 MeV N+ beam obtained from a Van de Graaff accelerator was 
stripped to of which about 0.25% was in the 2 ^S'o state, mean lifetime 
1.06 /ts, by passing it through a 4 /rgcm“^ carbon foil. The ions then passed 
through a 90° analysing magnet, traveling a total distance of 10 m to the inter- 
action region. The 6 m discharge length, grating tuned, slow-axial-fiow cw CO 2 
laser induced transitions to the 2^Pi or 2 ^Pq levels. These were detected via 
the 190 nm photons emitted in the subsequent 2^P — 2^S decays using photo- 
multiplier tubes. 




Fig. 8. Schematic of setup used for co-linear laser spectroscopy on 



In an initial experiment inzi, spectroscopy was performed with the output 
beam of the unmodified laser counter-propagating to the ion beam. The beam 
velocity was measured using nuclear resonance and time-of-fiight techniques. 
The weak, hyperfine-induced 2^Sq — 2 ^Pq resonance was then observed m , see 
fig. 9. This enabled the J = 0 — 1 fine structure splitting to be obtained by 
using suitable laser lines to take account of most of the frequency difference, 
and then measuring the small interval in beam velocity between the resonances. 
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Subsequently, the setup was modified by extending the laser cavity so that the 
interaction region occurred at an intracavity waist as in fig. 8. This provided 
co-and counter-propagating laser beams at the interaction region, but also more 
laser power, particularly for low-gain laser lines. Powers > 150 W cw could be 
obtained on approx. 100 vibrational-rotational lines across both regular bands, 
and the “hot” band of spanning a wavelength range of 9.14 - 11.22 /im. 

The laser ran multi-longitudinal mode. To sufficient accuracy, the frequency of 
the laser could be assumed to be that of the laser line centers. These have been 
measured with metrological precision ESI- Using this system it was possible to 
measure all three 2 ^Sq — 2^Pi^f resonances in and the corresponding two- 

resonances in with co-and counter-propagating beams, at similar beam 

energies. This enabled the transition wavenumbers to be obtained from eqn. 6 
with a precision of .7 ppm. The main source of error was wave-front curvature 
(or divergence) effects which were difficult to estimate in the non-TEMoo mode 
laser beam. The narrowest Doppler width obtained was 100 MHz. 
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The measured hyperfine splittings of 2 ^Pi level were in reasonable agreement 
with the relativistic calculations of [35jj and also with non-relativistic calcula- 
tions corrected for relativistic and QED effects |114lllh) . The results for the 
“hyperfine corrected” 2^Sq — 2^ Pi interval in are compared with theory 

in table 3. QED corrections make up 3.5% of the measured interval. The exper- 
iment is hence sensitive to these corrections at the level of 20 ppm, the highest 
precision for a Lamb shift in any multiply-charged ion. 

The closest theoretical result, the “Unified” theory ISHI, differs by more than 
300 times the experimental uncertainty. This discrepancy should be partially 
removed by analysis including an estimate of the order {Za)'^a^meC^ relativistic 
term and a complete calculation of the two-electron Bethe-logarithm |22I- The 
i4,15]\^5-i- 2^Sq — 2^ Pi isotope shift was measured to be —1.6623(10) cm“^, in 
fair agreement with an estimate based on m- The hyperfine corrected ^Pq—^Pi 
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fine structure intervals for 8.6707(7) cm“^ and 8.6717(10) cm“^, 

respectively. Because the 0 — 1 fine structure splitting in is anomalously 
small, this measurement is a sensitive test of the theory, see table 4 below. 

Table 3. Experimental results for the ls2s ^So - ls2p ®Pi interval in compared 

with theory. 



Reference 


AE (cm-i) 


Myers et al. |23 


986.321(7) 


Thompson, Howie, and Myers 


986.3180(7) 


Drake 


986.579 


Cheng et al. |75I116| 


985.9 


Plante, Johnson, and Sapirstein |Yli) 


984.7 



4.4 2 ^Pj — 2 ^Pj! Fine Structure Transitions in and Mg^°+ 

The original measurement of the ls2p ^P 2 — ^P\ fine structure interval in 
using a CO2 laser was also carried out intracavity, but with an ion-laser beam 
angle of 5° 03. Transitions to the 2 ^Pi level were detected via the 731 eV decay 
to the ground state, using a proportional counter. The background was mainly 
from the hyperfine-induced El decay of the 2 ^Pq level, and the M2 decay of 
2^P2, but also from cascade feeding into other, shorter lived. X-ray producing 
states. The signal to background was always less than 0.1%. The beam velocity 
was calibrated using nuclear resonances excited in H2 and CH4 gas targets. The 
precision, 20 ppm for the fine structure interval, was limited by uncertainty in 
the energy of the 2 ^P ions, compared to the mean energy of ions in the 
foil stripped beam. Nevertheless the result was 100 times more precise than that 
obtained from UV spectroscopy cmi. It provided very clear confirmation of the 
order {Za)'^a^meC^ term not included in the “Unified theory”, but included in 
the relativistic theories I73I74I75I76I . ten years later. 

More recently, using a modification of the setup in fig. 8, the co- and counter- 
propagating laser beam technique was used to measure products of the three 
2^P2 ,f — fine structure intervals in ^®F’^+, in pairs U.0(.ij . Since the life- 

time of 2^P2 is 10.4ns, it was necessary to place the foil 16 cm upbeam of the 
interaction region, and use a specially designed, compact, permanent magnet to 
deflect the ion beam 5° to merge it with the laser beam. The co-linear geometry 
and improvements to the laser increased the signal-to-background ratio about a 
factor of 10. The hyperfine splittings were in agreement with pirn^ enabling 
correction for mixing of the fine structure levels. A precision of nearly 1 ppm was 
obtained for the centroid of the multiplet. The result was in excellent agreement 
with, but 16 times more precise than the earlier measurement 
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Using a similar arrangement the 2 — 2 ^Pi interval in was mea- 

sured to better than 20 ppm dm, see fig. 10. The maximum laser induced signal 
was only .3% of the X-ray background. The transition, near 12.0 ^m, could only 
be induced with a co-propagating beam from the long wavelength end of the 
hot-band of The ion beam velocity was calibrated by tuning 

beams at similar rigidity through both the 90° and 5° magnets, and inducing 
the previously measured 2 — 2^Pi p resonances. 




Fig. 10. Doppler-tuned spectrum of the ls2p ^Pq — ls2p transition in 

The results for the fine structure measurements in N®+, and Mg^*^+ 
are summarized in table 4. In fig. 11 they are compared with theory and other 
precision measurements Z < 12. The scaling factor Z{Z — l)^a^meC^ is the 
order of the spin-dependent part of the one-electron self-energy |SH|. As the 
figure shows, the sensitivity of the recent measurements to QED corrections of 
this order, matches or exceeds that of the high precision measurements in helium. 

Table 4. Experimental results for the ls2p ®Pj_j/ fine structure intervals compared 
with theory, units cm“^. (The calculations of Zhang et al. are incomplete at the level 
of a^nieC^) 



Reference 


N®+ 0-1 


F’’+ 1-2 


Mgi°+, 0-1 


Experiment |2] 
Experiment [9911 0011 01 1 


8.6707(7) 


957.883(19) 

957.8730(12) 


833.133(15) 


Zhang, Yan and Drake [SOj 


8.686 


957.840 


832.335 


Plante, Johnson, and Sapirstein |7^ 


8.73 


957.87 


833.1 


Chen, Cheng and Johnson |74j 


8.67 


957.85 


833.3 
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Fig. 11. Results of precision experiments for the 2 ®Po -2 ®Pi and 2 ®Pi -2 ®P 2 fine 
structure intervals for 2 < Z < 12, compared with the 0(p ^ theory of Yan and 
Drake [88] (baseline). The 0{a^ Ina) corrections of Zhang, Yan and Drake [89] are 
indicated by crosses. The experimental points are as follows: a) Shiner et al. ]117], b) 
Lewis et al. [118], and Frieze et al. [119], c) Riis et al. [106], d) Scholl et al. [107], e) 
Thompson et al. ]99], f) Myers et al. [2], g) Myers et al. [100], h) Storry et al. [120,121], 
i) Minardi et al. ]122], j) Myers et al. [101], k) Castillega et al. [123]. On this scale, the 
error bar for magnesium is contained within the point shown 



4.5 Future Prospects 

Preliminary work on 2 ^S—2 measurements in has already taken place [1 24j 
and higher-Z ions can be studied as techniques for UV laser spectroscopy de- 
velop. The 2^S'o ~ 2^Pi measurements can be extended to C'*’*' using a far- 
infrared laser, and to using a Nd:YAG laser. Direct 2^Pj — 2^Pj' fine 

structure measurements can also be extended to higher and lower Z, using appro- 
priate lasers. The precision of these measurements can also be increased should 
developments in theory justify it. 

5 Conclusions 

Obtaining experimental tests of the theory of hydrogen- like ions at moderate Z is 
challenging. Except for hydrogen there appear to be no measurements more pre- 
cise than current theory. In the next decade, small but significant improvements 
in precision can be expected for Z = 2, 7 and 14. For moderate-Z helium-like 
ions, laser techniques probe relativistic QED effects at higher precision than 
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current theory. Measurements can be extended to higher Z and increased in 
precision. It is hoped this will stimulate further theoretical effort. 
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Abstract. We present a new experimental value for the magnetic moment of the elec- 
tron bound in hydrogenlike carbon gexp = 2.001041596 (5). The experiment 

was carried out on a single ion stored in a Penning trap. The high accuracy was 

made possible by spatially separating the induction of spin flips and the analysis of the 
spin direction. Experiment and theory test the bound-state QED contributions to the 
gj factor of a bound electron to a precision of 1%. We discuss also implications of the 
experiment on the knowledge of the electron mass. 



1 Introduction 

Quantum-electrodynamics (QED) as the fundamental theory for electromag- 
netic interaction seems to be well understood. Numerous experiments in atomic 
physics as well as in high energy physics do not show any significant discrepancy 
between theoretical predictions and experimental results. The most striking ex- 
ample of agreement between theory and experiment represents the g factor of 
the free electron. The experimental value of g = 2.002 319 304 376 6 (87) P 
is confirmed by the calculated value of g = 2.002 319 304 307 0 (280) on the 
10“^^-level, where the fine structure constant as an input in the theoretical cal- 
culation was taken from the quantum Hall effect |2|. Up to now uncalculated 
non-QED contributions play no important role. Indeed today experiment and 
theory of the free electron yield the most precise fine structure constant. 

In contrast to the g factor of the free electron the calculation of the g fac- 
tor of an electron bound at an atomic nucleus represents a significantly more 
difficult problem. For the free electron the different orders of Feynman graphs, 
representing an increasing number of virtual exchange photons, are calculated 
as a series expansion. The expansion parameter is the fine structure constant a. 
Since a 1, the higher orders in the expansion decrease rapidly and the series 
converges. In a bound system an additional expansion parameter is Za which 
may, at least for high nuclear charges Z, not be a small number. Consequently 
a non-perturbative approach for calculation of the g factor has to be developed 
(bound state QED). In a less formal picture the electric field in the vicinity of a 
nucleus modifies the vacuum field at the position of the electron and leads to a 
change in the measurable quantities of the electron. Such electric fields can be 
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extremely strong. For nuclei such as Uranium or Lead the electric field strength 
for a IS electron in a Hydrogenic ion is of the order 10^® V/cm. This is by many 
orders of magnitude stronger than fields which can be produced in a laboratory. 
Experiments under such extreme conditions may represent a stringent test of 
bound state QED calculations. 

Apart from the g factor of a bound electron, the Lamb shift of energy levels 
for calculable systems such as Hydrogen-like ions as well as Hyperfine splittings 
for those ions are different tests of bound state QED. Such experiments have 
been successfully performed in the past (3- The higher order bound state QED 
contributions in these systems, however, are overshadowed by nuclear structure 
contributions which are difficult to account for at the desired level of accuracy. It 
seems that similar nuclear structure contributions to the g factor in Hydrogen- 
like ions are less significant Pj. In this case a measurement of the g factor of 
the electron bound in a Hydrogen-like system would represent a cleaner test of 
higher order bound state QED corrections. 

Precise measurements on g factors of electrons bound in atomic Hydrogen 
and the Helium ion ^He"*" were carried out by Robinson and coworkers. The 
accuracies of 3 x 10“® for the Hydrogen atom |S| and of 6 x 10“^ for the Helium 
ion jOj were sensitive to relativistic effects. Other measurements of the magnetic 
moment of the electron in Hydrogen-like ions were performed at GSI by Seelig 
et al. for Lead (^“’^Pb®^'*') |Zj and by Winter et al. for Bismuth (^®®Bi®^~'’) jSj 
with precisions of about 10“® via lifetime measurements of hyperfine transitions. 
These measurements were also only sensitive to the relativistic contributions. 

We have performed an experiment to measure the g factor of the electron 
bound to a Carbon nucleus in a Hydrogen-like C®’*' ion |3 . As shown below, the 
result of our measurement represents a significant test of bound state QED con- 
tributions and also accounts for the recoil correction from the finite mass of the 
carbon nucleus. The experiments are performed on single 0®“*" ions confined in a 
Penning ion trap at low temperatures, almost completely isolated from the envi- 
ronment. As outlined in the last paragraph the extension of our experiments to 
other highly charged systems opens a number of possibilities for future measure- 
ments of fundamental quantities such as the electrons mass or the fine structure 
constant. 



2 Summary of Theory 



The electron magnetic moment is related to the electron spin s by 



M = 5 



2me 



( 1 ) 



where e and rrie are the electrons charge and mass and g is the gyromagnetic 
ratio or Lande factor. For the free electron the g factor has been calculated 
with very high precision j2|. If the electron is bound in the ground state of a 
Hydrogen-like ion, the g factor is modified by additional binding and radiative 
corrections which depend on the nuclear charge Z. 
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The largest correction comes from relativistic effects. The solution of the 
Dirac equation, first performed by Breit m gives 

5=^ (^1 + 2^1- (Za)") . (2) 

The radiative binding corrections have to be treated nonpertubatively and must 
include all orders in Za. Blundell et al. HH, Persson et al. 0 and most recently 
Beier et al. have performed such calculations. They include the total 

QED contribution of order a/ir. Fig. E represents their results graphically. The 



I2c5+ 







nuclear charge number 



Fig. 1. Relativistic and QED contributions to the electron g factor for values of the 
nuclear charge number Z. The data is taken from Ref. m 

calculated bound-state QED terms change the electrons g factor for by 
almost 1 part in 10“®. For very high values of Z as for Lead or Uranium the 
change amounts to about 10“^. An estimate of the order (a/ir)'^ gives values 
which are 2 orders of magnitude smaller. Finally recoil and finite size corrections 
from the nucleus have to be taken into account. In the case of C®’*' they amount 
to 4 X 10“^° and 9 x 10“®, respectively. For high Z the finite size correction 
is of the same order as the a/w contributions. Table Q lists these theoretical 
contributions to the g factor in 



The present theoretical value for the g factor in i2(^5-i- jg quoted as 

g = 2.001 041 590 (71) . (3) 
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Table 1. Theoretical contributions to taken from J21 



Dirac theory (inch binding) 


1.998 721 354 2 




Finite-size correction 


±0.000 000 000 4 




Recoil 


±0.000 000 087 5 


(9) 


QED, free, up to order (o/tt)^ 


±0.002 319 304 4 




QED, bound, order (o/tt) 


±0.000 000 844 2 


(12) 


QED, bound, order (o/tt)^, estimate ±0.000 000 002 0 


(50) 


Total theoretical value: 


2.001 041 590 7 


(71) 



The largest part of the uncertainty comes from the unknown size of the (o/tt)^ 
term. Attempts are under way to calculate this term and thus reduce the theo- 
retical uncertainty substantially 11,11141151. 



3 Experiment 



The electron g factor as defined by Eq. [D can be expressed in terms of the 
cyclotron frequency w® = {e/me)B of the free electron and the Larmor frequency 
lul = g{e/2me)B: 




(4) 



The determination of the g factor thus requires a measurement of the Larmor 
and the cyclotron frequency. The electrons cyclotron frequency may conveniently 
be replaced by x w®, where w® is the ions cyclotron frequency. This is of 

advantage because the cyclotron frequency of the ion and the Larmor precession 
frequency can measured at the same particle. The ratio is the charge 

to mass ratio of the ion to the electron. For the case of Carbon it has been 
determined in Penning trap experiments by van Dyck and coworkers m- 

The experiment is performed on a single ion confined in a cylindrical 
Penning trap with a superimposed magnetic field of 4 T. The trap consists of 
a stack of 13 ring shaped electrodes of 7 mm inner diameter, mounted on a 
vacuum flange as shown in Fig. |21 The whole setup is contained in a vacuum 
vessel which is held at liquid He temperatures. This assures that the residual 
background pressure is sufficiently low to avoid ion loss by charge capture during 
a collision with a background molecule. To test for possible losses we stored a 
cloud of about 30 ions for several weeks. Since we did not observe any ion 
loss during that time interval we conclude from the known cross sections for 
electron capture that the base pressure in our system is below 10“^® mbar. 

By application of proper voltages to the electrodes we create potential minima 
at any desired point on the axis of the arrangement. This is preferentially done 
at two positions which we call precision trap and analysis trap (see Fig. EJ. Using 
two of the electrodes (correction electrodes) for fine tuning of the potential shape 
we can achieve very harmonic potential minima near the center of the traps. 
Ions are created by electrons hitting a carbon target at a few 100 eV. They can 
be detected by image currents induced in the trap endcap or ring electrodes. 
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tungsten FEP B* ^ | electron gun 

Fig. 2. Sketch of the trap electrodes 



For signal enhancement we use superconducting tank circuits attached to the 
correction electrodes (some are splitted to allow detection of the radial motion) . 
The resonance frequencies of the circuits are tuned to the corresponding ion 
oscillation frequencies. 

After ion creation the trap is usually filled with a large number of carbon 
ions in all different charge states. Different elements present as impurities in the 
carbon target may also be ionized and stored. We clean the trap from unwanted 
species and charge states by strong excitation of their axial frequency which 
drives them out of the trap. The number of ions in the remaining pure 0®“'" cloud 
is reduced by exciting the cyclotron motion and lowering the axial potential. The 
ions get lost due to energy exchange from the cyclotron mode to the axial mode 
by collisions. At low ion numbers the ions can be individually distinguished by 
observation of the induced voltage at the cyclotron frequency since our magnetic 
field is slightly inhomogeneous and ions at different positions in the trap have 
different cyclotron frequencies. Fig.0shows as an example the Fourier transform 
of the signal from 6 different C®’*' ions. Finally one single ion is left in the trap 
and remains there for the entire experiment unless we kick it out intentionally. 
The remaining ion then is resistively cooled to the ambient temperature. This 
is achieved by keeping its oscillation frequency in resonance with the frequency 
of the tank circuit attached to the endcap electrodes. The initially hot ion heats 
up the tank circuit and the power is dissipated to the Helium bath to which the 
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frequency [Hz] - 24 MHz 



Fig. 3. Fourier transform of the current induced by the cyclotron motion of 6 ions. 
The magnetic inhomogeneity causes the frequency to decrease with increasing cyclotron 
energy 



circuit is in thermal contact. The cooling time constant is given by 



T 



-1 



g 

mrg 



R, 



( 5 ) 



where q and m are the ions charge and mass, tq is the trap radius and R is the 
impedance of the tank circuit. For a quality factor Q = 2500 of our circuit the 
cooling time constant for is 100 ms. When the axial amplitude of the ion 
is in equilibrium with the enviroment it can be detected by a reduction of the 
noise power in the axial tank circuit. The oscillating ion acts as a series circuit 
and represents for its resonance frequency a shortcut of the Johnson noise of 
the external tank circuit Hg. A corresponding signal from a single C®’*' ion is 
shown in Fig. 0] The full width of this resonance is 2 Hz. In the example shown 
its center can be determined to within 100 mHz after 1 min averaging. 

In a similar way also the cyclotron motion can be cooled and detected when 
the tank circuit connecting two segments of the splitted correction electrode is 
kept in resonance with the ions cyclotron frequency. Fig. Elshows an example for 
resistive cooling of the cyclotron motion of a single calibration 

of the magnetic field we use the cyclotron frequency of a single C®’*' ion. At 
our magnetic field of 4 T it amounts to about 24 MHz. The free ions cyclotron 
frequency Uc, however, is not an eigenfrequency of a particle in the trap. It is 
related to the traps eigenfrequencies u>+, the modified cyclotron frequency, 
the axial oscillation frequency, and w_, the magneton frequency, by 



2 2 , 2,2 
Wg — W_|_ + UJ ^ + LO_ . 



(6) 
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Fig. 4. Axial signal of a single ion. The width of the signal is 2 Hz 




Fig. 5. Resistive cooling of the cyclotron motion of a single ion. The time 

constant of the exponential cooling is 100 s 
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The eigen frequencies oj+, lOz, and can be measured independently. A high 
resolution Fourier transform of the induced voltage at uj+ as shown in Fig. 0 
demonstrates that the fractional statistical uncertainty of the center frequency 




reduced cyclotron frequency [Hz] - 24 075 552,802 6 Hz 



Fig. 6. Cyclotron signal of a single ion. The full width of the resonance is 

20 mHz corresponding to a relative line width of 10“®. The measurement time is given 
by the Fourier limit to 80 s 

is below 10“®. ujz and o;_ can also be measured sufficiently precise. 

In order to measure the Larmor frequency wl we have to induce spin flip 
transitions by a microwave field at about 105 GHz and detect the spin direction. 
The detection is performed by a method introduced by Dehmelt for his g — 2 
experiment on the free electron HHI and called the ’’continuous Stern-Gerlach 
effect”: A weak inhomogeneous magnetic field is superimposed to the homoge- 
neous strong field at the center of one of the potential minima. It is created by 
the ferromagnetic nickel ring electrode of the analysis trap. The magnetic field 
strength near the center of the ring electrode now can be written as 

B = Bo + B 2 Z^ . (7) 

The total potential of a stored ion is the sum of the electric and magnetic poten- 
tial and fiB, respectively. Both the quadrupole potential, and the magnetic 
field B depend on the square of the axial coordinate. Thus the axial oscillation 
remains harmonic. The frequency, however, depends on the sign of /r, determined 
by the direction of the spin. We have designed the nickel ring electrode in such a 
way that the difference in the axial frequency for both spin directions is 0.7 Hz in 
a total frequency of 364 kHz |H|. Fig. Q shows an example of the slight difference 
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axial frequency - 364 423.07 [Hz] 



Fig. 7. Axial signal for two different spin directions of a single ion. The averaging 

time was 1 min 



in the axial oscillation frequency for the two spin directions. The averaging time 
here was 1 min. A continuous measurement of the spin direction via the axial os- 
cillation frequency is shown in Fig. 0 The example is taken with high amplitude 
of the microwave field and its frequency close to the Larmor resonance. 

4 Results 

In order to obtain a Larmor resonance line we have to vary the frequency of the 
microwave field and count the number of spin flips per unit time. In order to avoid 
saturation effects the microwave field amplitude was kept low. The resonance 
curve obtained in the described manner is rather asymmetric. The lineshape can 
be described using the known spatial configuration of the magnetic field and a 
thermal distribution of the axial energy. A least squares fit to the data points as 
shown in Fig. 0 leads to a fractional uncertainty of about 10“® and the g factor 
can be quoted with the same error [5]. 

A substantial improvement was obtained when we separated spatially the 
detection of the spin direction from the place where spin flips are induced. This 
was achieved by a transfer of the ion from the analysis trap to the precision 
trap. The potential minimum in which the ion was kept is moved by adiabatic 
change of the storage voltages at the trap electrodes. While in the analysis trap 
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Fig. 8. Induced quantum jumps between the two spin directions of the electron bound 
in At each measurement point first the ion is irradiated by microwaves and then 

the axial frequency of the ion is measured 




Larmor-frequency - 103 958 [MHz] 



Fig. 9. This Larmor spectrum was measured in the analysis trap by resonant excitation 
(at 104 GHz) of the transition between the two spin states (spin up and down) of 
the bound electron. The asymmetric line shape of the resonance curve is due to the 
strong magnetic inhomogeneity in the analysis trap in combination with the thermal 
Boltzmann distribution of the ion’s axial oscillation amplitude 
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the magnetic field is inhomogeneous as required for analysis of the spin direction 
the field is homogeneous in the precision trap and the Larmor and cyclotron 
frequency are defined very precisely. Since the axial oscillation frequency may 
not be exactly the same after an ion transfer back and forth an additional spin 
flip was induced in the analysis trap to make sure what the spin direction was 
before and after the transfer. As a consequence of this spatial separation the 
resonance line became much narrower and more symmetric. 

A second improvement was that we measured the cyclotron frequency in 
the precision trap simultaneously with the Larmor frequency. This reduces to 
a large extent possible errors induced by a temporal variation of the magnetic 
field which occurs in superconducting solenoids typically at a level of 10“® per 
hour. In the final experiment we measure the rate of spin flips at different ratios 
of the Larmor- and cyclotron field frequencies. An example is shown in Fig. I I 1 )L 
The linewidth is of the order of 10“® and the g factor can be determined with a 
statistical uncertainty below 1 ppb P3|. 




g- 2.001 041 597 [10 ’] 



Fig. 10. Example of a Larmor resonance in the precision trap. Here the spin flip prob- 
ability is plotted versus the ratio g = 2a;^/aJc of the microwave excitation frequency 
and the electron’s free space cyclotron frequency uj %. This is convenient because 
this ratio is independent of the magnetic field 



We have to account for a number of possible systematic shifts of the reso- 
nance. The largest arises from the fact that the cyclotron energy has to be of the 
order of a few eV to obtain a sufficiently strong signal from the induced voltage 
in the ring electrode. Since we have a small residual magnetic field inhomogene- 
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Table 2. Systematic errors of the gj determination which are considered. All uncer- 
tainties are given in relative units 



asymmetry of resonance 


2 X 10“^° 


measurement of cyclotron energy 


2 X 10““ 


electric field imperfections 


1 X 10“^° 


magnetron energy 


1 X 10““ 


relativistic corrections 


1 X 10““ 


shift by standing microwave field 


< 10““ 


stability of quartz oscillators 


1 X 10““ 


grounding of apparatus 


4 X 10““ 


interaction with image charges 


3 X 10““ 


saturation of spin-flip transition 


5 X 10““ 


spectral purity of microwaves 


5 X 10““ 


cavity QED shifts 


« 10““ 


damping of ion motion 


« 10““ 


total (quadrature sum) 


3 X 10““ 



ity even in the precision trap a finite cyclotron energy leads to a shift in the 
frequency. To account for that shift we have measured the g factor at different 
excitation amplitudes and extrapolated to zero energy. Remaining shifts such as 
electric field imperfections or relativistic shifts are small. The inhomogeneity of 
the magnetic field also leads to a slight asymmetry of the line because of ther- 
mal fluctuations in the axial energy. This is taken into account by a line shape 
formula which is a convolution of a Gaussian and a Boltzmann distribution. The 
difference in g factors between a symmetric and an asymmetric line shape fit 
is taken as the uncertainty. Table 0 gives an account of the uncertainties taken 
into consideration. 

Our final result for the g factor of the electron bound in C®’*' is m 

g = 2.001 041 596 4 (8) (6) (44) . (8) 

The quoted error bars arise from statistical and systematical uncertainties and 
the uncertainty of the ratio of the cyclotron frequencies of the electron 

and the ^^C®“'"-ion (electron mass), respectively. 

The experimental value is in agreement with the present result of the theo- 
retical calculation as quoted in section 2. It confirms the QED calculations of the 
order o/tt on the 1 % level. It is also sensitive to the nuclear recoil correction. 



5 Future Prospects 

It seems likely that improvements on the experimental as well as on the theoret- 
ical side will happen in the near future. Experimentally the width of the g factor 
resonance as shown in Fig. can be explained by the residual inhomogeneity of 
the magnetic field in the precision trap where spin flips take place. It is caused 



216 



G. Werth et al. 



by the nickel ring electrode in the analysis trap at a distance of 2 cm. A new 
trap with larger distance between the two traps will reduce this limitation in 
linewidth. At the same time additional shimming coils in the superconducting 
solenoid may be used to eliminate further the field inhomogeneity at the preci- 
sion trap. The effect of these improvements would be a narrower linewidth as 
well as a reduction of the influence of the finite cyclotron energy on the g value 
which at present represents the largest part of the systematic error. We expect 
an overall improvement by about one order of magnitude. 

It should be noted that the technique of g factor measurements described 
above is applicable to any Hydrogen-like ion with zero nuclear spin provided the 
ion can be produced and injected into the trap. The Larmor frequency varies 
for all those ions throughout the periodic systems by at most 15 % (Fig. GJ- 
The axial oscillation frequency depends on which is of the same order of 

magnitude for all Hydrogen-like ions. The fractional change in axial frequency 
upon a spin flip, however, scales inversely to the mass of the ion. Thus a stronger 
inhomogeneity of the magnetic bottle field is required for spin flip detection, 
when working with high .Z-ions. This may represent a technical difficulty. It can, 
however, partially be compensated by longer averaging times. 

On the theoretical side improvements are likely as well. Although the bound 
state QED calculations are much more difficult than those for the free electron 
and a complete evaluation of all contributions to the order (a/Tr)^ is rather 
tedious it may be possible to evaluate at least some of the leading terms of that 
order in the near future Hama. This would reduce the uncertainty in the 
estimate of the remaining contributions. It may even not be necessary to evaluate 
the complete higher order contribution. As pointed out by S. Karshenboim the 
general structure of these terms may be known without explicit knowledge of 
the corresponding numerical value of the (o/tt)^ coefficient ca. Measurements 
of the g factors of different low-Z Hydrogen- like ions allows to determine this 
coefficient experimentally. 

Anticipating improvements on the experimental and theoretical side a num- 
ber of interesting possibilities for future experiments arise: 

5.1 Electron Mass 

As seen from Eq. 8 the uncertainty of the electron mass in atomic units is the 
largest part of the total experimental uncertainty. If we take the theoretical 
value for the g factor in C®’*' (Eq. OJ for granted we can determine a value of the 
electron mass from our experimental g factor: 

TOe = 0.000 548 579 912 8 (3) (15) u . (9) 

The first error comes from the experimental uncertainty of our g factor measure- 
ment and the second represents the uncertainty of the theoretical calculations. 
Our value is in agreement with that determined directly by comparison of the 
electrons cyclotron frequency to that of a nucleus in a Penning trap by van 
Dyck and coworkers m- It gives 

me = 0.000 548 579 911 1 (12) u (10) 



The g Factor of Hydrogenic Ions: A Test of Bound State QED 



217 



It is evident that any improvement in the theoretical calculation will lead to a 
new and more precise value of the electron mas. This is particularly the case when 
working with low-Z ions such as He+, Li^+, Be^^ fS|) since the uncalculated 
higher order QED terms have here only a small influence on the g factor and 
the uncertainty of the lower order calculation is small. 



5.2 Fine Structure Constant 



Once the electrons mass is known to a better accuracy it may be possible to 
derive a new value for the fine structure constant a from g factor measurements. 
The leading bound state correction to the g factor is the Breit term (Eq. EJ. 
From that we deduce 



Sa 1 Sg 
a {Za)"^ g 



( 11 ) 



Thus for a determination of a from a g factor measurement it would be desirable 
to choose an ion where Z is sufficiently high to get a small uncertainty in a but 
the influence of higher order QED contributions is not too large. seems 

to be a good choice. If we assume the same experimental accuracy on that ion 
as presently obtained in 0®“*" we would obtain a fractional uncertainty in a of 
8 • 10“®. This is comparable to other present determinations of a from Quantum 
Hall or Josephson effect. The envisaged improvement in the experimental g factor 
by one order of magnitude would make the a determination competitive with 
that extracted from the g factor of the free electron. 



5.3 Electron Binding Energies 

As seen from Fig. the cyclotron frequency of a stored ion in the precision 
trap has a full width of about 10“®. The center frequency can be conservately 
determined to 10“^°. Provided the magnetic held is stable in time at the same 
level, the cyclotron frequencies and consequently the masses of different charge 
states can be compared very precisely. 

The mass Mi of an ion in a charge state i is composed of the mass of the 
bare nucleus M^uc, the mass of the electrons {Z — i) me and the negative binding 
energy Eq. Two ions of charge state i and i — 1 differ by the binding energy 
Eg of the outermost electron and its mass. Thus from a comparison of the 
corresponding two cyclotron frequencies we can determine E^: 

_ Qi M^C^ - meC^ - E^ 

^c,2— 1 Qi—1 MiC^ 

A precision of the order of in the cyclotron frequency corresponds to a mass 
uncertainty of about 1 eV for low-Z ions and 10-20 eV for high Z. The binding 
energies range from a few eV to several keV. They can be calculated including 
correlation energies between the electrons due to their Coulomb interaction and 
their magnetic interaction (Breit interaction) and radiative QED effects (self- 
energy and vacuum polarization) E0| • The differences in the values of Eg using 
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different theoretical approaches are typically of the order of 10 - 20 eV m- 
For light elements such as Carbon the experimental uncertainty will be well 
below that number while for higher Z values one would expect the same order of 
magnitude in the uncertainty. In any case the comparison of cyclotron frequencies 
of different charge states of an element provides a very good tool to test atomic 
binding energy calculations. 



5.4 Nuclear Magnetic Moments 

When using odd isotopes of an element having non-zero nuclear spin we have to 
take the hyperfine interaction into account. In the presence of a magnetic field 
the corresponding energy levels for Hydrogen-like ions are shifted according to 
the Breit-Rabi formula m- From transition frequencies between different mp 
Zeeman substates one can derive electronic as well as nuclear g factors. While 
induced electronic spin transitions can be detected in the manner described 
above for even isotopes, a nuclear spin transition can be observed in a double 
resonance experiment: The transition rate for an electronic spin flip, induced 
between F = l,mp = 0 and F = 1,tof = — 1 changes, when a radiofrequency 
transition between the F = l,mp = 0 and F = l,mp = -|-1, corresponding 
to a nuclear spin flip, is driven (Fig. 11111 . A practical requirement for such a 




nij=+l/2, m=+l/2 
m ,=+1/2, m,=-l/2 



mj=-l/2, m =-1/2 



m,=-l/2, m,=l/2 



Magnetic field [T] 



Fig. 11. Breit-Rabi diagram for 



measurement is that the lifetime of the hyperfine structure levels is at least a 
few minutes. This is the case only for low-Z ions approximately up to ^ = 20. 
For higher Z we would have to measure the gp value of the lower hyperfine level 
and extract the gi factor with the corresponding gj factor taken from an even 
isotope as an additional input to the Breit-Rabi formula. 

The knowledge of nuclear moments from Hydrogen-like ions would allow to 
determine experimentally the shielding of the outer magnetic field by the elec- 
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tron cloud in a multi-electron system (diamagnetic correction). This correction 
is typically of the order of 10““^ — 10“® but can for heavy atoms be as large 
as 10“^ |21- So far the diamagnetic correction has to be calculated since no 
measurement on bare nuclei or Hydrogen-like systems are available for compari- 
son. Measurements on Hydrogen-like ions may also contribute to the solution of 
a problem appearing in recent hyperfine structure measurements on Hydrogen- 
like and Pb®^“*': The measured ground state hyperfine separation disagrees 
with theoretical calculations, possibly because of incorrect values of the nuclear 
magnetic moments, which are taken from NMR measurements E2EH1. 

Also it would be possible to determine experimentally the influence of the 
electron shell to the nuclear wave function (nuclear polarizability). The IS- 
electrons in heavy atoms admix excited states to the ground state of the nucleus 
in the order of 10“^ I2H- This leads additionally to the diamagnetic shielding to 
observable differences in the order of 10“^ of the nuclear magnetic moments for 
different charge states. 



5.5 Lithium- like Ions 

Advances in high precision variational techniques allow to determine essentially 
exact solutions of relativistic energy eigenvalues for few-electron systems. Ra- 
diative corrections can also be taken into account. This has led to good agree- 
ment between experimental and theoretical values of Lamb shifts in Lithium-like 
systems where QED contributions are tested at the 0.2% level m- No corre- 
sponding calculations for the g factor of the unpaired electron exist so far to 
our knowledge. Measurements on Lithium-like ions at a similar level of accuracy 
as in Hydrogen-like ions are possible using the present setup in our laboratory 
and might stimulate calculations testing our understanding of correlation effects 
between the electrons. 
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Abstract. The Coulomb interaction which occurs in the final state between two par- 
ticles with opposite charges allows for creation of the bound state of these particles. In 
the case when particles are generated with large momentum in lab frame, the Lorentz 
factors of the bound state will also be much larger than one. The relativistic velocity 
of the atoms provides the oppotrunity to observe bound states of (7r"'"/r“), (7r"'"7r“) 
and K~) with a lifetime as short as 10“^® s, and to measure their parameters. The 
ultrarelativistic positronium atoms (A 2 e) allow us to observe the effect of superpene- 
tration in matter, to study the effects caused by the formation time of A 2 e from virtual 
e^e“ pairs and to investigate the process of transformation of two virtual particles into 
the bound state. 

1 Introduction 

In all processes, when there are two free particles a"*" and b“ in the final state, 
there is also some probability that the bound state of these particle, 4lab, will 
also be present. 

The mechanism of Aab creation is the Coulomb interaction in the final state 
(between a"^ and b“), formatting from two virtual particles a"*" and b“, the 
bound state Aab (Fig. [Q. This mechanism, in principle, allows for creation of 
all types of bound states and if a’*' and b“ are relativistic particles, then Aab 
will also be relativistic. For ultra-relativistic atoms, there are effects caused by 
final time of atom formation and new phenomena during atom interaction with 
matter. High value of the Lorentz factors of atoms also allows for the detection 
new short lived bound states A 2 -n and At^k, consisting accordingly from 

pr), (7T'''7r“) and mesons and to measure their parameters. 

Presented in this review are those processes which are connected with ob- 
served relativistic atoms. The decay 




( 1 ) 



P 




Fig. 1. Formation of the Tab bound state of two charged particles a^ and b due to 
the Coulomb interaction in the final state 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 223—245, 2001. 
(c) Springer- Verlag Berlin Heidelberg 2001 
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which is a source of the relativistic Q is described in section 0 This decay 
and the relativistic were observed in 1976 by M. Schwartz and collaborators 
0 and the probability (1) was measured |3- The measurement of the energy 
difference between 2Pi/2 and 2S'i/2 At^j. levels gives the value of the pion charge 
radius. 

In section 0 the decay 

7T° ^ 7 + positronium , (2) 



which is a source of the ultra-relativistic positronia 0 is described. Decay (2) and 
ultra-relativistic positronium (4l2e) with Lorentz factors 800 < 7 < 2000 were 
observed in 1984 |n| . The measurement of the probability (2) and the cross section 
for interaction of ultra-relativistic A 2 e with carbon were made accordingly in 0 

and jZj. 

At high values of Lorentz factors the probability of passage of an atom 
through a layer of matter becomes greater than the one that follows from the 
usual exponential dependence. This phenomenon was predicted in |H| and was 
given the name “superpenetration” . The quantitative theory of superpenetration 
was developed in |9il()lll| . For ultrarelativistic A2e, the time of formation from 
the virtual electron-positron pair is strongly dependent on the thickness of the 
target |T^. 

Taking into account the time of formation A2e from the virtual electron- 
positron pair for ultrarelativistic A2e changes very strongly the effective value of 
the thickness of target for A2e production H21. 

This effect allows for production relatively intense beams of ultrarelativistic 
positronium by photons with energy within 10-100 GeV. 

Section El describes the atoms consisting of tt’*' and mesons {A 2 Tf) and 
experiments involving their detection and lifetime measurement. The lifetime of 
A 2 tt is determined by the charge-exchange process 



7T'''7r 



7T 7T 



(3) 



at the threshold and connects with a precise relationship |1:1I14I15I16I17| to 
pion-pion scattering lengths in S'-state with isotope spin 0 and 2 (oq, 02). The 
measurement of the lifetime of A 2 tt allows one to determine the difference 1 00—02] 
in a model independent way. 

These parameters can be evaluated using effective Lagrangian and Chiral Per- 
turbation Theory 11811912(1211221 which is mathematically equivalent to QCD 
j1 9121 j . At present time, the value oq — 02 has been determined within 2% m- 
The QCD Lagrangian and effective Lagrangians are determined by Lorentz in- 
variance, P and C-invariance and by the chiral symmetry. For this reason, the 
measurement of joo — 02] provides an opportunity to check our understanding of 
the chiral symmetry breaking of QCD. 

Many years ago it was assumed |24t2,'Tj that the spontaneous breaking of chiral 
symmetry is due to a strong condensation of quark-antiquark pairs in vacuum. 
A scenario alternative to the standard case - with a weak quark condensation 
- was also considered |26l2VI28tj9| and the values of ao, 02 were obtained. The 
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Fig. 2. decay with production of three free particles (left) and the same decay with 
formation of the bound state due to the Coulomb interaction (right) 



measurement of oq — 02 provides the possibility for one to make some conclusions 
about the value of the quark condensate. 

The method for A 2 tt observation and the lifetime measurement were proposed 
in 1^. In 1994 ^ 2-77 were observed and a lower limit estimation of their lifetime 
was given PE2!. In 1999 the detection of A 2 tt was performed in the DIRAC 
experiment at CERN and the measurement of ag — 02 with 5% precision is 
planned for 2002-2003. Also present in section0is brief information about atoms, 
consisting of 7r+ and K~ (A^^k) f30i33j and A 2 t^ production in the decays ^5- 



2 Atoms consisting of tt and n mesons 

Investigation of atoms consisting of tt and /i mesons (A,r/r), in principle, allows 
one to obtain the pion charge radius in a model independent way. 



2.1 properties 



The basic properties of At^^ are calculable with the formalism used to describe 
the hydrogen atom. The reduced mass of the system is 60.2MeV/c, its Bohr 
radius is 4.5 • 10“^^ cm, and the binding energy of the lS' 1/2 state is 1.6 keV. 
These atoms are produced in the decay (1) of mesons (Fig.|2I). 

The branching ratio 



R = 



Kl- 



TT + H + V 



( 4 ) 



was calculated in P33S|. Corrections to (4) taking into account the effects of the 
finite size of the pion (0.4%), vacuum polarization (0.2%) and the first order 
relativistic correction to the atomic wave function were obtained in j36) . The 
final value of R is 



R= (4.31 ±0.08) • lO"’^ . 



( 5 ) 



The value R is proportional to the square of the A^^fj, wave function at small 
distances and so an anomaly in its value may be indicative of an anomaly in the 
7rp,-interaction |21'I5| . The difference between the energy of the 2Pi/2 and 2S'i/2 
states (Lamb shift) neglecting pion size corrections is AE = 79.45 • 10“^ eV. 

The finite size of the pion gives an additional 0.5 to 1.0 • 10“^ eV, |3ZIS3SSE3| 
which means that a measurement of the ^P\j 2 ~ 2 S'i /2 splitting could provide 
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Fig. 3. Experimental arrangement for observation of the decay ^ + u 



an independent measurement of the pion charge radius m- By passage of the 
through a magnetic field with Lorentz factor 7 > 10 the 2S state should be 
depopulated through electric field mixing with 2P states and consequent decay 
to the IS” state. The extent of this depopulation will be highly dependent upon 
the vacuum polarization shift of 2S states relative to the 2P states and may if 
measured with some accuracy, lead to a determination of the pion charge radius. 



2.2 Observation of 



Atoms consisting of a negative (or positive) pion and a positive (or negative) 
muon were observed in |5| . In this experiment the 30 GeV proton beam strikes 
a 10 cm beryllium target (Fig.|^. A 4 ft steel collimator prevents any direct line 
of sight from the detector system to the target. This is to prevent background 
particles, in particular AT£’s, from approaching the neighbourhood of detectors. 
Those AT£’s which decay within the “decay region” give rise to decay products 
which travel down the channel. In order to remove charged particles there were 
two magnets along this channel. After these magnets, the beam consists of 7 
rays, highly energetic pions and muons and occasional atoms. The momentum 
spectrum of the atoms coming down the channel has no appreciable contribution 
above 5GeV/c. To make the atoms detection possible thin aluminium foils {I = 
0.030 in. and 0.250 in) were interposed just before the end of the vacuum channel. 
After atom ionization, the uncoupled pion and muon exit from the foil at the 
same velocity with small opening angle. The analyzing magnet separated the 
pion and muon in the vertical plane, and the set of detectors measured the 
momentum of the particles and identified their type. 

After the introduction of a set of criteria, 33 events were found. For each of 
these events the parameter 



a = 



Ptt - Pfi 
Ptt + Pfl 



( 6 ) 



was plotted, where P^^, Pfi are the pion and muon momentum. The apparatus 
acceptance was fiat in the region 0.4 < a < —0.4. Hence, any bump in this plot 
would indicate a strong correlation between pion and muon momenta. 

For the particles from breaking a = 0.14. The data shows a clear peak at 
the predicted point (Fig. Ela)) containing a total of 21 events with an estimated 
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Fig. 4. (a) Plot of parameter a, indicating the first detection of yr/r-atoms; (b) the 
same plot obtained in the experiment on measurement of the formation rate in 
A£ decay 



background of three events. It was the first observation of atoms, created by 
Coulomb interaction in the final state, and consisting of two unstable particles. 

2.3 Measurement of the formation rate in decay 

To perform the experiment im an intense beam of high-energy AT£ was con- 
structed at Fermilab. After the 400GeV/c proton beam struck a beryllium tar- 
get, a series of collimators and magnets defined the beam and swept charged 
particles from the flux of secondaries emerging in the forward direction (Fig.l^I). 
The average AT£ momentum was about 75GeV/c, and typical intensities were 
about 10^ K^’s and 10® neutrons per accelerator pulse. The setup detected the 
pions and muons from the decay 

K° ^ TT + (7) 

and pions and muons from the breaking through the aluminium foils that 
had a thickness of I = 0.020 in and I = 0.035 in. In order to distinguish pions 
and muons from decay (7) and from the dissociation (atomic pairs) a hor- 
izontal magnetic field prior to the foil was introduced. This magnet caused the 
charged particles from (7) to have vertically separated trajectories but neutral 
objects, such as and photons passed through this magnet unperturbed. The 
first magnet installed after the aluminium foil separated the particles horizon- 
tally, and the second magnet (analyzing magnet) restored the parallelism of the 
particles trajectories, simplifying the trigger organization. 

The analyzing magnet in conjunction with the multi-wire proportional cham- 
ber planes, was used to measure the momenta of charged particles. The shower 
counters and scintillation counters, installed after the iron absorbers, identified 
electrons and muons accordingly. After the introduction of a set of criteria, 320 
examples of the decay (1) were observed. By imposing more strict criteria, from 
this number, 163 events were selected P]. 

The distribution of these events on the parameter L is presented on Fig. Elb). 
Using these events the R value was measured 

R= (3.90 ±0.39) • 10"^ . 



( 8 ) 
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Fig. 5. Plan of the detection apparatus for measurement of the formation rate in 
K% decay 



For obtaining (8) it was assumed that the lifetime is determined by the pion 
and muon lifetimes. 

This number is in agreement with the theoretical prediction calculated on the 
assumption that the interaction between the muon and the pion is the Coulomb 
interaction: i?exp/.Rth = 0.905 ± 0.091 

3 Ultrarelativistic positronium atoms (A^e) 

The ultrarelativistic A 2 e allows one to observe the new effects concerning the 
positronium interactions with matter and the final value of the formation time 
of an atom from an e“'"e“-pair. 



3.1 Source of the ultrarelativistic A 2 e and their quantum numbers 



At present, the ultrarelativistic A 2 e have been only observed in the process in 
which a time-like photon 7 is converted into a bound state of the electron and 
positron (Fig. EUc)). If in the radiative process (Fig. El^a)) where a, b are the 
particles and 7 is the photon 

a ^ b -I- 7 . (9) 

The 7 energy is much greater than the positronium mass, and the branching 
ratio for the atomic decay 

a — > b -t“ A 2 e (10) 



is almost independent of the masses and kinds of particles a, b and is equal to 



m 



W (a — ^ b + A 2 e) 
^ TT(a^b-k7) 



= 0.30 = 0.84- 10"® 



( 11 ) 



The radiative correction for the value of has been calculated m- 

The main source of ultrarelativistic A 2 e from proton accelerators is the 
decay : 



7 + ^2e 



( 12 ) 
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Fig. 6. Diagrams describing the radiative decay (a), the decay with a free e"'"e -pair 
in the final state (b) and conversion of a time-like photon to the positronium 



with probability = 2pj^ = 1.69- 10“®. The intensity of relativistic positronium 
beams for high energy proton accelerators with internal beam energies of 13 -b 
5000 GeV, and emission angles in the lab frame in the range from 0° to 15°, was 
calculated in m- 

The probability of (12) is proportional to the square of the atom wave func- 
tion at small separations |<f'( 0 )p and the charged parity of A 2 e must coincide 
with the charged parity of the virtual photon. Thus the A. 2 e quantum numbers 
from ( 12 ) are ^ 



^ = 0 , s = 1 , and Wn ^ 1/n^ , (13) 

where I, and s are the atom orbital angular momentum and spin and Wn the 
probability of A 2 e production with principal quantum number n. In the trans- 
verse magnetic field moving A 2 e disintegrate if the electric field strength in the 
A 2 e rest system is more than a threshold value. [44) . 

Positronium in the ground state and first exited state (n = 2) can exist if his 
Lorentz factor 7 , velocity v {P = v/c) and the strength H of the magnetic field 
in the lab frame satisfy the inequality 

PjH < 1.4 • 10® Oe (for n = 1) , p-fH < 1.13 • 10"^ Oe (for n = 2) . (14) 

If a positronium beam with s = 1 passes through a magnetic field with a strength 
satisfying condition (14) the probability of A 2 e dissociation is very small. The 
atom wave function in the magnetic field will be a superposition of the A 2 e wave 
functions in the singlet (short-lived) and triplet (long-lived) state. If beyond the 
magnet there is a decay gap, then the positronium beam intensity will oscillate as 
a function of the values of H, 7 and the magnet length I because the probability 
of observing an atom beyond the magnet in the short-lived or long-lived state 
depends on H, 7 and I ig. 

3.2 Superpenetration of ultrarelativistic atoms 

On moving into the field of an atom, relativistic positronium can break up or be 
excited. The probabilities of these processes were calculated in |[^. The total 
cross section for the interaction of relativistic A 2 e with an atom, dtot) was also 
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Fig. 7. Positronium in the ground state with the wave function 'P enters a target and 
interacts at point 1 with an atom of the target. After the interaction, a non-stationary 
(e”*'e“) state with the wave function <Pi moves in the target and interacts at point 2 
with another atom creating a new non-stationary state ^ 2 - After the last interaction, 
a non-stationary (e”'"e“ )-system moves to the vacuum and transforms into a set of 
stationary states: ground and exited states of A 2 b and free (e"'"e“)-pairs 



calculated in m It is practically independent of A 2 e energy for 7 > 10 and is 
satisfactorily described by the formula 

O' tot = 0.94 • 10“^®cm^/atom , (15) 

where Z is the atom charge. 

For the exponential absorption law the characteristic thickness A within 
which the positronium beam intensity is reduced by a factor e has the following 
values for carbon, molybdenum and platinum 

Ac = 0.14pm, Amo = 1-9 • 10“^ pm , and Apt = 7 • 10“^ pm . (16) 

But at high 7 factors there is a qualitative change in the nature of the atom 
interaction with condensed matter. In [H| attention was given to the fact that at 
sufficiently high values of 7 the time t of passage of A 2 e across the target can 
become smaller than the characteristic atomic time in the lab frame: 

f < 7'To , (17) 

where tq is atomic unity of time and for A 2 e equals tq = 4.8 • 10“^^ s. Let the 
thickness of the carbon film be L = lOAc = 1.4 pm and hence t = 5-10“^® s. Then 
(17) will be satisfied at 7 > 10^. For these conditions, the wave function which 
describes e“'"e“ in matter will change only under the influence of interactions 
with the atoms of the absorber. The interaction between the particles of the 
e+e” system leaves the state of the system practically unchanged in a time t 
(Fig.d). 

In this case the probability of the passage of an atom through a layer of 
matter becomes greater than the one that follows from the usual exponential 
dependence. This phenomenon, superpenetration of ultrarelativistic A 2 e, allows 
for measurement of the time of conversion of a non-stationary state of e“'"e“, 
formed in the target, to stationary states and to verify the form of the Lorentz 
transformations for the time 0. The theory of superpenetration has been formu- 
lated in PEnni-A quantitative calculation shows that even for a film thickness 
L — 2.5A the deviation from an exponential absorption law reaches 100%. 
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3.3 Time-of-formation effects in production of ultrarelativistic A 2 e 



In addition to the process (2), positronium can also be generated by photons 
interacting with matter 



lEI SEIEfS ERl 



7 + Az — > A2e + Az ■ (18) 

The cross section for photo-production of positronium on an atom can be 
satisfactorily approximated by 

cr = 0.57^^ ®® • 10“^^ cm^/atom . (19) 

It follows from (15), (19) and the exponential absorption of A 2 e in the medium 
that the total probability of the atom formation and of the atom escape from a 
target of thickness I = A per one photon is 

Wc = 1.1 • IQ-i® , Wmo = 4.1 • IQ-i® , and Wpt = 5.5 • IQ-^® . (20) 

The atoms yield is not significantly affected by an increase in the target thickness 
and takes into account the superpenetration of ultrarelativistic A 2 e- 

In [It 2 ^ the effect of the A 2 e formation time on the probability of positronium 
production and observation was investigated. As they interact with atoms, pho- 
tons also generate (e“*'e“) pairs of positive energy. To distinguish with « 50% 
probability between A 2 e with principal quantum number n and a (e“'"e“) pair of 
positive energy, we have to measure within the center of mass system (c.m.s.) of 
the pair, the total energy of the particles with a precision equal to the positron- 
ium binding energy The uncertainty relation of energy and time then shows 
that the required precision will be achieved only if the measurement is made in 
a time tr, , which is given by 

tn h/Er, . (21) 

The time t (time of A 2 e formation) is measured in the c.m.s. of the pair from 
the time of its creation. For 7 = 10000 and n = 1, the value of time of A 2 e 
formation in the lab frame is ti = 10“^^ s. During this time the (e+e”) pair will 
pass the macro-distance Li = 300 pm in lab frame. At a distance I « 10 pm there 
are no A 2 e and (e“''e“) pairs with positive energy. We only have a continuum 
of (e''"e“) pairs with an uncertainty in their c.m.s. energy and with a wide 
distribution on the relative momentum in their c.m.s. By moving through the 
target matters, this continuum smears in the momentum and coordinate space 
only by interacting with matter, because the inequality (17) is fulfilled and the 
interaction between (e“*'e“) does not change the state of the pair. After the 
target, the electro-magnetic interaction between e“'"and e“ begins to form A 2 e 
primarily from the (e“'"e“) pairs with k ~ ks, and r ~ tb, where ks, tb are 
the A 2 e Bohr momentum and Bohr radius and r - the distance between e"*", e“ 
in their c.m.s. The probability to obtain pairs with k kB, and r ~ tb, after 
the target is relatively high because some of the pairs with k > kB will come 
to the region k kB but the coordinate separation for this pair will be more 
than Tb and will depend on the photon energy Ej. The calculation of the target 
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Fig. 8. Photon energy E-y and platinum thickness that reduce the probability of A2e 
escape by a factor e (solid curve); the photon energy is shown on the left. The dashed 
curve shows the corresponding result for carbon; the photon energy is shown on the 
right 



thickness that reduces the probability of A 2 e escape by a factor e as a function 
of is presented in Fig 0 For Pt target and ~ 10 GeV this thickness is 
two orders more than Apt from (15) and this value will increase with Ej 

m- 

3.4 Observation of ultrarelativistic positronium and measurement 
of the branching ratio for the 7r°-mesons decay into a photon 
and A 2 e- 

The experiments m were performed on the U-70 accelerator, using the setup, 
shown in Fig. El A target in the form of a carbon film of thickness 0.5 and 
0.35 pm was placed in the internal 70 GeV energy proton beam. The main source 
of ultrarelativistic A 2 e was the decay (2). The positronium entered a channel 
located at an angle of 8.4° with respect to the proton beam and connected to 
the vacuum chamber of the accelerator without diaphragms. The channel length 
was 40 meters and the solid angle was 2.6 • 10“® sr. The channel was terminated 
by a vacuum chamber placed in the gap of the magnet MP. Along the channel at 
a distance of ~23 m a horizontal homogeneous magnetic field of 56 Oe strength 
was applied. This field extracted charged particles with momenta p < 3GeV/c 
from the beam. The A 2 e in the ground state with momenta p < 2.5 GeV / c passed 
this weak magnetic field without dissociation and broke into an e“'"e“ pair with 
equal momenta in the strong field of the spectrometer magnet |45| . The e"*" 
and e“ passed the thin aluminium exit window of the vacuum chamber and 
were detected by two telescopes consisting of drift chambers (DG), scintillation 
counters (S) and gas Gherenkov counter (C) for e+, e“ identification. The setup 
detected the A 2 e with 800 < 7 < 2000. 
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Fig. 9. Experimental setup for observation of ultrarelativistic A2e'- a) - channel scheme: 
p - internal proton beam, T - film target , F - polyester film, CL - collimators, H - 
horizontal magnetic field, C - plexiglas converter; b) - magnet and detectors: MP - poles 
of spectrometer magnet, VC - vacuum chamber, DCl, DC2 and DCS - drift chambers, 
SI and S2 - scintillation counters, C - gas Cherenkov counters 



Since there were no coordinate detectors in front of the spectrometer mag- 
net, for determination of the momenta it was assumed that the particles were 
produced in the carbon target. In this case, using the magnetic field map and 
coordinate information from DC it is possible to obtain the momenta of e"*" and 
e“ and their coordinates before the magnet. After tracks construction and in- 
troduction of the requirement on the small distance between e"*" and e“ before 
magnet (Ax < 9 mm, Ay < 3.4 mm) and the condition that the y projection for 
each track has to point at the target, ~3800 events were obtained. The distri- 
bution of these events on the parameter e = In Pg+ /Pe- is given in Fig. [n3 In 
this distribution there is a narrow peak in the e = 0 region with a total width 
^exp = 2.4% in agreement with the instrumentation resolution zicaic = 2.3%. 
The number of A 2 e obtained from the analysis of this distribution and the value 
of are 0 



= 185 ± 30 , and = (1 -F 2) • 10"® . (22) 

The photon and positronium energy spectra are practically the same in any 
processes with if 7 ^ me- Therefore the measurement the A 2 e to photons ratio 
at the same momentum and for the same angles range allows one to determine 
the Pa value and hence the branching ratio for decay (12). The measurement 
was performed on the same setup measuring the number of A 2 e and the number 
of photons with the same momenta. 

During the run, the «0.6 mm (1.8 • 10“^ radiation length) plexiglass converter 
(C) was periodically inserted in the channel before the spectrometric magnet. 
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Fig. 10. Distribution of e pairs over In P^+ / P^- . The narrow peak at e = 0 is the 
A 2 e signal 



The photon flux and the energy distribution were determined using the (e“'"e“)- 
pairs produced in this converter. Using the procedure of data process described 
above 277 ± 40 A 2 e were identifled. 

Some of the produced positronia were broken up by interaction in the target 
matter. Taking into account the positronium formation time one finds that ei = 
(99.2 ± 0.4)% of the atoms leave the target (note, that if the formation time 
is neglected, this value would decrease by 17%). When atoms pass the cleaning 
magnetic held, oscillations occur between the singlet and triplet state Some 
of the positronia annihilate because the singlet state decay length is comparable 
with the channel length. Due to this only £2 = (89.3 ± 0.8)% of the atoms 
reach the spectrometric magnet. Only ^ 2 e in the ground state pass the cleaning 
magnetic held. The number of ^ 2 e in the ground state is 83% from the full 
number of positronia. The final values of and obtained in jE| are 

Pa = (0.92 ± 0.14) • 10"® and p^ = (1.84 ± 0.29) • 10"® . (23) 

These values are in good agreement with theoretical calculation. 

3.5 Measurement of the total cross section for interaction of 
ultrarelativistic positronium atoms with carbon. 

The study of the passage of relativistic atoms through matter, permits the inves- 
tigation of the mechanism of interaction of compound systems at high energies. 
At present, the theory [5115 Ij gives a simple energy dependence of the interaction 
cross sections : 

a*(r) = ao.//3' = ao.7"(7'-l)”\ (24) 

where (3 is the velocity of the incident atom in the lab frame, T is its kinetic 
energy, o'i{T) is the total cross section or the cross section of any possible channel 
of interaction and cjoi is the asymptotic value of the corresponding cross section. 
The experimental data on atom-atom collisions has been limited to the value of 
7 « 1.2. With this 7 the cross section for hydrogen interaction with matter is 
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still about three times greater than the asymptotic value. In the experiment 0 
the asymptotic value of the total cross section for positronium interactions with 
carbon atoms was measured. The setup used in this experiment is described in 
section O To obtain data related to the interaction of relativistic positronium 
with matter in the initial part of the channel, at 2.2 meters from the target, 
and before the cleaning magnet, a device for installing a 0.1 pm (21 ± 1 pg/cm^) 
thickness carbon film was placed in the beam. After interaction with carbon 
atoms, A 2 e could be ionized or excited. In the first case e"*" and e“ were removed 
from the channel by the cleaning magnet. In the second case, all excited A 2 e 
with 7 > 230 were dissociated at the beginning of the cleaning magnet (14) 
and e"*" and e“ were also removed from the channel. Only A 2 e in the ground 
state were detected by the setup. The measurement of the number of A 2 e in the 
ground state without absorber and with absorber allows us to obtain the total 
cross section. 

In the experiment, the transmission coefficient, K, for the A 2 e beam was 
measured 

K = {NfyNA)R , (25) 

where Na are the numbers of detected A 2 e with and without absorber, 

and R = 1.37 ± 0.07 is the coefficient taking into account the difference in the 
time of the measurement with and without absorber. The value of K is 

a: = 0.24 ±0.14. (26) 

From (26) and using the description of the superpenetration effect from [10] 
the asymptotic value of the total cross section for A 2 e interactions with carbon 
atoms was obtained 



ctot = (16^^) • 10 ^®cm^/atom. (27) 

The experimental value is consistent with the theoretical calculation m of the 
asymptotic value = 5.7 • 10“^®cm^/atom. At the same time the result does 
not exclude the existence of other mechanisms of ionization or excitation of 
ultrarelativistic atoms in the medium which would lead to a substantial increase 
of the cross section (Fig. ITT]! 

4 7r”*"7T“ atom 

The A 2 tt lifetime measurement allows one to obtain the difference |ao — 02 ! of the 
S'-wave TTTT scattering lengths with isotope spin 0 and 2 in a model independent 
way. 

4.1 A 27 T production and lifetime 

Production of tt+tt” atoms (and of other hadronic atoms) in inclusive processes 
was considered and a method of their observation and lifetime measurement was 
proposed m- The atoms are produced in iF-states with the cross section: 
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Fig. 11. Total cross section for the interaction of relativistic positronium atoms with 
carbon as a function of the kinetic energy expressed in the rest masses of the incident 
atom {T = 7 — 1). The solid curve is the theoretical dependence, • - the measured value. 
The arrow marks the region (7 < 1.2) investigated in experiments on the interaction 
of hydrogen atoms with carbon 



dpA 






dap 

dpidp2 ’ 



(28) 



where p^, Ea and Ma are the momentum, energy and mass of the 7r~'"7r -atom 

{A 2 tt) in the lab system, respectively, |tf'„(0)f = is the wave function of 
7T“'"7r“ bound state with the Coulomb potential only squared at the origin with 
the principal quantum number n and the orbital momentum 1 = 0, Pb is the 
Bohr momentum in ^ 2 ir, dap/ dp\dp 2 is the double inclusive production cross 
section for 7r'''7r“-pairs from short lived sources without taking into account 
7T“'"7r“ Coulomb interaction in the final state, Pi and P 2 are the tt'*' and 7 t“ mo- 
menta in the lab system. The momenta of tt'*" and tt~ mesons obey the relation: 
Pi = P 2 = ^- The A 2 t^ are produced in states with different principal quan- 
tum numbers n and are distributed according to n“^: Wi = 83%, W 2 = 10.4%, 
Wp = 3.1%, Wn >4 = 3.5%. The probability of A 2 tt production in K^, K’/, rj, rj' , 
ijj and T mesons decay were calculated in I33- 

The lifetime Tn of A 2 tt with the principal quantum number n and ^ = 0, is 
determined by the charge-exchange process ^ and, at the leading 

order of isospin breaking, may be described through the S-wave tttt scattering 
lengths Up and 02 with isospin values 0 and 2 HaH: 



1 

Tn 



8tt / 2Am\ ^ 

Y ) 



{ap-a2r \En{0)\\ 



(29) 



where Am = Ma — 2 m^o, m^o is 7 r°-meson mass and p is ^ 271 - reduced mass. 
The lifetime dependence on n is determined by |!?Vi(0)p value and from (29) one 
obtains r„ = ri • It follows from (29) that the ti measurement with 10% 
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precision would allow one to determine |ao — 02] in a model independent way, 
with 5% precision. The corrections to (29) were obtained in |52ll6liaiVb:^ . In 
the work m, the electro-magnetic interactions and the mass difference of the u 
and d quarks as isospin breaking effects was evaluated to improve the expression 
for the lifetime of A 2 tt ■ 

where values of £ and K are around 10“^. Corrections to relation (29) have also 
been studied in a potential approach I54I55I . 

In the chiral perturbation theory one finds |5tif57y23j : oq — 02 = (0.265 ± 
0.004)m“^. Inserting 00 — 02 to (30) one can calculate ti = (2.90±0.09) • 10“^® s. 

4.2 A 27 T detection method and setup description 

The experiment on the observation of tt+tt” atoms was carried out at the 70 GeV 
proton synchrotron (U-70) at Serpukhov f31l32j . Pionic atoms and 7r“'"7r“ pairs 
(“free” pairs) were produced in a 8 pm thick tantalum target (“thick” target) 
inserted into the internal proton beam. The atoms can either annihilate into 
TT^TT^ pairs or break up (ionize) into 7r“'"7r“ pairs (“atomic” pairs) inside the same 
target. The “free” and “atomic” pairs get into the 40 m long vacuum channel 
(the acceptance is 3.8 • 10“^ sr) at 8.4° to the proton beam and are detected by 
the setup in the 0.8 -7 2.4GeV/c pion momentum interval. 

The number of “atomic” pairs depends on the atom lifetime r, the cross 
section of atom-atom interactions |46l4-J58lb9i60l6II62l63i64l6bl66l6VI68i6y| and 
the target thickness. By calculating the probability of the A 2 tt breakup |Zn) and 
measuring the number of “atomic” pairs it is possible to obtain the A 2 tt lifetime 
Assuming ri = 3.0 TO s the annihilation length of A 2 tt in the IS-state 
at 7 = 10 is 9 pm and the T27r mean free path in Ta is 6 pm independent of the 7 
factor for 7 > 6. In this experiment, on average 8 atoms were generated per 10^^ 
p-Ta interactions into the setup acceptance and ~40% of the atoms broke up in 
the target into “atomic” pairs detected by the setup. The checking measurements 
were carried out with a 1.4pm thick tantalum target (“thin” target), where only 
~ 10% of the atoms broke up. Pions in “atomic” pairs have a small relative 
momenta Q < 3MeV/c in c.m.s., and therefore approximately equal energies 
if-i_ « E- in the lab system and a small opening angle 0i^2 ~ O/ymrad. 

The experimental setup shown in Fig.^3has a relative momentum resolution 
of about IMeV/c. The channel is connected to the accelerator vacuum pipe 
without any partition and is shielded against the accelerator and the Earth 
magnetic fields. The channel ends with a vacuum chamber placed between the 
spectrometer magnet poles {B = 0.85 T). 

Gharged particles were detected by the telescopes Ti and T2. The track 
coordinates were measured by drift chambers. The time interval between detec- 
tor hits in Ti and T2 was measured by scintillation hodoscopes. Electrons and 
positrons were rejected by gas Gherenkov counters, and muons by scintillation 
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Fig. 12. Experimental setup for observation ^ 2 ^: (a) - channel scheme: p - internal 
proton beam, Target - target mechanism, Col - collimator, MS - magnetic shield; (b) 
- magnet and detectors: M - poles of spectrometer magnet, VC - vacuum chamber, 
DC - drift chambers, H - scintillation hodoscopes. S', 5^ - scintillation counters, C - 
gas Cherenkov counters. Absorber - cast-iron absorber, MC - monitor counters 



counters placed behind absorbers. Besides tt mesons other charged hadrons were 
also detected. 

The measurements and simulation allowed us to obtain the setup resolu- 
tion of the momentum Up/p = 0.008, on the vertical plane angle of deviation 
from the target direction = 1.2mrad and on the angle between 

particles at the magnet entrance 2 = O.lmrad. Also were obtained the dis- 
tributions of “atomic” pairs on the Q projections to p = Pi + P 2 direction 
{Ql) and to the plane perpendicular to p (Qt)- The distributions of Qp and 
of Qt components Qx and Qy are Gaussian-like and have the standard devi- 
ations aq^ = 1.3MeV/c, aq^ = aq^ = 0.60MeV/c for the “thick” target and 
aq^ = 1.3MeV/c, aq^ = aqy = 0.44MeV/c for the “thin” target. The mo- 
mentum resolution and all standard deviations are averaged in 0.8 -L 2.4GeV/c 
pion momentum range. 

4.3 Data processing 

At data processing a space reconstruction of events was fulfilled. The particle 
momenta and the track coordinates at the magnet entrance were calculated 
under the assumption that the particles came from the target. Pairs originating 
in the target were selected by applying the requirement that vertical projections 
of tracks must “look” on the target. 

The selected events are distributed in the time difference tn between hits 
of the hodoscopes as shown in Fig. El The distribution contains the true coin- 
cidence peak (cr = 0.8 ns) and the uniform background from accidental coinci- 
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Fig. 13. Distribution of the time difference between hits in the hodoscopes. The peak is 
formed by time-correlated 7r’'"7r~-pairs, and the uniform background is due to accidental 
coincidences 
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dences. The intervals Ati = At^ = 8.0 ns were used to determine the number 
of accidental events Na in the signal region, and the interval At 2 = 2.56 ns to 
obtain the sum Nta of true and accidental events. In the interval At 2 the ratio 
of true to accidental events is 0.36. The true coincidences Nt are caused mainly 
(97%) by 7r+7T“ pairs produced in the target. 

In order to get a better separation of the “atomic” from the “free” pairs we 
analyzed the distribution of the events in the variable F instead of Q\ 



F = 




(31) 



The true event distribution in F (and in other variables) was found from the 
obvious relation: 



dNt ^ dNta 
dF dF 



At2 

At\ At^ 



dNa 
dF ■ 



(32) 



The distribution (32) was fitted for T’ > 3 (where “atomic” pairs are ab- 
sent) by an approximating distribution. The number of “atomic” pairs is then 
determined by the difference between the number of 7r“'"7r“ pairs in the interval 
F <2 and the corresponding number of “free” pairs, obtained for T’ < 2 by an 
extrapolation of the curve fitted to the data in the region F > 3. 



4.4 Approximation procedure for the tt+tt pair distribution A 2 -k 
number obtaining 

To obtain the approximation of the “free” pair distribution we have taken as a 
base the accidental tt+tt” pair distribution dN^'^ /dF = d>{F) because the latter 
and the true 7r“''7r“ pair distribution dN^ /dF, without taking into account the 
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final state interaction, should have the same shape. Therefore, dN^ /dF equals to 
^(F).The distribution ^^{F) was obtained from the accidental event distribution 
dNa/dF by subtracting the iT~p and ttK accidental pairs. 

The distribution d>{F) is a sum of the “Coulomb” pair distribution from 
short lived sources (pairs from direct processes and from decays of p,oj,(p,...) 
and of the “non-Coulomb” pair distribution from long lived sources (one or both 
7T mesons arise from rj or Kg decays). 

The typical size of the pion production region in the case of short lived 
sources is 1 -^3 fm which is much smaller than the Bohr radius of the tt+tt” atom 
{vb = 387 fm) . Thus the Coulomb interaction in the final state was taken into 
account multiplying <?(F) with the Coulomb factor Ac{P) |Z5 which depends 
on the relative velocity (3 of the tt+tt” pair in its c.m.s.: 

I'-o/A a = l/137. (33) 

The corrections caused by the strong interaction were not introduced into this 
distribution because the corresponding correlation function in the analyzed in- 
terval of F differs from a constant by a few percent m The pion pairs from 
long lived sources do not interact in the final state, and therefore no correction 
to the distribution d>{F) was applied. 

From above we can write the approximating distribution in the form: 

<^ = q<^{F)[Ac{l3) + f], (34) 

where g is a normalization factor; / is a free parameter which accounts for the 
“non-Coulomb” pair fraction. 

In the interval 0 < F < 40 the distributions dNt/dF for “thick” and “thin” 
targets are shown as points with errors in Fig. rRT a.l and El(c) and contain 
5.9 • 10"*’ and 4.4 • 10^ events respectively. To improve the statistical precision, 
the distributions for “thick” and “thin” targets were fitted jointly by the distri- 
bution (34), as the parameter / does not depend on the target thickness. The 
parameter value was found: / = 1.8±0.3. The fitting distributions (34) for events 
obtained for “thick” and ‘thin” targets are also presented in Fig. ^(a) and^(c) 
as histograms. The ratios of the experimental distribution for the “thick” and 
“thin” targets are shown in Fig. mb) and dd). 

The following numbers of excessive pairs for the “thick” , , and the “thin” 

target, in the interval F < 2 were obtained: 

n^^ = 272±49, ^=1.28; = 35 ± 41, ^= 0.75. (35) 

The excessive pair number for the “thin” target, normalized to the proton 
interaction number for “thick” target, is = 47 ± 55. 

4.5 Status of A 27 T investigation at CERN 

The DIRAC experiment at CERN [17,4] aims to measure the lifetime of 7r'*"7r“ 
atoms in the ground state with 10% precision, to obtain the value |ao — 02 ] with 
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Fig. 14. Experimental distribution of 7r"'"7r“ pairs produced in the “thick” (a) and 
“thin” (c) targets as a function of F (points with errors) and approximating distri- 
butions of “free” pairs on the same variable (dashed histogram); the ratio of the ex- 
perimental to the approximating distribution for “thick” (b) and “thin” (d) targets. 
The deviation of the ratio from unity in the two first bins in (b) is due to extra pairs 
originating from ionization of A 2 tt in the “thick” target. The absence of extra pairs in 
the first two bins in (d) is caused by the low A. 2 ^ ionization probability in the “thin” 
target 



an accuracy of 5%, and to submit the understanding of chiral symmetry breaking 
of QCD to a crucial test. At present time, the tttt scattering is also studied in 
the experiments E865 at Brookhaven and KLOE at DAONE in decays. 

The experimental setup (Fig. El) is located at the PS CERN extracted pro- 
ton beam with the energy of 24 GeV. The atomic and free pairs arising in the 
target (Be, Ti, Ni or Pt) get into the secondary particle channel. The experi- 
mental setup is a magnetic spectrometer with coordinate detectors aligned up- 
stream from the spectrometer magnet near the target, and two telescope arms 
for positively and negatively charged particles downstream of the magnet. The 
coordinate detectors are the microstrip gas chambers, scintillation fibre detector 
and scintillation ionization hodoscope. Each telescope is equipped with the drift 
chambers, horizontal and vertical hodoscopes, gas Cherenkov counter and muon 
detector. The last two detectors are used to suppress detection of electrons and 
muons, correspondingly. The relative momentum resolution of the setup is about 
1 MeV/c. The required accuracy of the setup on relative momentum is provided 
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Fig. 15. Schematic top view of the DIRAC spectrometer. Moving from the target 
station toward the magnet there are: four MicroStrip Gas Chambers (MSGC), two 
Scintillating Fibre Detectors (SFD) and an Ionization Hodoscope (IH). Located down- 
stream from the dipole magnet, on each arm of the spectrometer, are: 4 modules of 
Drift Chambers (DC), a Vertical and a Horizontal Hodoscope (VH, HH), a Cherenkov 
counter (C), a Preshower detector (PSh) and, behind an iron absorber, a Muon counter 
(Mu) 



by high resolution of the coordinate detectors and a small quantity of materials 
on a particle way. The collection of data for a lifetime measurement with 10% 
precision is planned for 2001-2002. 

4.6 Attjc as a source of model-independent data on ttK S-wave 
scattering lengths 

The dominant decay process for At^k is: 

A^k . (36) 

For Attk with principal quantum number n and orbital angular momentum I — 0, 
the probability for this transition at leading order of isospin breaking is given 
by the expression M 

= — -A (ai/2 - 03/2)2 , (37) 

Tn,0 

where Oi/2 and O3/2 are the S'-wave ttK scattering lengths with the isotop spin 
1/2 and 3/2 and A is known constant. 

Substituting the ttK scattering length values from into (37), one obtains, 
at leading order in isospin breaking, the At^k lifetime in the ground state ti^ = 
T = 4.7- 10-15 s. 

By measuring the annihilation probability of the atom and knowing the dis- 
tribution of Ajtk as a function of n, using the same method as in the case of 
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^ 27 T) we can obtain the lifetime r and, finally, extract a value for |ai /2 ~ 03 / 2 ! 

m- 

The Attk yield from proton-nucleus interaction at 24 4- 450 GeV was calcu- 
lated in 
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Abstract. The antiprotonic helium, pe ~ (= pHe”*"), is a peculiar metastable atom, 
interfacing between matter and antimatter. A series of metastable states are composed 
of the He nucleus, one electron in the ground Is confignration and one antiproton or- 
biting with large quantnm nnmbers (n, 1), where n ^ I ^ /me ~ 38. They possess 

a dual character as an exotic atom and an exotic diatomic molecnle, and is often called 
antiprotonic helium atom-molecule, or for short, atomcule. From the chemical physics 
point of view the pHe^ niay be regarded as an exotic neutral hydrogen atom with a 
composite “psendo proton” with various effective charges, binding energies and spatial 
distribntions. Since its discovery in 1991 at KEK comprehensive experimental studies 
have been carried ont at CERN. In particular, the laser resonance spectroscopy of pHe"*" 
has yielded the following results. 1) Precise determination of the transition energies to 
the precision of ppm. When compared with advanced theoretical predictions of the 
binding energies of this Conlomb 3-body system including the relativistic effects and 
QED corrections, the mass and charge of p have been determined with ppm precision. 
2) Hyperfine structure of jlHe^ due to the coupling of the electron spin with the large 
orbital magnetic moment of p has been revealed experimentally. 3) The dependence of 
the lifetimes of the individual (n, 1) states of pHe'*' on the He medium density, foreign 
atoms and molecules has been studied with the laser tagging method. 



1 Introduction 

Longevity of any particle system or atom is an essential clue for high-precision 
experiments. Furthermore, it provides an extended time range during which 
time-dependent dynamical processes can be studied in real time. In the field of 
exotic atoms, namely, bound systems involving negative hadrons such as pion 
(tt”) and kaon (K“), no long-lived state was expected, since the negative hadrons 
are subject to prompt nuclear absorption after their atomic capture in matter. 
The muon and muonium are exceptional because they have no strong interac- 
tions, and their lifetime of 2.2 /is has consequently facilitated muon spin rotation 
spectroscopy (/rSR) as well as laser/microwave spectroscopy. The antiproton is 
believed to annihilate immediately in matter due to the strong interation. Thus, 
modern methods as applied for muon and muonium had not been conceived for 
antiprotons before the discovery of anomalous p longevity in liquid helium in 
1991 PP and in other phases of helium 
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p He^ Atomcule 






Fig. 1. (Left) The structure of the pHe^ atomcule, where the p with large-(n, 1 ) 
quantum numbers circulates in a localized orbit around the He^"*" nucleus, while the 
electron occupies the distributed Is state. (Right) The level scheme of large-(n, 1 ) states 
of the pHe”*" atomcule. The solid bars indicate radiation-dominated metastable states, 
while the broken lines are for Auger-dominated short-lived states. The ionized pHe^"*" 
states are also shown by dotted lines. From Ref. [2] 



The cause of the p longevity is the formation of various metastable states of 
e“pHe^“'" (= pHe’*') in helium media. They are collectively called Antiprotonic 
Helium. 

• Formation: When an p slows down in He, its kinetic energy eventually falls 
below the He ionization threshold (Iq = 24.6 eV), at which point it replaces 
one of the electrons in a He atom to form pHe“'". The antiprotonic helium 
atom thus formed with an initial kinetic energy around 5 eV reaches thermal 
equilibrium within nanosecond without suffering destruction. 

• Structure: Whereas the remaining e“ stays in the Is ground orbital, the 
captured p occupies a large-(n, ^) state: n hq = y^M* /me 38, where 
M* is the reduced mass of the p-He system. The angular momentum I which 
is brought by the captured p can be as much as that of the circular state, 
^ ^ n — 1. As shown in Fig.Ql the p is orbiting in a classical trajectory, while 
the e“ is distributed quantum mechanically. 

• Stability and Decay: Metastability of pHe’*' occurs in a limited zone of 
(n,l) around (38,37) due to the following three reasons jointly, as asserted 
by Condo |2j and Russell P] in earlier days before the discovery of the p 
longevity. 

a Suppressed Stark decay: The neutral system e^pHe^’*' involving one elec- 
tron is protected from intruding He atoms by the Pauli exclusion. Fur- 
thermore, it is resistant to collisional Stark effects in helium medium, 
because the presence of e“ removes the I degeneracy for the same n, 
sharply reducing the corresponding Stark mixing amplitudes. 
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b Suppressed Auger decay. Because of the large ionization energy 25 
eV) compared with the n — > n — 1 level spacings (typically, ~ 2 eV), the 
Auger process from near-circular states {I ^ n — 1) is associated with 
a large angular momentum jump (larger than 3 h), and thus is highly 
hindered. 

c Slow radiatiue decay. The remaining decay process is a slow radiative 
decay because of the small level spacings (around 2 eV) and of the re- 
tardation mechanism due to the e“-p correlation. The level scheme is 
shown in Fig. E The main cascade is subject to Propensity Rule: 

Av = A{n — / — 1) = 0, or : An = Al — ±1, (1) 

because of the well localized p orbits. The other dipole transitions are 
highly suppressed. The typical level lifetime is 1.5 ^s |5ptij . The transition 
(n, 1) {n — 1,1 — 1) is of normal strength and is often called “favoured 
transition”, while the other transitions are hindered due to the small 
overlap of the wavefunctions, and are called “unfavoured transitions” . 
They are not spontaneous transitions, but can be stimulated by laser 
resonances. 

2 Unique Facets of Antiprotonic Helium 

Antiprotonic Helium has many interesting facets because of its unique three- 
body character involving one p and thus provides playgrounds of physics and 
chemistry. 

• Primordial exotic atom: The metastable states are located in the “pri- 
mordial” zone (n ~ no = \/ M* /me), where the exotic particle and the 
atomic electron coexist in the same spatial region. With the exception of 
antiprotonic helium, the primordial zone of exotic atoms has never been 
identified and remains an untouched object of investigation. 

• Exotic ground-state hydrogen atom: Antiprotonic Helium is an exotic 
kind of hydrogen atom like positronium (Ps) and muonium (Mu), if we regard 
the [pHe^“*'](„_;) as a “proton” by which the electron is bound. The “proton” 
in this case possesses various “excited states” (n,l), and the effective charge 
and binding energy of the electron are more like those of helium atom and are 
dependent on the antiprotonic quantum numbers (n,l). Thus, Antiprotonic 
Helium can be an interesting subject of chemical physics. 

• Atomic core polarization: e“-p correlation: Yamazaki and Ohtsuki 
[m emphasized the important role of a special type of configuration mixing 
which contributes to a substantial reduction of the radiative transition rate. 
This effect is essentially the same as in the nuclear core polarization phenom- 
ena, where low energy transition moments are affected by the presence of 
high excitation mode (giant resonances) . In the present case, the low energy 
El transitions (~ 2 eV) are retarded by a factor of 3 by the existence of the 
hard electronic excitation (^ 20 eV). 
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• Exotic diatomic molecule: The two-body exotic atom consisting of a 
nucleus and a heavy exotic particle X“ is described by a potential U{r) 
that consists of an attractive long-range Coulomb potential and an repulsive 
short-range centrifugal potential. The potential U{r) resembles a Morse po- 
tential, when the exotic particle has a sufficiently large angular momentum 
(hence large n) . The system thus looks rather like a molecule, to which rota- 
tional (J) and vibrational (v) quantum numbers may be uniquely assigned 
as 

rotation — vibration J=l, v = n — I — 1. (2) 

Namely, the circular orbit (I = n — 1), which is a rotating state with a 
nodeless radial wavefunction, corresponds to a vibrational quantum number 
V = 0, and the next-to-circular single-node state (I = n — 2) corresponds to 
u = 1, . . . . This theoretical possibility of large-/ circular orbits behaving like 
bound states in a Morse potential seems to have no other natural manifes- 
tation than in the present case of metastable exotic helium. This situation 
is presented in Fig. 0 where the potential as well as the wavefunctions are 
shown. 

The p and He^“*' are thus regarded as two atomic centers in a diatomic 
molecule. Because of the dual character as an exotic atom and an exotic 
molecule Antiprotonic Helium is often called antiprotonic helium atom-mole- 
cule, or for short, atomcule. Since the Is electron motion, coupled to a large- 
(n, 1) p orbital, is faster by a factor of 40 than the p motion, the three-body 
system pHe“'" is solved by using the Born-Oppenheimer approximation, as 
fully discussed by Shimamura 0. 

• Unique interface between matter and antimatter: Whereas particles 
and antiparticles cannot coexist stably. Antiprotonic Helium is an excep- 
tional case, where an intruder antiparticle (p) coexists with the normal mat- 
ter (helium medium) for microseconds. Here, the property of the orbiting 
p (charge, mass, magnetic moment and other QED characteristics) can be 
probed. It is an interesting irony that the property of the proton cannot 
always be studied so precisely, because there is no atomic system in which a 
proton is orbiting. 



3 Advanced Theories 

As of 1994 the configuration interaction theory of Ohtsuki jSj and the molecular 
theory of Shimamura jS) played important guiding roles for experimentalists in 
their study of the peculiar phenomena of the p longevity. After 1995 more sophis- 
ticated theoretical methods have been developed. These overcome the intrinsic 
limitation of treating the pHe"*" system in adiabatic approximation by covering 
the molecular aspects and the configuration interaction aspects equally well. 

• Molecular expansion variational method: Korobov [Z| developed a vari- 
ational method using the molecular-type basis functions involving excited 
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ATOMCULE: MOLECULAR ASPECT OF YRAST ATOMS 






J{J +1) 
2MR^ 



+ ej(R) 



L= 34 35 36 37 38 39 




unharmonic 
rotation ~ vibration 



J = L 

V = n - L - 1 



Fig. 2. Atomic and molecular views of Antiprotonic Helium. The large (n, 1) states in 
the atomic yrast region in the atomic model are also assigned as the molecular states 
of corresponding rotational and vibrational quantum numbers (J,v) = (l,n — I — 1) 
in the one- dimensional potential for each J. The radiative transitions with Av = 0, 
as shown by arrows, are favoured because of the maximum overlapping of the radial 
densities. In this sense, the atomcule system has a dual character by itself 



electronic configutations. He showed that the binding energies converge to a 
precision of 14 digits when the number of the basis functions is 2300. This 
assures a precision of 13 digits for transition energies between metastable 
states. 

• Coupled-rearrangement-channel variational method: Kino, Kamimura 
and Kudo |H| developed a variational method employing three types of cou- 
pling schemes among p, e“ and He^“'", which also combined the molecular 
base and the electronic configurations. Their calculational precision is as 
high as Korobov’s. 

• Finite-element numerical calculation method: Blander and Yarevsky 
(3 solved the three-body system by employing the finite-element numerical 
method. The precision achieved in this method is impressively high. 

4 Laser Spectroscopy of Antiprotonic Helium 

Laser spectroscopy of pHe“*" was established according to the proposal of Morita 
et al. HD], which is to apply a pulsed laser tuned to a transition between a 
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metastable and a short-lived state. Such a “metastable-short-lived” pair exists 
at the end of each metastable cascade of a quantum number v = n — I — 1 and 
also between (n,l) and (n -I- 1 , Z — 1) . The transition dipole moments for favoured 
((n, Z) (n — 1, Z — 1)) and unfavoured ((n, Z) (n -I- 1, Z — 1)) transitions are 
of the following orders: 

Favoured : /i ~ 0.2 — 0.3 Debye ; (3) 

Unfavoured : /i ~ 0.02 — 0.03 Debye. (4) 

The wavelengths of the laser resonances tend to form clusters, because the energy 
spacings, E{n,l) — E{n — 1,Z — 1), depend nearly linearly on the value n, but 
only slightly on Z. 




Time (|j,s) Wavelength (nm) 



Fig. 3. First successful observation of laser resonance of antiprotonic helinm, now 
attributed to the (n, Z) = (39, 35) ^ (38, 34) transition. (Left) Observed time spec- 
tra of delayed annihilation of antiprotons with laser irradiation of various vacuum 
wavelengths near 597.2nm. Spikes due to forced annihilation through the resonance 
transitions are seen. (Upper right) Enlarged time profile of the resonance spike. (Lower 
right) Normalized peak count versus vacuum wavelength in the resonance region. From 
Morita et al. [11] 



The first successful experiment of laser resonances was on the 597 nm tran- 
sition (39, 35) ^ (38, 34) ITTini (see Fig. ED, and the second search was carried 
out for the 470 nm (37,34) ^ (36,33) transition m These experiments on 
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the Av = 0 transitions proved the structure of pHe+ as predicted uni and re- 
vealed for the first time that the primordial states of exotic atoms with quantum 
numbers n ~ M* /me are indeed populated. The initial population of various 
metastable states as studied by the laser technique gave important data to the 
theoretical prediction by Korenman M- 

Subsequently, search for unfavoured resonances of Av = 2 (n, /) ^ {n + 
1,^ — 1) transitions was carried out |15| with the following motivations. They 
were expected to yield qualitatively different type of information on the binding 
energies of pHe’*'. As Av = 0 transitions alone do not yield energy differences 
between bands of differing v, information on interband Av = 2 transitions is 
vitally important for a stringent test of theory. Later, the Av = 2 interband 
character was found to be essential in finding a hyperfine structure effect HS|. 

5 Precise Determination of Transition Energies 

As of 1994 the agreement between experiment and theory in the observed tran- 
sition wavelengths was of the order of 1000 ppm. Then, a new theory of Korobov 
[7] came in. Fig. 0 shows comparison between experiment and theory. Although 
Korobov’s non-relativistic theory showed a dramatical improvement over the 
earlier theories, it revealed a systematic discrepancy of the order of 50-100 ppm. 
This urged Korobov and Bakalov to take into account relativistic corrections 
H3- The relativistic corrections are systematically about 50 ppm for the Av = 0 
transitions and about 100 ppm for the Av = 2 transitions, accounting for the 
experimental results very well. 

During the course of laser resonance experiments it was noticed that the cen- 
tral wavelengths shift depending on the helium density. Thus, the resonance line 
shapes at various target gas conditions were measured precisely with a reduced 
laser bandwidth and an improved wavelength calibration m- Figure 0 shows 
resonance profiles taken for the 597.26 nm line at different pressures ranging from 
530 mb to 8.0 bar at temperatures of 5. 8-6. 3 K. The results are summarized in 
Table |21 

After the corrections for the pressure shifts Torii et al. obtained wave- 
lengths in vacuum, which revealed a small discrepancies of several ppm, as shown 
in Fig. El The theoretical values are further corrected for QED effects f9l1 9f20j . 
yielding excellent agreements to ppm precision. Various QED corrections calcu- 
lated by Korobov |2IJ are itemized in Table El 

The excellent agreement between experiment and theory is used to deduce 
a constraint on the assumed mass Mp and charge Qp of antiproton. While the 
cyclotron frequency of p measured by Gabrielse et al. sets a severe constraint 
on the ratio Mp/Qp, the antiprotonic helium gives a constrant on the “p Rydberg 
constant” MpQ^ a la Hughes and Deutch |23|- Combining these two physical 
quantities we obtain Mp and Qp independently. The constraints thus obtained 
are shown in Fig. 0 
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Fig. 4. Comparison of the experimental wavelengths of various transitions with Ko- 
robov predictions (closed squares without [7] and closed triangles with [17] relativistic 
corrections). The upper part is for Av = A(n — t — 1) =0 intraband transitions and 
the lower part is for Av = 2 interband transitions. The error bars are the experimental 
ones 



6 Chemical Physics Aspects 

The metastablity of antiprotonic helium is known to be affected when foreign 
atoms and molecules are added to the helium media, as revealed from delayed 
annihilation time spectra (DATS) in the early stage [‘2l‘24l‘25j . However, DATS 
alone is a macroscopic quantity in which all the microscopic informations cannot 
be differentiated. Laser resonance techniques have made it possible to investigate 
microscopically the (n, Z)-dependent lifetime shortening effects on the surround- 
ing physico-chemical conditions of antiprotonic helium. 

6.1 State Dependent Lifetime Shortening 

The lifetimes of the metastable states (n, 1) = (39, 35) and (37, 34), which are the 
parent states of the 597.26-nm and 470.72-nm resonances, respectively, demon- 
strate interesting density effects m- The intensity of the 597.26 nm resonance 
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597nm Resonance Line 




- ^ . . , , I 

0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 

Wavelength - 597 nm 



Fig. 5. Resonance profiles of the 597.26-nm line showing red-shifts of the center with 
helium density. The linear scale for the y axes is not the same for different target 
conditions. From Torii et al. [18] 
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Fig. 6. The experimental values of the vacuum wavelengths for transitions 
(39,35)^(38,34) and (37,34)^(36,33) are compared with recent theoretical values 
[,19,20], which agree within precisions of a few ppm when the relativistic corrections 
and the Lamb shift are taken into account. From Torii et al. [18] 
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Table 1. Summary of various contributions on the transition energy of the (39, 35) ^ 
(38,34) of p“*He^. From [21]. The experimental value is [18] 



Term 


Notation Energy (in GHz) 


Non-relativistic energy 


Enr 


501972.374(21) 


Relativistic correction 


AErc 


-27.556 


Relativistic correction (QED) 


/\ P'irc — qed 


0.233 


Self energy 


^Ese 


3.815 


Vacuum polarization 


AE„p 


-0.123 


Relativistic Recoil 


AErmc 


0.037 


Relativistic Recoil 


AEret 


-0.035 


Two-loop corrections 


^E2—loop 


0.001 


Nuclear finite size 


AF, 

^J-^nuc 


0.002 


correction 


AE^. 


-0.003(3) 


Total theoretical 


Etot 


501948.746(21) 


Experimental 


Eexp 


501948.8(3) 




Fig. 7. Two-dimensional constraint on AM^/M^ — (Mp — Mp)/Mp and AQpjQp = 
(Qp — Qp)!Qp obtained from the cyclotron frequency of p [22] and from the present 
spectroscopic studies of pHe”*" [18] 



spike measured at densities between 2 x 10^° cm^ (corresponding to a target 
condition of 0.2 bar and 6.8 K) and 1.9 x 10^^ cm^ (8.7 bars and 5.8 K) is 
relatively constant (Fig. left), indicating that the state lifetimes and initial 
populations of states in the u = 3 cascade are unaffected over this density range. 
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The recovery rate of the time spectrum after the resonance depletion showed the 
lifetime of the resonance parent state (39,35) was constant at ^ 1.5 fis regardless 
of density (Fig. 0 left). 

In contrast, a drastic density effect was observed for the 470-nm resonance. 
The depletion-recovery time spectrum (Fig. 0, right) shows that as the density 
increases from p = 1.2 x 10^'’ to 3 x 10^^ cm“^, the state lifetime decreases from 
T = 1.2 to 0.1 p,s and levels off at higher densities. 
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Fig. 8. Depletion-recovery spectra of the 597.26-nm (left) and 470.72-nm (right) res- 
onances at various target densities. The lifetimes of the radiation-dominated parent 
states (n, 1) = (39, 35) and (37, 34) are plotted as a function of density. The (37, 34) 
state becomes short lived with increased density, while the higher-lying (39, 35) remains 
unaffected. Theoretical radiative rates and the sum of radiative and Auger rates are 
also shown [27]. From Hori et al. [26] 
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The distinct and peculiar state dependence of this particular level lifetime 
has not yet been understood. 

6.2 Pressure Shifts of Resonance Lines 

The results of the pressure shift measurements on the two transitions (see Fig. 0 
are presented in Tabled There is a distinct difference between the (39,35) ^ 
(38,34) and (37,34) ^ (36,33) transitions. The presence of pressure shifts 
and broadening in resonance profiles is a well known general phenomenon. The 
present finding in pHe“'" differs somewhat from usual in that the pressure shift 
is small (and with a substantial (n, /) dependence), and that the broadening 
is much smaller than the shift, while in ordinary atoms and molecules AF is 
observed to be comparable to Av. 

Recently, this problem was treated by a rigorous quantum chemistry calcula- 
tion by Bakalov et al. |2B|. First, the authors calculated ah initio the interatomic 
interaction V {R, r, 6) between an atomcule pHe“ and a He atom based on the 
Born-Oppenheimer approximation. Since the rotational frequency of the p (of 
order of 10^® s“^) is much higher than the collision frequency (of order of 10^^ 
s“^), the angular dependence is smeared out, and typically, the Van der Waals 
minimum occurs around R ~ 5.5 a.u., and the repulsive barrier starts around 
i? ~ 5 a.u. The potential V{R) depends on (n, Z), and thus, a small difference 
AV {R) occurs between an initial state and a final state. It is this difference that 
causes pressure shifts and broadening in the resonance line. 

Bakalov et al. treated the trajectories of the helium atom in collision with 
pHe’*' in a semiclassical way, and calculated the pressure shifts and broadening. 
They obtained numerical values for a numer of transitions, as presented in Table 
El For the precisely known transitions (39, 35) — > (38, 34) and (37, 34) ^ (36, 33) 
their theoretical values with realistic collision trajectories (not the linear approx- 
imation) turned out to be in excellent agreement with the experimental values. 
The theoretical treatment of Bakalov et al. was the first quantum chemistry 
type calculation on the interaction of antiprotonic helium with other atoms and 
molecules. 



6.3 Quenching with H 2 Admixtures 

Fig.E shows DATS of pure helium and helium with several concentrations of 
hydrogen in the range of 2 - 1000 ppm EHI. The DATS of pure He at the 
present condition of 30 K and 1.1 bar (corresponding to a density of 2.6 x 10^° 
cm“^) exhibits a small initial decaying component (see the inset of Fig. 0), 
typical for DATS at this density. The characteristic effect on the DATS of adding 
H 2 molecules is the conversion of some long-lived states to shorter-lived ones. 
Even with 2 ppm H 2 admixture the DATS reveals the onset of a small (but 
larger than in the pure He case) fast decaying component. If all the states were 
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Table 2. Pressure shifts {Av/p) and broadening [AF / p) of various transitions in 
p^He”*", obtained experimentally, compared with the predictions of Bakalov et al. [28]. 
In the first two transitions the pressure shifts were precisely determined by Torii et 
al. [18]. The experimental values in the lower part were obtained by ascribing the 
differences between the observed wavelengths and Korobov’s final theoretical values to 
pressure shifts 



Transition 


Au/p (lO-'^" 


GHz cm'”) 


AF/p (10-^^ 


GHz cm'^) 


{ni,h)vi ^ {nf,lf)vf Experiment 


Bakalov 


Experiment 


Bakalov 


(39,35)3 ^ (38,34)3 


-4.05 ± 0.07 


-3.96 


0.30 ±0.15 


0.35 


(37,34)2 ^ (36,33)2 


-1.50 ±0.10 


-1.42 


< 1.0 


0.07 



uniformly quenched with the same cross section (as happens for O2 admixtures 
0 ) the the DATS would approach a single exponential shape with a decay 
constant governed by the quenching rate. This is clearly not the case for H2 
admixtures: with increasing H2 concentration the fast component that appears 
at low concentrations grows, while the long-lived remainder gradually decreases. 

This indicates that the quenching is not a uniform process; some states being 
destroyed more quickly than others. From the information contained in the DATS 
alone, however, it would be impossible to draw a unique conclusion about which 
states are more and which less affected by H2 admixtures, but the laser tagging 
method clarified that the upper states are more strongly quenched than the lower 



mi mm 




Fig. 9. DATS with various concentrations of H 2 admixtures in helium medium of 1.1 
bar at 30 K. The prompt time region is removed in the data taking stage and all the 
spectra are normalized so as to give the same total delayed fraction. The inset compares 
the early time region of pure helium and 2 ppm hydrogen admixture. From Ref. [29] 




6.4 Hydrogen- Assisted Inverse Resonances 
and Individual Quenching Rates 



Antiprotonic Helium 259 



If the fact that the upper state (39,35) was found to be destroyed more strongly 
than the lower state (37,34) is a general tendency, we may be able to quench the 
metastable states successively from upper to lower states. This expectation was 
indeed confirmed by inducing laser resonance transitions from lower metastable 
states to respective upper states m- The method is called Hydrogen-assisted 
inverse resonances (HAIR). The observed transitions are shown in Fig. llOt The 
HAIR transitions can yield information on the quenching cross sections of both 
the daughter and parent states of the respective transitions. The lifetime of the 
parent state can be obtained either from the decay time constant of the peak 
(Ti = T in this case because of the lack of feeding transitions) or from the 
depletion recovery. Typically, the lifetime of the parent state is around 600 ns, 
about 6 times as long as the daughter lifetime. This indicates the interesting and 
favourable fact that the quenching cross section for the upper state (n+1, / + !) is 
about 6 times larger than that for the lower state (n, 1). The obtained quenching 
cross sections are shown in Fig. E3 (lower). The cross section has a smooth 
dependence on (n,l). 

Some possible mechanisms for the quenching of pHe+ states were discussed 
in m- First, it is to be noted that the antiprotonic helium resembles a hydrogen- 
like atom from the physico-chemical point of view, since the pHe’*' system has 
only one electron. The “proton” in this system is a high-lying state [pHe^+](ji_q 
with a net charge -1-1, but an effective charge around 1.6, depending on (n, Z). 
The other view of antiprotonic helium is that it is a kind of diatomic molecule 
with the two centers p and He^“'" . One of the plausible processes is exotic molecule 
formation: 

(pHe+)„./ + H 2 ^ [(pHe+)„y,.H] + H . (5) 

This process resembles the X -|- H 2 ^ XH -|- H, one of the most fundamental 
chemical reactions. In the present case, X is a hydrogen-like but with many 
excited degrees of freedom and effective charges. Since the molecular binding 
between pHe’*' and H is expected to be stronger than the H-H binding due to 
the larger effective charge of pHe’^', the above exotic molecule formation is highly 
possible. The antiprotonic orbit in the formed molecule will be different from the 
ones in the atomcule, and the metastability may therefore disappear. Resonant 
exotic molecules, as seen in muon-catalyzed fusion processes, may also be formed 
and decay into short-lived channels. Whether such processes can explain the 
sensitive state dependence or not is however an open question. 

7 Hyperfine Structure 

So far, we have considered each atomcule state as a single state with quantum 
numbers (n, Z). More precisely speaking, however, since an electron in the Is 
orbital is coupled to the antiproton, each state has a hyperfine structure, as is 
well known for the hydrogen atom. In the present atomcule case, the situation is 
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/ = 33 34 35 36 37 38 





p angular momentum 

Fig. 10. (Upper) Partial level scheme of pHe”*", summarizing the six transitions be- 
tween normally metastable states observed by the new HAIR method (bold arrows). 
Only the vacuum wavelengths for transitions observed until now are shown (in units 
of nm). (Lower) Dependence of the quenching cross section Uq by H 2 (full symbols) 
and D 2 (open symbols) on the quantum numbers n and 1. Arrows pointing downwards 
indicate laser induced transitions between a metastable and a short-lived state, while 
those pointing upwards represent HAIR transitions between a long-lived lower state 
and a H 2 -induced short-lived upper state. From Ketzer et al. [31,32] 
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more complicated and unique. The most dominant effect must be the coupling 
of the antiprotonic magnetic moment 



= [9s{p)Sp + gi{p)lp]fiN 



(6) 



with the electron spin, because the magnetic moment of e“ is overwhelmingly 
large. It is interesting to see in eq. 6 that the orbital magnetic moment is much 
larger than the spin magnetic moment simply because of the large value of Ip. 
Thus, the coupling of /.t(p) with the electron spin makes a doublet with quantum 
numbers 

F = L + S^, F+,_=L ±1/2. (7) 

Contrary to the case of hydrogen/muonium ground states, the F_ state lies 
higher than the T+ state because in the present case the “nuclear moment” is 
negative because of the negatively charged p. 

In the atomcule case, we have an additional effect, that is, the coupling of 
the p spin {Sp) with the orbital angular momentum of p {Ip). In a p-nucleus 
two-body system this is the spin-orbit coupling, causing a fine-structure doublet. 
The spin-orbit {Is) splitting for a two-body case is given [23 as 



AEis{n,l) 



(l-k2K) 



Mc2 (Za)4 
nH{l±l)’ 



(8) 



where k is a parameter for the anomalous magnetic moment of p, as defined by 



Pp — ~(1 + ( 9 ) 

The well known parameter for proton is k = 2.79 — 1 = 1.79. Kreissl et al. PS! 
determined the magnetic moment of p as -2.8005(90) pjq from the measurement 
of an n = 11 — 10 antiprotonic X-ray transition in ^°®Pb. 

As formulated by Bakalov and Korobov m each state of (n, L) is split into 
doublet states (HFS) by the coupling of the electron spin {Se) and the p spin, and 
each HFS state is further split into finer doublet (SHFS) “hyperfine splitting” 
caused by the coupling of the p spin {Sp): 



J =F±Sp, (10) 

J-+ = F_± 1/2 = L, (11) 

J__ = F’. - 1/2 = L- 1, (12) 

J++ = F+±l/2 = L±l, (13) 

J+_ = F+ - 1/2 = L. (14) 



These quadruplet states lie from higher to lower energy, as shown in Fig. ITTl 
The hyperfine interaction is effectively expressed by 

nSHF = Ei{L- Se) + E2{L ■ Sp) ± S3(Se • Sp) 

±E^{2L{L ± l)(Se • Sp) -6[{L- S^){L ■ Sp)] } . 



( 15 ) 
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The 1st term, the — Lp interaction, gives a dominant HF contribution. The 
2nd, 3rd and 4th terms cause finer SHF level splitting within each member of 
HFS. The coefficients E\, E 2 , E 3 and E 4 are calculated by Bakalov and Korobov 
0. It is interesting to see how these individual terms behave. The 2nd term is 
the p spin-orbit interaction, making the spin-up partners (T++ and J ^.) higher 



F“'=L’-1/2 




^ 'll I : I I I ^ I ^ I ^ I ; 

0.09 0.092 0.094 0.096 0.098 0.1 0.102 0.104 

X - 726 nm 



Fig. 11. (Upper) Splitting of pHe^ states due to magnetic interactions, and observable 
laser transitions between the F’*' and F~ states according to Bakalov and Korobov 
[33]. (Lower) Observed hyperfine splitting of the unfavoured laser transition (n, L) = 
(38, 34) ^ (37, 35) [16]. The laser bandwidth is 1.2 GHz. The solid line is the result of 
a fit of two Voigt functions (a Gaussian fixed to the laser bandwidth convoluted with 
a Lorentzian to describe the intrinsic line width) to the spectrum. The intrinsic width 
of each lines was found to 0.4 ±0.1 GHz. From Widmann et al. ]16] 
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Time domain 




Annihilation time (jis) (GHz) 



Fig. 12. Expected timespectra with laser spikes (left) and laser as well as microwave 
resonance curves (right) 



lying than the spin-down partners (J_| and J ), respectively. The 3rd term 

is the e“-spin-p-spin interaction, corresponding to the singlet-triplet separation 
as in the hydrogen case (except for the sign). This interaction favours the spin- 
triplet pairs (Sp parallel to S^) and thus, for the J++ member lies lower than 

the J-i member, and for TL the J member lies lower than the J member, 

just opposite to the effect of the spin-orbit term. However, the 4th term, tensor 
term of the spin-spin interaction, bring a totally opposite level ordering, which 
cancel out the spin-spin contribution (3rd term). Then, the sum of all these 
terms looks as if only the spin-orbit interaction (2nd term) were responsible for 
SHFS. 

The dominant resonance transitions are 

LF+J++ ^ LF_J+_ , (16) 

LF+J_+ ^ (17) 

with different frequencies and I'Jip, respectively) in the microwave range 

(~ 13 GHz for the (37,35) state, see Fig.EJ- 

A method to observe microwave resonances in antiprotonic helium has been 
proposed and is being prepared for the coming antiproton decelerator (AD) ring 
at CERN jSOl • It is called 2-laser-microwave triple resonance method, which has 
the following steps. 

(i) Induce a population asymmetry of the hyperfine states (iff and FL) by using 
the first laser tuned to one of the laser resonance double, 

(ii) induce microwave resonance, and 
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(iii) detect the asymmetry inversion by the second laser. 

The principle is shown in Fig. 1 1 ‘21 

8 The Future 

A new antiproton facility AD (antiproton decelerator) has been completed at 
CERN and a series of experimental programs are in progress. These include 
more systematic studies of the structure and formation of pHe“'", higher pre- 
cision laser spectroscopy, microwave spectroscopy PEJ and search for type-II 
antiprotonic helium based on the excited helium m 

The author would like to thank his colleagues of the PS205 group of LEAR at 
CERN and also Drs. V.I. Korobov, D. Bakalov and G. Korenman for the helpful 
theoretical discussions. The present work is supported by the Grant-in- Aid for 
Creative Basic Research (lONPOlOl) of Monbusho of Japan. 
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Towards a Precise Measurement of 
the He+ 2S Lamb Shift 



S. A. Burrows, S. Guerandel, E. A. Hinds, F. Lison*, and M. G. Boshier 
SCOAP, University of Sussex, Palmer, Brighton, BNl 9QH, UK 



Abstract. We report progress towards making a precise measurement of the 2S Lamb 
shift in singly-ionised helium by spectroscopy of the 2S-3S transition. The motivation 
for the experiment is discussed with reference to recent developments in the theory of 
quantum electrodynamics (QED) and a description of the apparatus and techniques 
used is given. 



1 Introduction 

Recent calculations of QED corrections to the Lamb shift in hydrogenic sys- 
tems have turned out to be rather surprising. In particular, two-loop binding 
corrections starting in order ma^{Za)^ exhibit remarkably non-perturbative be- 
haviour m Although up until now measurements in hydrogen have constituted 
the most accurate tests of bound-state QED, these recently calculated terms are 
obscured in hydrogen as a consequence of the experimental error in the proton 
charge radius. The situation in He“'" is more favourable because the alpha particle 
radius is known well enough to make He“'" Lamb shift measurements sensitive 
to the two-loop contributions. This is the motivation for our experiment. We 
are making a precise measurement of the 2S Lamb shift in singly-ionised he- 
lium by spectroscopy of the 2S-3S transition. If new measurements confirm the 
QED theory then existing Lamb shift measurements in hydrogen can be used to 
determine a new value for the proton charge radius. 



2 Overview of Lamb Shift Calculations 

Gonventionally, the evaluation of bound-state QED corrections is made tractable 
by including the vacuum fluctuations in several steps. The corrections thus cal- 
culated are called radiative corrections, and their evaluation can be made by 
making two expansions. The first is in powers of {ol/tt) and denotes the number 
of photon propagator loops present. The second is in the number of photon ex- 
changes with the nucleus and is in powers of (Za), where Z is the nuclear charge. 
The expression in equation 1 shows the first two terms of the (ol/'k) expansion 
for the case of hydrogenic S-states, i.e. up to two photon loops. In this expression 
the second expansion has not yet been made and the {Za) dependence is still 
contained within the functions F and F[ . 

* Frank.Lison.FL@bayer-ag.de 
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All the symbols have their usual meanings. In the non-recoil limit, the motion 
of the nucleus is neglected and its finite mass enters only as a reduced mass of the 
electron. The additional terms arising from the dynamical effects of the nucleus, 
namely the recoil corrections and radiative-recoil corrections, have been omitted 
from equation 1 and will not be considered here. For more detailed discussions of 
the theory, see the review by Sapirstein and Yennie Pj and more recently 030!. 
The expansion in (Za) is now carried out by expressing F and F[ as power series 
in {Za) and ln{Za)~^, as shown below in equations El and Q where a is the ratio 
of the electron mass to its reduced mass. 



The theoretical value of the 2S Lamb shift in singly-ionised helium presently 
stands at 13836.7MHz, with an uncertainty of a few hundred kilohertz. By far 
the largest contribution to this shift is the one-loop contribution to the self- 
energy of the electron, which in He’*' accounts for 13614.97MHz. The mechanism 
responsible for the shift is the emission and re-absorption of a single virtual pho- 
ton by the atomic electron, as depicted by the Feynman diagram shown in (a) of 
Fig. ID This process contributes to terms A 40 and A 41 in the above expansion. It 
was the one-loop problem that was first calculated in hydrogen by Bethe in 1947, 
based on non-relativistic QED |7j. The remaining terms in F contain the higher 
order effects of the nucleus as a (static) source of the Coulomb field, and are 
called the binding corrections. Evaluating these terms requires the consideration 
of numerous, more complex diagrams and their calculation has involved many 
physicists and spanned forty years. A review of the methods involved and the 
earlier results can be found in P). The next largest contribution to the Lamb shift 
comes from the one-loop vacuum polarisation corrections to the Coulomb poten- 
tial, shown in (b) of Fig. Q at —433.88 MHz in He’*' 2S. This diagram depicts the 
exchange of a photon between the bound electron and a virtual electron-positron 
pair which subsequently interacts once with the Coulomb field. In non- field the- 
ory terms, this is described as partial screening of the bare charge of the electron 
by the virtual electron-positron pair, which becomes polarised in the Coulomb 
field. Heavier pair-produced particles also contribute a small effect (see e.g. |B|). 



Fn{Za) — A4Q -\- A4iln[a(Za) A^Q(Za) 

-\-{Za)^ {Aqq -\- AQ iln[a{Za) '^] -{- Aq 2 Inkier {Z a) ^]}-|-... 



( 2 ) 



Hn{Za) — B40 -\- B^Q{Za) 

+ {Za)‘^{Be3ln^[a{Za)-^] + Be2ln^{(j{Za)-^] + ...} . 



( 3 ) 



To further increase the precision of the theoretical determination of the en- 
ergy levels, it is necessary to add the two-loop terms to the calculation. The 
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leading order term, B^q, was first calculated in 1970, both numerically and an- 
alytically 13, and is considered to be well known at 2.037 MHz. It is the next 
term, the two-loop binding correction, B^oiZa), calculated in 1994 P and inde- 
pendently in 1995 0, which was larger than expected. In He’*' 2S, it contributes 
— 1.339 MHz. Some of the Feynman diagrams which are included in this term are 
shown in (c) of Fig.P The large size of the coefficient H 50 has prompted debate 
over the validity of a perturbative approach in the calculation. This debate is 
further enlivened by the results of several independent calculations [10I11I12I13| 
of parts of the perturbed orbital eorreetions, which contribute to the H 50 and the 
Bq 3 terms. Even for hydrogen with its low value of Z, a perturbative calculation 
to this order means that for the n = 2 Lamb shift the first term in the (Za) 
power series is essentially cancelled by the second term, despite being of the 
next order in a. The alternative approach to the calculation involves an exact 
numerical evaluation of F and B valid for all values of (Za). At present there 
is disagreement between the results of these different approaches at the level of 
a few hundred kilohertz. 




Fig. 1. Feynman diagrams representing various contributions to the Lamb shift. A 
solid line represents an electron, a wavy line a virtual photon and a cross denotes 
exchange of a Coulomb photon (a) Leading self-energy term (b) One-loop vacuum po- 
larisation term. The loop represents a virtual electron-positron pair (c) Some diagrams 
contributing to the two-loop binding correction 



Historically, measurements of the IS Lamb shift in hydrogen have constituted 
the most accurate tests of bound-state QED. However, these recently calculated 
terms are obscured in hydrogen by the experimental error in the proton charge 
radius. This is because a non-QED correction to the Dirac levels due to the 
finite size of the nucleus is included in the Lamb shift, and the uncertainty in 
this term for the proton is comparable to the two-loop correction in the IS 
state. In He"*", the error introduced by the experimental uncertainty in the alpha 
particle radius is relatively much smaller [1 411 5| . making Lamb shift measure- 
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merits in He'*" sensitive to the two-loop binding corrections, which scale with 
. In addition, there has not yet been an experiment to measure the He"*" 2S 
Lamb shift by two-photon spectroscopy . The most precise published experimen- 
tal value at the time of writing is by van Wijngaarden et al., using the quench 
anisotropy method HE!. A recent discrepancy between this experiment and the 
present theoretical number has now been resolved, with the new experimental 
value of 13836.65(17) MHz |S]. However, it of course remains important to have 
an independent experimental test of QED at this significant level, particularly 
one employing a completely different method. 



3 The Experimental Method 

We are making a precise measurement of the He"*" 2S-3S interval by Doppler- 
free two-photon spectroscopy of a slow He’*' 2S metastable ion beam, using 
continuous-wave UV radiation at 328 nm. A measurement of this transition fre- 
quency, combined with the value for the Rydberg constant from H experiments, 
allows a determination of the 2S Lamb shift. See Fig. E|for the relevant energy 
levels. The new two-loop corrections amount to a shift in the theoretical value of 
between —1.3 and —1.5 MHz. This constitutes roughly 10% of the 2S-3S transi- 
tion natural linewidth, making the experiment potentially a very sensitive test 
of the theory without the need to identify the centre of the transition to a very 
small fraction of its width. The experimental difficulties lie in the generation 
of sufficient quantities of the metastable species and resonant light. Progress 
to date in these and other aspects of the experiment, depicted schematically in 
Fig.0 will be dealt with separately below. 



He+n=3 r 

2 X 328 nm ^ 

He+n=2 

40.8 eV 



48.4 eV 



HeM2S„2 ^ 



He 



He* -j — 
24.6 eV t 

20 eV 

k 



i 



n=2 




t 



14.04 GHz 



22R 



3/2 



22S 

22R 



1/2 

1/2 



Fig. 2. Low-lying He^ energy levels relative to the neutral atom ground state, showing 
the two 2S-3S exciting 328 nm photons. The n = 2 Lamb shift and fine structure are 
shown in the detail. There is no hyperfine structure from the spin-zero ^He nucleus 
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Fig. 3. The experimental setup. A beam of helium metastable ions crosses the resonant 
light inside a power enhancement cavity, which drives the 2S-3S transition. Note ‘PM’ 
denotes polarisation-maintaining 



3.1 The UV Light Source 

The 2S-3S transition requires the absorption of two 328 nm photons. Because 
this is a second order process, the transition rate is proportional to the squared 
intensity of the exciting light. It is therefore desirable to obtain the highest 
possible light power. A very stable 328 nm c.w. laser has been constructed by 
frequency doubling the 656 nm light from a dye laser using a BBO crystal in 
an external enhancement cavity. This comprises a ring cavity based on com- 
mercially available optomechanics, consequently care was taken to reduce servo 
noise due to mechanical resonances in mirror mounts. The cavity is locked on 
resonance with the fundamental light using the Hansch-Couillaud polarisation 
scheme HD. This source presently generates 70 mW of 328 nm light from about 
500 mW of incident 656 nm light. However, this is reduced to around 35 mW with 
the inclusion of the polarisation-maintaining optical fibre - a necessary addition 
due to the layout of the experiment. The transfer efficiency through the fibre is 
about 75%. 

3.2 The Interaction Region 

The 328 nm light is then coupled into a linear enhancement cavity placed inside 
the vacuum system. The metastable ions will ultimately be focused through the 
centre of the resonant mode of the cavity where they will interact with the light. 
The waist size of the fundamental mode of the cavity is around 100 /rm, chosen 
to make the transit-time broadening roughly equal to the natural width of the 
transition. A cavity is a convenient way of providing the counter-propagating 
beams required for the Doppler-free excitation of the two-photon transition, 
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but its main function is to increase the light power. Without it there would 
be no hope of obtaining a detectable signal. The power enhancement factor of 
the cavity (the one-way intra-cavity power on resonance divided by the power 
incident on the cavity) is measured to be around 90, which means we have over 
3 W in each of the counter-propagating beams. This is sufficient for a preliminary 
experiment, but there is potential for an improvement in this figure given that 
the finesse of the cavity is around 4000. At present, the efficiency of power 
coupling into the cavity is limited by the absorptance in the mirrors, which 
leads to poor impedance matching. A roughly 0.5% reduction of the reflectance 
of the input coupler would decrease the finesse by a factor of 3 but may increase 
the theoretical enhancement factor by up to 5, provided it was not accompanied 
by an increase in absorptance. This would yield a factor 25 increase in 2S-3S 
excitation rate. 



3.3 The He+ 2S Ion Source and Beam 

The hydrogenic 2Si/2 state is strictly forbidden from decaying by electric dipole 
transition to the ground state by parity considerations, and so is metastable. The 
most probable decay route (for low Z atoms) is by the simultaneous emission of 
two photons, which in the case of He’*' results in a lifetime of 1.9 ms (compared 
with 140ms for H). This makes possible a low energy 2S ion beam experiment, 
which is important if we are to avoid problems with the second order Doppler 
effect. The metastable He’*' 2S ions are produced in an electron bombardment 
source of the type used by Hinds et al. UBI, which is in operation and is presently 
being optimised for 2S production. Figure0|shows a schematic of the source and 
a photograph of the electron gun arrangement. The electrons are emitted from a 
large area cathode made of tungsten with a barium impregnant. This is capable 
of producing half an ampere of emission current when heated to 1100 °C. These 
electrons are accelerated across a potential difference of 200 V into a molybde- 
num cage, which forms the anode. A third electrode, the grid, lies between the 
cathode and the anode, and controls the cathode emission current by building 
up space-charge in the region in front of the emitting surface. We can thus select 
an emission of typically tens of mA which, being space-charge-limited by the 
grid, is insensitive to cathode temperature fluctuations. 

The neutral helium atoms are admitted into the source through a pipe con- 
nected to a gas bottle outside the vacuum system. Once inside the anode cage 
they are ionised and excited in a single collision with an electron. The region 
inside the cage is approximately field-free, which helps to maintain a low energy 
spread in the final ion beam. An enclosing box, the repeller, is maintained at a 
positive voltage with respect to the cage to confine the positive ions once pro- 
duced. Some of the ions drift out of the end of the cage and are extracted by the 
electrostatic Pierce lens m in a direction perpendicular to that of the bombard- 
ing electrons. The ions are focused through a channel in the vacuum chamber 
bulkhead, forming the beam. The beam then passes through a microwave cavity 
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Fig. 4. The ion source and electron gun, shown with penny (20 mm diameter) for scale. 
Helium atoms in the anode are bombarded by downward-travelling electrons and the 
ions are extracted horizontally to the left 



(described in the following section) and an electrostatic lens system, before fi- 
nally encountering the UV light. The exact values of electrode potentials inside 
the source and on the lenses has not yet been finalised, as this is subject to the 
lens design which is not yet complete. The principle considerations are those of 
beam divergence and metastable quenching, and since we are interested only in 
the metastable content of the beam at the UV interaction region, we have to 
consider the source and lens system as a whole. For example, one may choose to 
operate the source at a high extraction voltage (the potential between the anode 
and the bulkhead) and then decelerate the beam through the lens system to 
give the required 5eV energy at the UV interaction region. This has the advan- 
tages of low beam divergence through the lens and cavity system and prevents 
space-charge limited flow through the Pierce lens channel. However, too high an 
electric field in the source increases the probability of Stark quenching of the 
metastables; the admixture of the 2Pi/2 state introduces a Stark decay rate of 
62.5 s~^ for E in V/cm. A lower extraction voltage does not suffer from this 

problem but produces a lower total beam current and the slower beam will have 
larger divergence, leading to greater losses at the beam apertures. Presently we 
have a 5 eV kinetic energy ion beam, with 55 nA of ion current and about 100 pA 
of He"*" 2S metastables. The method of detection is described below. 

3.4 Metastable Detection 

After passing through the UV cavity, the ions are incident on a clean stain- 
less steel plate, which is connected to the input of an electrometer operational 
amplifier with high current-voltage gain. By applying a positive voltage to the 
plate we are able to repel the incoming ions and crudely measure their energy 
distribution. Such a plot is shown in Fig. 0 Applying a negative voltage allows 
us to distinguish between ground state and 2S metastable ions by means of their 
different yields for Auger ejection of electrons from the steel surface. The total 
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current flowing in the electrometer circuit is the sum of the incoming positive 
ions and the ejected electrons, which are accelerated away from the plate by 
the bias voltage and thus contribute to the current. The metastables, with an 
additional 40.8 eV internal energy, have higher yield for the Auger process than 
the ground state ions («0.5 for 2S and 0.2 for IS) m and thus generate a 
small additional current on the large ground state background. Phase-sensitive 
detection of this small current is enabled by the microwave cavity. When the 
cavity is resonantly excited, the intra-cavity power is sufflcient to completely 
quench the metastables by coupling them to the short-lived 2 Pi /2 state (this 
being the method employed by Lamb and Retherford in their historic 1947 ex- 
periment). Therefore by modulating the power into the microwave cavity we are 
able to modulate the metastable content of the beam and correspondingly detect 
a small AC component of the electrometer current using a lock-in amplifier. 




Fig. 5. The solid line with experimental points shows the total ion current collected 
by the steel plate as its bias is varied. The steep slope of this curve shows clearly that 
the ions are stopped at about 5V. The dashed line is the derivative of the solid line 
and gives the energy distribution of the beam. As the bias goes negative, the secondary 
electrons liberated by the ion impact are repelled from the plate and appear as a small 
increase in the total current 



The TMqio microwave cavity design is very simple, consisting of a cylindrical 
hollow cut into a block of oxygen-free high-conductance copper, with an end-cap 
to form a lid. The TMqio mode has axial electric held with an antinode on the 
axis of the cylinder. Beam holes on axis thus allow the 2Si/2 ions to pass through 
the highest electric held, which quenches them. The mode frequency, which de- 
pends on the cavity radius, is set to the Lamb shift frequency of 14.04 GHz. We 
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are now making improvements to the cavity, including enlarging the beam holes 
in order to reduce losses which are presently limiting the ion current. 

3.5 The Reference Laser System 

A diode laser locked to a hyperfine component of the R(67) 5-5 transition in 
will be used as the optical frequency reference at 656 nm. This will be 
calibrated at the National Physical Laboratory, in the UK, to a precision of 
around 60 kHz. The absolute frequency of the He“'" transition will be measured 
by heterodyning light from the reference laser with light from the dye laser on a 
fast photodiode, as the dye laser is scanned over the 2S-3S resonance. The 2S-3S 
transition frequency will therefore be measured relative to the calibrated iodine 
line, as a beat frequency of approximately 1 GHz. The diode laser is used in an 
external cavity configuration m, providing over 10 mW single mode operation 
at 656 nm. Preliminary spectra of the R(67) 5-5 transition taken with 4mW 
of diode laser power, are shown in Fig. El The laser has yet to be locked and 
made portable, at which point it will be transported to the NPL for calibration 
relative to their helium-neon standard. Future generations of the experiment may 
employ a more sophisticated reference based on the femtosecond comb generator 
recently developed by Hansch and co-workers m 




Fig. 6. Experimental spectrum of shown with calculated hyperfine components 
a4-al8 of the R(67) 5-5 transition at 656 nm. The a4 component is offset by about 
1 GHz from one quarter of the He^ 2S-3S transition frequency 
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Fig. 7. The 3S-2P-1S decay detection scheme. Detected photons are shown on the right, 
the dominant background from the 2S 2-photon decay is plotted on the left against 
frequency 



3.6 Detection of the Two-Photon Transition 

We will detect the 2S-3S transition by observing fluorescence from the 3S-2P- 
IS decay cascade, see Fig. 0 The 30 nm radiation may be detected using a 
channel electron multiplier. The dominant source of background is expected to 
be from the spontaneous two-photon decay of the metastable state, giving the 
characteristic broad, symmetrical frequency spectrum centred on 60.8 nm. A 
thin aluminium Alter will be used to suppress this background and eliminate the 
scattered 328 nm light. 

An estimate of the signal to noise from the present figures will be pessimistic 
as we expect to increase the metastable current by up to an order of magnitude 
with the changes to the beam discussed above. But with the present laser power 
and ion current we expect to detect a 2P-1S signal of order 100 counts/s on a 
background roughly one third this size. This means an integration time of around 
0.1s to give a sensitivity at the level of the two- loop binding corrections and 30 s 
to achieve a precision limited by the reference laser (~100kHz). At this level, 
the differences between the various calculational methods discussed above will 
be exposed. 

It appears likely that the statistical uncertainty will eventually be reduced 
to around 100 kHz, so we consider sources of systematic error which may be 
expected to enter at this level. The uncertainty in the second-order Doppler 
shift (450kHz/eV) will be reduced to 100 kHz by a 5% measurement of the beam 
energy. The AC Stark shift of the 2S-3S transition will be around 70 kHz for the 
present laser intensity, and can be extrapolated to zero intensity by varying the 
UV power. Finally, as mentioned above, the systematic uncertainties will be quite 
different from those in the microwave and quench anisotropy measurements. 
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4 Conclusion 

A determination of the 2S-3S transition frequency to better than 10% of its 
16 MHz natural linewidth will be sufficient to probe QED theory at the level 
of the new two-loop calculations. Once completed, we expect that the present 
experimental setup will immediately give access to the 100 kHz level, where dif- 
ferences between current calculations can be tested. 
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Abstract. We present a review of the helium spectroscopy, related to transitions be- 
tween 2® S' and 2®P states around 1083 nm. A detailed description of our measurements, 
that have produced the most accurate value of the 2 ®Pq — 2®Pi fine structure interval, 
is given. It could produce an accurate determination (34 ppb) of the fine structure 
constant a. Improvements in the experimental set up are presented. In particular, a 
new frequency reference of the laser system has been developed by frequency lock of a 
1083 nm diode laser to iodine hyperhne transitions around its double of frequency. The 
laser frequency stability, at 1 s timescale, has been improved of, at least, two orders 
of magnitude, and even better for longer time scales. Simultaneous ^He He spec- 
troscopy, as well as absolute frequency measurements of 1083 nm helium transitions 
can be allowed by using the l 2 -locked laser as frequency standard. We discuss the im- 
plication of these measurements for a new determination of the isotope and 2^ S Lamb 
shifts. 



1 Helium and Fundamental Physics 

High precision spectroscopy of ’’simple” atomic systems has been demonstrated 
to be a powerful tool for measuring quantities in fundamental physics as, for 
example, fundamental constants PJ- Regarding to the fine structure constant 
a, since the fine-structure (FS) separations are nearly proportional to a^Rooi 
accurate measurements of the FS splittings of a ’’simple” atom can be used to 
determine a, in case sufficiently precise theoretical predictions of them are avail- 
able. Relativistic quantum mechanics and QED provide such predictions when 
applied to atomic or ionic systems as Hydrogen and Helium. Although Hydrogen 
has been always considered the “natural” candidate for all fundamental constants 
measurements, here is an exception: in the case of a, more precise results can 
be obtained with Helium, as was pointed out by V.W Hughes early in 1969 |2|. 
In fact, from an experimental point of view, wider FS separations and narrower 
linewidths allow for more precise measurements. The largest FS splitting in He- 
lium (2^Pi — 2 ^Pq) is three times the largest one in Hydrogen {2^P\j2 — ‘^'^Pz/ 2 ), 
and the linewidth of the involved levels is sixty times smaller in Helium than 
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in Hydrogen. This advantage is confirmed by the experimental results: the Hy- 
drogen 2'^Pi/2 — separation has been measured to 1.4 x 10“® from the 

2"^Si/2 and 2 ?Pij 2 — *■ 2 '^Si /2 transitions |3, whereas 2^P\ — 2^Pq 

separation in Helium has been recently measured by our group with an accuracy 
of 6.8 X 10“® 0. This measurement, together with the recent advances in the 
QED theory for a two electron-bound system, could provide a 34 ppb precise 
a value. It could help to clarify the actual puzzling situation of a determina- 
tions at the level of 10“® 0, which will be more stringent as more as accurate 
measurements and predictions of the 2^P helium level FS will be available. This 
issue has taken to the development of precise spectroscopic techniques around 
1083 nm: the radiative wavelength that links the triplet P level with the triplet 
S metastable level of Helium (see Fig. 

2 Fine Structure of the Helium 2^P Level: Experiments 

At present, five experimental measurements for the 2^P splittings are avail- 
able; all but the first jH| are from groups still active and working at helium 
FS measurements |4l7l8Bil()llH . Although these experiments use different ap- 
proaches to measure the fine structure, ranging from microwave spectroscopy in 
the 2^P levels [ItilUII l)j to frequency difference of the 2^S — *■ 2^P optical transi- 
tions helium spectroscopy at 1083 nm is always present (see Fig. [Q. A 

detailed description of all related experiments is out of the scope of this paper, 
and we will confine the discussion to our measurement 0, and briefly, to other 
measurements to compare with it. 

Apart of the sub-MHz spectroscopy of helium fine structure realised by W.E. 
Lamb Jr. in the late ’50s, the first results competitive with the fine structure 
measurements in hydrogen, were done by V. Hughes and coworkers with a se- 
ries of experiments that started in the late ’60s and continued for more than a 
decade . The experimental approach followed was a magnetic-resonance atomic 
beam technique. To circumvent the low quantum efficiency of fluorescence de- 
tection, the magnetisation variations induced by the microwaves were directly 
observed with a double Stern-Gerlach selector followed by an atom detector. In- 
deed, since the 2^S metastable state carries an internal energy of about 20 eV, 
metastable helium atoms can be detected with a quantum efficiency close to 
unity. The preparation in the 2^S level with a well-defined magnetisation was 
obtained by a trajectory selection operated after the passage through a magnetic 
field gradient. Then, atoms were excited to the 2^P level by a discharge lamp and 
were simultaneously illuminated by the microwave field causing a magnetisation 
variation. A second magnetic selector allowed only the desired atoms to impinge 
on the atomic detector. In these experiments the main issues were related to the 
presence of the bias magnetic fields of 10 to 200 mT: a remarkable work has 
been done both to assure the necessary stability and homogeneity and to have 
an accurate calibration of the intensity in the interaction region. The lineshape 
distortion, consequent to the way the resonances were sweeped (i.e. by fixing 
the microwave frequency and varying the magnetic field), and the second order 
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Zeeman shift required a careful analysis, so that also the 2^P, Gj was measured. 
V. Hughes and collaborators measured all the three intervals separately, since 
the mixing of FS levels induced by the magnetic fields allowed even = 2 to 
J = 0 transitions (we note as a level that connect to the J manifold at zero 
magnetic field). Their published results have been recently modified by taking 
into account better the systematic effects due to the strong magnetic fields m 




Fig. 1. Scheme of helium energy levels relevant for our experiment 



A completely different approach was taken in a recent experiment, com- 
pleted in 1995 at Yale University 0. The development of laser spectroscopy 
made advantageous to go back to FS measurements in the optical domain, i.e. 
as frequency differences of optical transitions. Shiner and coworkers measured 
the wavelength of the different FS components of the 1083 nm 2^5' ^ 2^P 
transitions. The detection scheme was again based on a double Stern-Gerlach 
apparatus, but the demagnetisation was caused by the laser beams. The major 
source of uncertainty was attributed to the interferometric technique employed 
to measure the laser wavelength. Recently, the experiment has been modified 
to avoid wavelength calibration problems: a side-band spectroscopic technique 
has been used to measure directly the frequency separation of the smallest 2^P 
splitting 1^. In this way, the accuracy for this interval has been improved by a 
factor of 3 with respect to the previous results, where the uncertainty now be- 
ing was mainly attributed to the systematic effects from the moderate magnetic 
fields used. 

At York University, Toronto, microwave measurements have been revived by 
Storry and Hessels [9Hl)j . that could benefit of lasers to excite the 2^P level, 
instead of the lamps used by Hughes and coworkers. Also, the detection of laser- 
induced fluorescence from 2^P levels makes another basic difference with respect 
to Hughes experiments, which, together with a microwave frequency scan, elimi- 
nated the lineshape asymmetries. In this experiment, a moderate magnetic field 
is also used to select the transitions between the desidered Mj sublevels. The 
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final uncertainty was mainly limited by the effect of the out-bound microwave 
power in the region of the laser excitation. 

Finally, we wish to mention that, at Harvard University, another laser spec- 
troscopy experiment was carried out in a discharge cell, and not in a ’’clean” 
environment as the metastable helium beam of the other experiments. The un- 
certainty of this unpublished measurement is 8 kHz cn, probably due to sys- 
tematic effects from collisions in the helium cell m- 

2.1 The Florence Experiment 

In Florence, we have chosen an approach that combines laser spectroscopy with 
the direct frequency measures of the microwave experiments We take advan- 
tage of the obvious consideration that to obtain the FS separations there’s no 
need to precisely know the optical transitions frequencies but just their differ- 
ences. Thus, if we have two laser frequencies whose difference can be accurately 
controlled, we may use one as a fixed reference and tune the second across the 
atomic resonances, as illustrated by Fig. E In fact, our approach reverts to an 
heterodyne technique, where all the transitions are measured with respect to 
the same reference frequency, that can take any arbitrary but stable value. In 
the experimental realisation we obtain the two frequencies by phase-locking two 
diode lasers (master and slave), i.e. phase-locking their beat note to a microwave 
oscillator in We show in Fig El a full- view of the experimental set-up. 






RF discharge 



Lock-in amplifiers. 




Slave 



Fig. 2. Experimental set-up for high precision helium spectroscopy 
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Diode lasers are very compact and convenient sources, although their emis- 
sion is generally broader in frequency than the one of solid state lasers, it can 
be narrowed by reflecting part of the emitted light back into the laser chip. This 
widely adopted technique, named “optical feedback” , is implemented by mount- 
ing in front of the diode laser a partially reflecting element, such as a beam 
splitter or a diffraction grating (extended-cavity configuration). Fig. 0 (a) shows 
quite clearly the effect of the optical feedback, where the line width was reduced 
by one order of magnitude (300 kHz) with a 50% of feedback. The master laser 
(i.e. the reference frequency) was locked on 2^S'i ^ 2^Pj transitions, detected by 
saturation spectroscopy in a cell where the metastable helium was produced by 
means of a radio-frequency discharge. The reference transition was the one not 
related to the 2^P splitting to be measured (see Fig.GJ- The measured frequency 
stability with this system was 5 x 10“^^ in 1 s. A detailed description of the two 
diode lasers phase-lock, lying outside the scope of this paper, can be found in 
Ref. j 1 4j : here, we report only the measured root Allan variance of the frequency 
difference, 0.1 • and the power spectrum of the beatnote between the 

two phase-locked lasers (see Fig.EI (6) showing a 1 MHz lock bandwidth). 




Frequency (MHz) Phase Lock Beat note Frequency (MHz) 



Fig. 3. (a) Spectral power density of the beat note between the extended-cavity master 
laser and the slave laser, with or without optical feedback; (b) Spectral power density 
of the beat note between the two phase-locked diode lasers 



We detected the saturated fluorescence emitted by a beam of 2^5” metastable 
atoms as they cross at right angle the slave laser light. A 10^® atoms/s. sterad 
flux of metastable helium atoms was produced by electronic collisions in a DC 
discharge of a helium atomic beam, similar to that described in To improve 
the precision of the linecenter determination, we increased the signal-to-noise 
ratio S/N by means of standard frequency modulation: the third harmonic de- 
modulated lineshape is shown in Fig.0 The function expected for a Lorentzian 
spectrum was fit and linecenters were calculated with an uncertainty ranging 
between 10 kHz and 20 kHz, that is consistent with the observed S/N, mainly 
limited by the stability of the reference frequency and of the metastable helium 
beam. The reproducibility was two or three times worse than the uncertainty. 
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where to randomize the linear drift of the reference laser (about 60 kHz/h), the 
two 1083 nm helium transitions were recorded alternatively, and only their fre- 
quency differences were averaged. The average of about 200 differences improved 
the statistical uncertainty to about 2 kHz. 




Frequenza [MHz] 

Fig. 4. Third harmonic demodulated signal of the 2®S'i ^ 2®P2 transition, fit to the 
expected function 



Perhaps, the most significant difference with respect to previous experiments 
is that no bias magnetic field is present: a cylinder of high magnetic permettivity 
metal (mu-metal) embeds the interaction region to shield it against dc and ac 
magnetic fields while a couple of Helmholtz coils inserted therein allow for the 
fine cancellation. In general, by selecting the transitions connecting m = 0 states, 
the first order Zeeman effect is (in principle) eliminated but at the current level 
of accuracy even the second order effect is relevant: e.g. the separation between 
2^Pq m = 0 and 2^Pi m = 0 decreases by 0.18 MHz in a field of 3 mT. Moreover, 
in our experience a magnetic field transverse to the laser polarisation of 16 /xT 
gave rise to a 0.05 MHz shift of the measured I'oi separation. This shift is too 
large to be explained by simply admitting a linear Zeeman shift combined with 
the residual ellipticity of the laser polarisation. As a consequence, we choose to 
work with zero magnetic field. To minimise it in situ, we made use of the non- 
linear Hanle effect: in presence of optical pumping toward non-coupled sublevels 
of the ground state, the fluorescence signal drops, unless a magnetic field recycles 
the sublevels populations. Thus, we tuned the Helmholtz coils current in search 
for the minimum of signal. We then measured the magnetic field to be below 
0.1 fiT in a cube of 1 cm^ around the interaction region. The related systematic 
error, with the conservative assumption that it scales linearly with the residual 
field, is less than 0.3 kHz. 

Surprisingly, however, we found that the major limitation to our experimen- 
tal accuracy was due to the recoil imparted by photons to atoms. The radiation 
forces are of course well-known, being used for laser cooling, nevertheless their 
effect in precision spectroscopy is often disregarded as the interaction time be- 
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tween light and particles is short. However, we found that these forces cause a 
lineshape asymmetry and a consequent shift of the linecenter m- We can un- 
derstand at least the origin of this shift with simple qualitative arguments, while 
for a precise characterisation a numerical analysis is required. 

Basically, the shift occurs because the velocity and position distribution of 
atoms is modified by the interaction with the laser light. In our experimen- 
tal configuration, the laser was arranged in a standing wave with two linearly- 
polarized, counterpropagating beams, shined orthogonally to the atomic beam. 
Let’s consider what happens when the laser is detuned below resonance (red 
detuning) . The velocity-dependent component of the force is damping, therefore 
the transverse velocity distribution of the atoms is cooled. Since the saturated 
fluorescence we detect is proportional to the number of atoms which have nearly 
zero transverse velocity, cooling yields an increase of the signal. Moreover, in the 
standing wave the position-dependent component of the force pushes the atoms 
toward the high intensity region, i.e. the antinodes, leading to a further increase 
of the signal. The opposite occurs for blue-detuning. For cycling transitions, the 
number of photons scattered by any atom is limited only by its transit time 
across the laser beam: in our experiment, the shift of the cycling 2^Si 2 ^P 2 
line was of the order of 0.2 MHz, about one tenth of the natural width. On the 
other hand, the 2^S'i ^ 2^Pj ( J = 0, 1) are “open” transitions, i.e. transitions 
for which the selection rules make at least one of the Zeeman 2^5' sublevels 
uncoupled to the laser light (“dark” levels). For these two transitions optical 
pumping toward dark levels reduces the number of scattered photons and, as a 
consequence, the lineshift turns out to be almost one order of magnitude smaller. 
Furthermore, we take advantage of the partial cancellation in the frequency dif- 
ferences. For the FS experiment, we implemented a numerical solution of the 
optical Bloch equations and, after we verified that the predicted shifts were in 
agreement with the observed values for different interaction times m , we cor- 
rected our 2^Pq — 2^Pi measured value by 11.7(9) kHz. Our final results (line 3 
of Table ^ clearly show how the obtained accuracy depends on whether or not 
the closed transition 2^S 2 ^P 2 enters the measured interval. 

2.2 State of the Art of the 2^P Helium Splittings 

The most recent results of the 2^P splittings for all experiments indicated above 
are summarised in Table 0 and graphical comparison of the measurements for 
the 2^Po ~ 2^ Pi separation is shown in Fig. Also the most precise theoreti- 
cal determinations are included in this table The theoretical values 

of the FS splittings are given by difference of the energy of the levels involved, 
which is calculated by means of power series perturbation expansion of the fine 
structure constant a, where the non relativistic terms are used as zero-order, 
i.e. unperturbed Hamiltonian. Since the non relativistic eigenvalues are known 
within 1 part in 10^^, relativistic and QED small corrections must be considered 
when a ppb accurate determination of the FS splittings is required. They are 
calculated by means of a perturbation procedure, where the problem is twofold: 
(1) find the approximate eigenfunctions of the unperturbed Hamiltonian, (2) 
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Table 1. Measurements and the theoretical predictions of the 2®Pi — 2®P2(j^i2), 2®Po — 
2^ Pi{vo\) and 2^ Po — 2^ P 2 {yo 2 ) FS intervals of helium. For each splitting, the differences 
with the most accurate measurement are indicated 
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Only computational errors have been considered (see text) 



work out the perturbation operators. Nowadays, the calculus of the eigenfunc- 
tions is a well solved problem for Helium; instead, the determination of some 
high order perturbation operators remains the limiting factor of the energy level 
calculus. In fact, the current state of the art of the perturbation operators for 
Helium is in the terms of the order 0{m(?a^) for both theoretical determinations 
tabulated here im. For completeness, we have also reported another deter- 
mination from the Drake group ini, where the corrections of the 0{m(?a^) 
order are not included at all, and the calculus is stopped at the 0(mc^a^ log a) 
order. A description of these theoretical determinations is given in other contri- 
butions of this volume, and we refer to them for details. We only indicate that 
the errors of Drake’s group determinations were calculated considering all the 
high order terms not included in the calculus, whereas for the Pachucki’s group 
determinations the error was only computational. 

The most precise value for the smallest splitting is given by the recent 
Shiner’s group measurement |B|, but it is still discrepant (one error bar) with the 
other kHz level accuracy value mg. Anyway, these measurements have improved 
by a factor of 3 the previous most precise value [Zj , and they can be used to test 
the QED theory for the Helium 2^P fine structure, since the predictions are still 
more than one order of magnitude less accurate. A larger discrepancy can be 
observed for the ugi splitting, where the most accurate value at 2 kHz level is 
given for our measurement ^ . There is more than 3 error bars of disagreement 
with respect to the values with the next accuracy mm, but it is very close to 
the weighted mean of all experimental measurements, as is shown in Fig. El It 
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Fig. 5. Measured values of the 2 ®Pq — 2® Pi interval and their weighted average; a: Ref. 
[12], b: Ref. [7], c: Ref. [11], d: Ref. [9], e: Ref. [4] 



is worthing noticing the concordance of our value with two of the theoretical 
predictions nmg, but the discrepancy with the third one HHj is an indication 
that all the 0{m<?a^) contributions must be calculated to claim a 10® accuracy 
for the FS predictions. When this problem will be solved, a 34 ppb accurate 
value of the a constant could be determined from the Helium FS. Finally, with 
respect to the third interval vq 2 , a kHz level accuracy measurement doesn’t allow 
more precise determination of a with respect to the interval, but it can be 
used to test the consistency of the measurements of the other two intervals. 

3 Hyperfine Iodine Transitions at 541 nm: a New 
Frequency Reference for Helium Spectroscopy 

To further improve the accuracy of our FS measurements, the frequency stability 
of the master laser and the S/N of the 1083 nm helium transitions must be 
increased. In this way, not only the statistical uncertainty will be improved, but 
it will also allow a precise experimental check of systematic effects. 

The lack of accurate and stable frequency standards in the near-infrared 
spectral range, and in particular at 1083 nm, is a serious inconvenient to im- 
prove the present frequency stability of the He- locked master laser. On the other 
hand, hyperfine transitions of the iodine molecule has been defined as secondary 
frequency standard at different visible wavelengths, and in particular at 532 nm, 
the doubled frequency of the 1064 nm Nd:YAG laser. Likewise, our idea has 
been to lock the master laser frequency to I 2 hyperfine transitions at its doubled 
frequency, 541 nm. 

By means of second harmonic generation (SHG), we have developed a new 
laser source at 541nm: a single pass, periodically-poled KTiOP 04 (pp-KTP) 
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Fig. 6. Direct absorption, AM and FM spectra of the hyperfine components of the 
B-X R(34)27-0 transition of I 2 at 541 nm. Note the hyperfine Lamb-dips are observed 
in the absorption spectrum 



crystal injected by a 30 dB fiber amplified diode laser emitting at 1083 nm m- 
This is an efficient way to obtain up to 6 mW of stable green power, easily 
tunable in a 1.2 THz range around 541 nm, that overcomes the problems of the 
low output power of diode lasers and those of amplitude stability and tunability 
that plague the enhancement doubling cavities. Moreover, we have measured 
that frequency and amplitude noise are not added to the amplified radiation by 
the Yb-dopped fiber amplifier I2H- The generated green power is used to perform 
sub-Doppler saturation spectroscopy of hyperfine iodine transitions in a classical 
pump-probe configuration. In Fig. El we show the direct absorption spectrum of 
the B-X R(34)27-0 12 transition, where the hyperfine Lamb-dips can be observed. 
It demonstrates the high amplitude and frequency stability of our system. To 
isolate the hyperfine signals from the Doppler background and to increase the 
S/N ratio, different modulation techniques, and consequent experimental set- 
up have been used . Fig. El shows the result of two of them: the amplitude 
modulation (AM) and frequency modulation (FM) spectra. The AM spectrum 
has been used to spectraly characterise the hyperfine transitions, whereas the 
FM spectrum has been preferred to frequency lock the master diode laser at 
1083 nm. The FWHM of the hyperfine transitions was about 1.2 MHz, mainly 
limited for the laser linewidth in the green and for the pressure broadening at 
50 X 10“^ Torr (iodine vapor pressure at 8 °C). These conditions maximised the 
S/N of the iodine signals. 

To characterise its frequency stability, we have measured the root Allan vari- 
ance cr(r) of the two identical I 2 locked lasers A complicate experimental 
arrangement allowed us to use the same fiber amplifier and crystal for both 
sources. A stability value of 1.9 x 10“^^ in 1 s (corresponding to 540 Hz at 
1083 nm) is achieved, which improves to 4.1 x 10“^^ at 300 s (see Fig. C|. In 
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Fig. 7. Allan variance cr(r) of the beat signal between two DBR diode lasers at 1083 nm: 
♦ He-locked lasers, A one He-locked laser and one / 2 -locked laser, ■ / 2 -locked lasers, 
fitted with a 1.74(6)10“^^r^^^ +3.4(3)10“^® function 



view of its main application, we measured a root Allan variance stability im- 
provement by a factor 75 at 1 s and more than 100 at longer time scales, when 
the / 2 -locked were used, with respect to the Helium reference. Moreover, the 
long-term drift of 57 kHz/h of the He-locked lasers, evident in the middle trace 
of Fig.Q, is also avoided for the / 2 -locked lasers. 

We have obtained preliminary results in helium spectroscopy by using a I 2 - 
locked master laser. In Fig.|^ the relative frequencies of helium transitions with 
respect to the / 2 -locked master frequency (full circles) are shown. Similar re- 
sults (empty circles), when the master laser was He-locked, are also reported to 
compare with the previous situation. In both cases, a frequency offset of about 
13300 MHz and 2200 MHz, respectively, has been subtracted to report all val- 
ues around zero in the vertical scale. We can observe that the uncertainty of 
a single measurement has been improved by a factor of 2 and the time spread 
of a set of measurements by a factor of 5 for the smallest S/N ratio transition 
{2^S —> 2^Pq), confirming the previous limiting role of the reference frequency 
in the final accuracy. Moreover, the frequency drift, clearly observed for the 
2^S — > 2^Pi transition (He-locked case), is not present any more when the 
master laser is / 2 -locked, confirming the result obtained with the Allan variance 
analysis. As a consequence of these results, a 1 kHz statistical uncertainty for the 
FS intervals is achieved with less than 20 averages, instead of the 200 necessary 
before. Moreover, the average can be now performed directly on the 1083 nm 
transitions, and then used calculate the FS splitting by difference of the average 
values. In fact, we have controlled that the result of the i^oi by using the few 
new measurements showed in Fig. 0 is the same both with this new and with 
the old average procedures. 
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Fig. 8. Time evolution of the relative frequency of the (a)2^S — > 2^Pi{ui) and 
{b)2^S —y 2^Po{uo) transitions of helium at 1083 nm with respect to the master 
laser frequency {vm), alternatively locked on the 2^S 2 ^P 2 helium transition in 

a RF discharge cell (o points), or on one hyperhne component of the B-X P(105) 
29-0 I 2 line ( • points). Au = (z^i,o — I'm) — 2291.35987 MHz for o points, and 
Av = (:^i,o — Vm) — 13319.69872 MHz for • points. The error bars are one standard 
deviation of the fit (see text) 



4 Conclusions and Final Remarks 



In this paper, a review of precision spectroscopy measurements of the fine struc- 
ture of the 2^P level of helium has been reported. In particular, we describe 
our experiment, that has produced the most accurate result for the 2^Pi — 2 ^Pq 
splitting. Actually, this value could produce a 34 ppb accurate determination 
of the fine structure constant, if a similar accuracy prediction of the splitting 
would be available. This figure can be improved by increasing both experimen- 
tal measurements and theoretical predictions. This issue is addressed by several 
groups: the groups refered in [418111 Iff Tj for the experiment, and the groups of 
PHnu for the theory. In this sense, our experiment has been improved by intro- 
ducing a new frequency reference: the hyperhne iodine transitions around the 
doubled 1083 nm frequency. We have presented here the frequency stability im- 
provements of our apparatus with this new reference, as well as the benehts in 
the Helium spectroscopy that it has produced. 

Moreover, the tunability of the developed ’’green” laser and the rich density 
of I 2 absorptions give a grid of frequency references at 1083 nm as we show in 
Fig. El It can be used for other frequency difference measurements, such as ^He 
hyperhne splittings and ^He-^He isotope shifts. This shift is large enough to allow 
a precise determination of the relative nuclear radii of these atoms, and it is also 
used to test QED corrections m- But, perhaps, the most important advantage 
of the new reference, is the possibility of absolute frequency measurements of 
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Fig. 9. Coincidence between twice the frequency of ®He and ^He lines and the I 2 
spectrum 



the 1083 nm helium transitions at 1 kHz accuracy level, thanks to new optical 
frequency combs m- In this way, accurate determination of the 2^S Lamb-shift 
can be obtained to test the recently calculated 0{mc^a^) and higher order QED 
contributions to the helium energy levels dig. 
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Abstract. This paper deals with high resolntion spectroscopy of hydrogen and deu- 
terium atoms. The 1S-3S and 2S-6S/D transitions have been used to determine the 
ground state Lamb shift with an accuracy of 46 kHz. The aim of the present ex- 
periment is to make an absolute frequency measurement of the 1S-3S transition. We 
present in this paper the improvement on the experiment and the developpment of a 
new method to compensate the second order Doppler effect by the application of a 
magnetic field. 



High-resolution spectroscopy of atomic hydrogen is of great interest to test 
predictions of quantum electrodynamics on this simple atomic system. The best 
resolution has been observed in Doppler-free two-photon experiments where an 
atomic beam is excited by two counterpropagating laser beams. The frequency of 
the laser is determined with frequency chains. These optical absolute frequency 
measurements superstead all the other measurements (interferometric measure- 
ment, radiofrequency measurement). In fact up to now, only 3 transitions have 
been studied with this process (2S-8S/D, 2S-12D and 1S-2S transitions in hy- 
drogen and deuterium) PJ , |2] and ^ . We proposed to realize a second absolute 
frequency measurement starting from the ground state. Indeed the accuracy 
of the measurement of the transitions from the metastable state (2S) are now 
limited by the ac-Stark shift. 

To induce the 1S-3S two-photon transition, one needs a radiation source at 
205 nm (see Fig. □ This is produced by quadrupling in frequency a Titanium- 
Sapphire 0 laser at 820 nm. The first doubling stage in realized by a LBO 
crystal placed in an enhancement ring cavity. This radiation is sent to an other 
ring cavity containing a BBO crystal. The main improvement occurs on the first 
cavity. Up to now, it produced 500 mW at 410 nm light for an incident power 
of 2 W |H]. We replaced the previous crystal by a better one, giving 700 mW 
at 410 nm in the same conditions. Now the main losses in the cavity are due 
to the doubling process. The second doubling stage is still the limiting point of 
the experiment. Indeed, we produce only few mW of UV light 0.To avoid rapid 
degradation of the faces of the BBO crystal, the cavity is placed inside a clean 
chamber filled with oxygen. Moreover, the length of this enhancement cavity is 
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Fig. 1. Energy levels of hydrogen atom 



modulated (modulation frequency of 15kHz) so as to be resonant only some of 
the time. We work in an intermediate regim in which the UV intensity consists 
of 3/iS pulses at a frequency of 30kHz. This method prevents the generation, 
in the ring cavity, of the counterpropagative wave at 410nm, probably due to a 
photorefractive effect in the BBO crystal. To secure working of this cavity, the 
temperature of the crystal is now actively stabilized at 15°C. To observe the 
1S-3S transition, we use an atomic beam. Atomic hydrogen is produced by a 
radiofrequency discharge, which is off-axis with respect to the atomic beam, and 
linked to a vacuum chamber by a 9 cm lenght of teflon tube. The atomic hydrogen 
flows through a teflon nozzle into the vacuum chamber which is evacuated by an 
oil diffusion pump. The atomic beam is carrefully delimited by two diaphragms 
to eliminate the stray light coming from the the hydrogen discharge. The atomic 
beam is also placed inside a linear buildup cavity formed by two spherical mirrors 
(radius of curvature 25 cm). The length of this cavity is 49 cm. (see Fig. EJ. 
The UV beam emerging from the BBO crystal is corrected for astigmatism by 




photomultiplier 



Fig. 2. 1S-3S apparatus 
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a spherical lens and a cylindrical lens and mode matched into the cavity with 
two more lenses. Inside the cavity the UV power is typically 10 mW and the 
beam is focused with a waist of 48 /rm. The two cavity mirrors are mounted on 
PZT stacks and the length of the cavity is locked onto the UV frequency. The 
two-photon transition is detected by monitoring the Balmer-a fluorescence due 
to the radiative decay 3S-2P. The detection system was totaly removed. We use 
now a new photomultiplier freezed at -40°C, and the optical condensers are now 
anti-reflection coated. The electronic detection system has been improved. The 
UV radiation composed with pulses drives an electronic gate to enable or not the 
counting of the photomultiplier signal. In such a way, the noise of detection is 
decreased. All these improvements lead to an improvement by a factor 15 of the 
signal to noise ratio (see Fig 3, 4). The accuracy of the absolute measurement of 




Fig. 3. 1995 signal 




Fig. 4. 1999 signal 
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the 1S-3S transition is mainly limitated by a systematic effect that is the second 
order Doppler shift. The second order Doppler effect is due to time dilatation in 
the atom frame. For a transition frequency vq the corresponding frequency shift 
Ai/jj is given by 

v 2c^ 

In the case of the 1S-3S transition in hydrogen and for an estimated velocity of 
v=3km/s, the shift is Zii/D=145 kHz. We can’t measure the velocity distribution 
by observing the Doppler broadened 1S-2P transition at 121 nm with a colinear 
laser beam, because the production of Lyman-a radiation is very difficult. In 
1991 a method to compensate or at least to measure this effect was proposed by 
F. Biraben [7]. The basic idea is to apply a transverse magnetic field B in the 
atom-laser interaction region. This field has two effects : 

- Firstly the degeneracy between hyperfine sublevels is removed by the Zee- 
man effect. 

- Secondly, in the atomic frame, it comes with a motional electric field 
E = T? X B hydrogen atom are specially sensitive to this field. As this 
electric field is proportional to v, the corresponding shift of the S level due to 
the interaction with a near P level, is quadratic with v. Moreover, since the 
nearest level (P 1 / 2 ) is below the S one, this motional electric field can give a 
positive frequency shift of the transition Ai's able to compensate the negative 
shift due to the second order Doppler effect. 

Aiy - 

Avs-p Avs-p 

With an appropriate choice of B the compensation is effective for all atomic 
velocities. As the velocity of the thermal beam of hydrogen atoms at 300 K is 
not well known, the magnetic field will be used to measure precisely the velocity 
distribution, and so the second order Doppler shift. 

So the aim of our current experiment is to measure precisely the motional 
Stark effect and then deduce the velocity distribution. This measure has been 
made in two steps. 

We have calculated exactly the Zeeman effect for the levels IS, 3S and 3P. 
Indeed it is necessary to know the shift for all the hyperfine levels very well. 
These calculations are very classical and we just present the results in a Zeeman 
diagram (see Fig. EJ. The most important part in the diagram is the crossing 
between the 3Si/2 (F=l, mF=-l) and 3Pi/2(F=l, mF=0) levels, because the 
quadratic Stark effect is proportional to the square of the induced electric field 
and inversely proportional to the difference of energy between the two considered 
levels. Moreover the selection rules for the quadratic Stark effect in our case 
(E perpendicular to B) impose Z\mi7’=±l. So it is near this crossing that the 
motional Stark shift is large enough to be measured. In our calculations the Stark 
effect is introduced by the formalism of the density matrix [4] where the width 
of the levels are taken into account. The result of the calculation presented on 
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MHz 




Fig. 5. Hyperfine Zeeman diagram of n=3 level 



the figure 9 is a dispersive shape where we have plotted our experimental points. 
Note that the dispersion line is not adjust on the experimental points. 

This crossing appears for a magnetic field about 180 Gauss (0.018 T). The 
magnetic field is created by two coils in Helmoltz configuration. The current 
circulating in the coils is given by a regulated magnet power supply delivering 
7 kW under 0.25 f2. The coils are realized with tubular copper frame (23 tr). 
The coils are refreshed by a water flow circulating inside the pipe. With this 
apparatus we can generate a magnetic field of 250 G (see Fig. EJ. Afterwords it 




Fig. 6. Scheme of the coils 
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is necessary to calibrate the field seen by the atoms. For that we monitor the 
1 Si/ 2 (F= 1 , mF=0)- 3 Si/ 2(F=1, mF=0) two photon transition. At first order, 
this transition is frequency dependent with the magnetic field while the other 
transitions (mir=± 1) are not(see Fig. El). For example, we present the recording 




Fig. 7. Calibration of the magnetic field 



of the 1S-3S transition in a magnetic field of 4G on the figurelHl For each magnetic 




Fig. 8. 1S-3S signal with B=4G 



field, we record : 

- the 1 Si/ 2(F=1, mF=±l)- 3Si/2(F=l, mF=±l) transitions with B 

- the 1 Si/2(F=1)- 3Si/ 2(F=1) transitions without B . 

Each point on the figure 9 represents the frequency difference between these 
two lines for one magnetic field. These are preliminary results, the line shape 
used to extract the center of the two photon signal is very simple(see Fig. EJ. 
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Fig. 9. The motional Stark shift 



Conclusion 

We have improved the signal to noise ratio of the experiment by a factor 15, 
this allows us to determine very precisely the 1S-3S transition frequency with 
a reasonnable integration time. The preliminary results for the second order 
Doppler effect are very stimulating. We plan to make more precise measurements 
of this effect. The frequency chain to make an absolute frequency measurement 
is in preparation in the Laboratoire Primaire du Temps et des Frequences. The 
determination of the absolute frequency of the 1S-3S transition is planed within 
one year. 
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Abstract. The usefulness of study of hyperfine splitting in the hydrogen atom is 
limited on a level of 10 ppm by our knowledge of the proton structure. One way to 
go beyond 10 ppm is to study a specific difference of the hyperfine structure intervals 
8 Ai /2 — Av\. Nuclear effects for are not important this difference and it is of use to 
study higher-order QED corrections. 



1 Introduction 

The hyperfine splitting of the ground state of the hydrogen atom has been for a 
while one of the most precisely known physical quantities, however, its use for 
tests of QED theory is limited by a lack of our knowledge of the proton structure. 
The theoretical uncertainty due to that is on a level of 10 ppm. To go farther 
with theory we need to eliminate the influence of the nucleus. A few ways have 
been used (see e. g. P): 

• to remove the proton from the hydrogen atom and to study a two-body sys- 
tem, which is similar hydrogen, but without any nuclear structure, namely: 
muonium P or positronium |3|; 

• to compare the hyperfine structure intervals of the Is and 2s states (this 
work); 

• to measure the hyperfine splitting in muonic hydrogen and to compare it 
with the one in a normal hydrogen atom (a status report on the n = 2 
muonic hydrogen project is presented in Ref. 0; comparison of the Is and 
2s hfs and possibility to measure Is hfs is considered in Ref. p. 

Recently there has been considerable progress in measurement and calculation 
of the hyperfine splitting of the ground state and the 2 si /2 state in the hydrogen 
atom. The 2si/2 hyperfine splitting in hydrogen was determined to be |B| 



While less accurate than the classic determination of the ground state hyperfine 
splitting, the combination of Is and 2s hfs intervals 



= 177 556.785(29) kHz 



( 1 ) 



7721 (H) = 8Ai' 2 — Au\ . 



(2) 
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which is determined in the hydrogen atom as 

D 2 i{H) = 48.528(232) kHz , 

has more implications for tests of bound state QED because there is significantly 
less dependence on the poorly understood proton structure contributions. Specif- 
ically, the theoretical uncertainty for the ground state from the proton structure 
is about 10 kHz, while the uncertainty for the combination is estimated to be 
few Hz. 

On the theoretical front, there has been considerable progress in the calcu- 
lation of the ground state hyperfine splitting. Taken together with earlier calcu- 
lations of D 21 HMn], which were possible because of cancellations of a number 
of large terms, one can now give quite accurate values for Av\ and Au 2 , 

We collect in Tables 1 and 2 along with the hydrogen results, the known 
experimental and theoretical results for the deuterium atom and the ^He"*" ion. 
The helium results [3 

Z\j/i(3He+) = 8665 649.867(10) kHz (3) 

and jS| 

Z\j/ 2 (^He+) = 1083 354.969(30) kHz (4) 

lead to the most accurate value for the difference 

£> 2 i(^He+) = 1 189.979(71) kHz . (5) 



Table 1. Comparison of the QED part of the theory to the experiment for hydrogen 
and deuterium atoms and for the ^He”*" ion. The results are presented in kHz 



Atom 


Experiment 


QED theory for D 21 




D 21 (exp) 


Refs.: 2s/ls 


Old 


New 


H 


48.528(232) 


m/m 


48.943 


48.969(2) 


H 


49.13(40) 


m/m 






D 


11.16(16) 


m/m 


11.307 


11.3132(4) 


®He+ 


1 189.979(71) 


0/0 


1 189.795 


1 191.126(40) 


®He+ 


1190.1(16) 


m/m 







2 Theory 

We consider a hydrogen-like system with a nucleus of charge Z , mass M, spin J, 
and magnetic moment /r. The basic scale of the hyperfine splitting is then given 
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by the Fermi formula, 



Ep 



3 



21 



M 



m - 



M 



(6) 



Here we take the fine structure constant a derived from g-2 value of electron 
a~^ = 137.035 999 58(52). In addition we use a value the Rydberg constant of 
Ryd = cRy = 3.289 841 931 • lO^^ kHz. 

We present the hyperfine structure as a sum 



Avn = AvniQED) + Z\^„(nuclear structure) . (7) 



2.1 Non- recoil limit 

First we consider the external-field approximation. For a point-like nucleus, they 
can be compactly parameterized by the equation 

Br, + -D^^\Za)+ (-Y D^J^HZa) + ... . 

Here, with 7 = -\/l — (Za )2, p2! the Breit relativistic contribution is 



Zli.„(N-R) = ^ 



and 



B2 



2 ( 2(1 + 7 ) + v ^ 2(1 + 7 )) 

(1 -I- 7)2 7 (472 — 1 ) 



^l + ^(Za)2 + ^(Z«)4 + „. 



( 9 ) 



and the functions D‘^{Za) represent r loop radiative corrections. In the limit 
Za = 0 they reduce to the power series expansion of the electron g — 2 factor, 
and the difference is refered to a binding correction. For the ground state. 



Df'^ = -+p{Za) ( ln(2) - ^ ) + (Za) 



+ 



16 , 281 
T - m 



--ln^(Za) 



In(Za) -k Gr(Za) -k Gl^{Za) 



( 10 ) 



and for the excited state 



= -+7T(Za) ( ln(2) - ^ ) + (Za) 



— In^Za) 
3 ^ ^ 



+ 



32 , 1541 

y - w 



In(Za) -k Gf^iZa) + GY {Za) 



( 11 ) 
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At present the functions have been determined numerically at Z = 1 and 

Z = 2 dH], 

Gp(Z = 1) = 16.079(15) (12) 

and 

Gp(Z = 2) = 15.29(9) (13) 



while Gj^^ is known analytically |rz|: 



G 



VP 

1 




ln(2) 



34 



■n{Za) 



13 , Za 539 

— In 1 

24 2 288 



(14) 



To present results for the 2s state, we can use the results of Ref. d31 for -D 21 , 
which however include terms only up to order a{Za)^Ep. After we recalculated 
some integrals from paper m the result is 



Gf^ = Gp + ( -7 + ^ ln(2) ) \n{Za) - 5.221233(3) + 0{Tr{Za)) (15) 



and 



7 



(16) 



GP = gP - ^ ^ ln(2) + 0{7T{Za)) . 

Continuing to the two-loop corrections, all terms known to date are state- 
independent, so we give only the ground state result 



IKlIHliSlU 



dP = a‘f'> + 0.7718(4) 7r(Za) - ^ {Zaf In^(Za) . 

o 

Non-leading terms, including single powers of \n{Za) and constants, are both 
state-dependent, but unknown. 

When the nucleus is not point-like, the leading correction is known as the 
Zemach correction. 



Ap„(Zemach) 



(Zam) [ ^ (Ge{p)Gm{p) ~ l) ■ 
TTU'^ J P \ / 



(17) 



Inaccuracy arisen from uncertainties in the form factors Ge and Gm, which are 
both normalized to unity at zero momentum, and from the lack of knowledge of 
polarization effects, is as large as about 10 ppm or 4 ppm respectively, but those 
leading terms are state-independent and do not contribute into the difference 

D\2- 

For atoms with nuclear structure the following result was found PSI 



AD2,{Rec) = {Zaf^^ 





145 





(18) 



where gM/Zmp = x = {pl/pe) (M/m) {1/ZI). It does not depend on the 
nuclear structure effects such a distribution of the nuclear charge and mag- 
netic moment. Contrary, the leading recoil term for the Ai>n (which has order 
{Za){m/M)ln{M/m) is essentially nuclear-structure dependent. 
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3 Present status of D 21 theory 

3.1 Old theory and recent progress 

The Breit, Zwanziger and Sternheim corrections 

■5 177 



miBim 



lead to a result 



D21 — Ep (^Zol) X 



8 128 



a 

+ - 
7T 

a 

+ - 
7T 

m 

M 



(ZaY 



16 



-7 + y ln(2) ) In(Zo) - 5.37(6) 



-To + 15 '^(2) 



7 ln(2) 

32 2 



1-1 

X 



145 7 , 

1 ^ - 8 ^ 



(19) 



Some progress was achieved before we started our work. In particular, we 
need to mention two results: 

• Integrals, used in Ref. (H, were evaluated later by P. Mohi0 with higher 
accuracy and the constant was found to be -5.2212 instead of -5.37(6). The 
theoretical prediction based on Eq. CT but with a corrected value of the 
contstant is Table 1 as “old theory” . 

• Some nuclear-structure- and state-dependent corrections were found j23] for 
arbitrary ns. 



3.2 Our results 



The similar difference has been under investigation also for the Lamb shift and a 
number of useful auxiliary expressions have been found for calculating the state 
dependent corrections to the Lamb shift m- 

Let us mention that an improvement in the accuracy and new result on higher 
n hfs can be expected with progress in optical measurements and we present here 
a progress also for higher n, defining = n^Aun — Av\. 

• We have reproduced the logarithmic part of the self energy contribution and 
found for arbitrary ns 



ADni = - (ZaY Ef In(Za) — 



2 ( — ln(n) -I- 



n — I 



+ Y{n) -■ 0 ( 1 ) - 



— 1 
2n2 



( 20 ) 



^ Unpublished. The result is quoted accordingly to Ref. [HI. 
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The calculation is based on a result in Ref. m for the singe logarithmic 
correction due to the one-loop self energy and one-loop vacuum polarization. 



• We have reproduced the vacuum polarization contribution and found that 
for arbitrary ns 



ADni = - (Zaf Ef 

7T 



X 



2 



ln(n) 





V'H -^(1) 



— 1 
2 n2 



(21) 



• Integrals used by Zwanziger m have been recalculated and the constant 
was found to be -5.221233(3). 



• We also found two higher-order logarithmic corrections 

.2 / 4^ 



ADnl — 



a 



{ZaY Ef \n{Za) - 



2 ( — ln(n) -I- 



n — 1 



and 



ADni = -77 {ZaY Ef ln{Za) — 



+ Y{n) -- 0 ( 1 ) - 



16 



— 1 
2 n^ 



7T M 



2 ( — ln(n) -I- 



n — 1 



-Y{n)+Y{Y - 



— 1 



2 n 2 



(22) 



(23) 



• We found two higher-order non-logarithmic corrections 

^ '139 



AD^Y = a {ZaY Ef 



16 



-41n(2) 



Tl — 1 

-ln(n) -I h Y{n) ~ '0(1) 



-b 



ln(2) - f 



ip{n -b 1) — '0(2) — ln(n) — 



(n — l)(n -b 9) 
4n2 



(24) 



and 



ADY[ =a{ZaYEF x 



5 



77 — 1 

— ln(n) -I b 0(n) — 0(1) 



2s Hyperfine Structure in Hydrogen and Helium 341 



+ X \^{n + 1) - m - Hn) - I • (25) 



• We have also found a term proportional to the magnetic radius. To the best 
of our knowledge that is the first contribution, which is proportional to the 
magnetic radius and on the level of the experimental accuracy. The complete 
nuclear-structure correction is 

= -{Zaf + 1) - V^(2) - ln(n) - 

X Z\j^i(Zemach -|- polarizability) -I- ^(Za)^ ip{n) — tp{l) — ln(n) 

o 




(26) 



4 Present status 

To calculate the corrections presented in the previous sections, we have used 
an effective non-relativistic theory. In particular we have studied two kinds of 
terms. One is a result of the second order perturbation theory with two i5(r)- 
like potentials, evaluated in the leading non-relativistic approximation, while 
the other is due to a more accurate calculation of a single delta-like poten- 
tial. Both kinds contribute into the state-independent leading logarithmic cor- 
rections (a^(Za)^ In^(Za), a{Za)^{m/M)ln^{Za), and a{Za)^ln{Za)) and to 
next-to-leading state-dependent terms (a^(Za)^ In(Za), a{Z a)"^ {m/ M) ln{Z a) , 
and a{Za)^). The crucial question is if we found all corrections in these orders. 
Rederiving a leading term in order a{Za)^ In(Za) within our technics, we can 
easily incorporate the anomalous magnetic moment of the electron in the cal- 
culation and restore the nuclear mass dependence. Since we reproduce the well- 
known result for the a{Za)^ In(Za) term, we consider that as a confirmation of 
two other logarithmic corrections found by us. In the case of a{Za)^ it might 
be a contribution of an effective operator, proportional to {A/m)6(r). That can 
give no logarithmic corrections, but leads to a state-dependent constant. We are 
now studying this possibility. 

Summarizing all corrections, the final QED result is found to be: 

= Ep {Zaf X I ^ ^ {Zaf 

ln(2)^ In(Za) - 5.221233(3) 
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'145 7 , 

ln(2) 

128 8 ^ ^ 



- ln(2) 



(27) 



Numerical results (in kHz) for hydrogen and deuterium atoms and the helium- 
3 ion are collected in Table 2. One can see that the new corrections essentially 
shift the theoretical predictions. A comparison of the QED predictions (in kHz) 
against the experiments is summarized in Table 1. We take the values of the 
fundamental constants (like e. g. the fine structure constant a) from the recent 
adjustment (see Ref. E3). 



Table 2. QED contributions to the D 21 in hydrogen, deuterium and helium-3 ion. The 
results are presented in kHz 



Contribution 


H 


D 


®He+ 


{ZafEp 


47.2275 


10.8835 


1 152.9723 


+ aiZafEp (SE) 


1.9360 


0.4461 


37.4412 


-h a{ZafEp (VP) 


-0.0580 


-0.0134 


-1.4148 


+ (Zaf^Ep 


-0.1629 


-0.0094 


0.7966 


+ oP' (yZO/)^ Ef 


0.0033(16) 


0.0008(4) 


0.070(35) 


+ aiZaf^Ep 


-0.0031(15) 


-0.0004(2) 


-0.022(11) 


+ a{ZafEp (SE) 


0.0282 


0.0065 


1.3794 


-h a{ZafEp (VP) 


-0.0019 


-0.0005 


-0.0967 



An important point is that the difference is sensitive to 4th order corrections 
and so is competitive with the muonium hfs as a test of the QED. The difference 
between the QED part of the theory and the experiment is an indication of 
higher-order corrections due to the QED and the nuclear structure, which have 
to be studied in detail. In particular, we have to mention that while we expect 
that we have a complete result on logarithmic corrections and on the vacuum- 
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polarization part of the a(Za)^ term we anticipate more contributions in the 
order a(Za)^ due to the self-energy. A complete study of this term offers a 
possibility to determine the magnetic radius of the proton, deuteron and helion-3. 
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Three-Loop Slope of the Dirac Form Factor and 
the IS Lamb Shift in Hydrogen 
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^ Stanford Linear Accelerator Center, Stanford University, CA 94309, USA 
^ Institut ftir Theoretische Teilchenphysik, Universitat Karlsruhe, D-76128, 
Karlsruhe, Germany 



Abstract. The calculation of the last unknown contribution to hydrogen energy levels 
at order ma^ , due to the three loop slope of the Dirac form factor, is described. The 
resulting shift of the nS energy level is found to be 3.16/n® kHz. Adding this result 
to many known contributions to the IS' Lamb shift and comparing with experimental 
value, we derive the value of the proton charge radius Vp = 0.883 ± 0.014 fm. 



1 Introduction 



Experiments with hydrogen atoms are currently very precise and, amazingly, 
their precision continues to increase |ll2l3l41blti) . Currently, the most accurate 
experimental value for the IS Lamb shififl in hydrogen is |0| : 



Z\E(1S) = 8 172 837(22) kHz. (1) 

On the theoretical side, the last unknown piece at 0{ma^), the contribution 
of the three loop slope of the Dirac form factor, has been computed recently |H| . 
In what follows that calculation is described. 

The interaction of the virtual photon with the electron on its mass shell can 
be parameterized by the so-called Dirac and Pauli form factors: 

u{p2)rp,u{pi) = u{p2) u{pi), (2) 

where the m(pi, 2 ) are the electron spinors in the initial and final state and q is 
the momentum carried away by the photon. The momenta satisfy the relation 
q = Pi —p 2 - An important consequence of QED gauge invariance and the electron 
charge definition is that the Dirac form factor equals unity at zero momentum 
transfer: 

Fi(0) = l, (3) 

to all orders in the coupling constant. The Pauli form factor at zero momen- 
tum transfer describes an interaction of the electron spin with the homogeneous 
magnetic field; it is the electron anomalous magnetic moment. 

^ We define the nS Lamb shift in a standard way, see e.g. Ref. |2]. 
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We are interested in the value of the Dirac form factor when the momentum 
transfer q is small as compared to the electron mass. Then: 

Fi(92) = l + Ff°P*^^ + of^y (4) 

\Tiir J 

The slope of the Dirac form factor generates a shift in nS energy levels: 

= (5) 

\ m J 

To match experimental precision, the energy shift has to be computed up to 
AE ^ ma^ and even higher order corrections should sometime be included. For 
this reason the three loop contribution to is required. We have previously 

reported on our calculation of the three loop slope of the Dirac form factor in [Sj , 
where the emphasize was on the phenomenological aspects. Here we would like 
to discuss some of the methods employed in that calculation in a more detailed 
way. Nevertheless, all important consequences of our result are presented as well. 



2 Strategy of the calculation 



There are approximately 40 three loop diagrams to be computed; for this reason 
the choice of the appropriate strategy is of significant importance. Any approach 
has to rely heavily on the use of symbolic manipulation computer programs. Our 
principal tool in this calculation is the so called integration-hy-parts technique 
which is common in perturbative calculations in high energy physics. 

The advantage of this technique is that it allows to treat major part of the 
problem in a pure algebraic way; the real three loop integration has to be done 
for quite a few “master” integrals; the whole procedure can be easily automated 
and then used for various calculations. 

Let us now explain the main idea behind this technique. An important point 
is that the applicability of the integration-by-parts requires that Feynman in- 
tegrals are regularized dimensionally, so that we work in continuous space-time 
dimension D = 4 — 2e, where e is the regularization parameter. Both, ultraviolet 
and infra-red divergences show up as poles in e. If dimensional regularization is 
adopted, one observes that the following relation: 



0 = 



u 

X propagators) 



( 6 ) 



where ki is one of the loop momenta and Ij is either one of the loop momenta 
or the external momenta, is valid. This simple equation delivers a non-trivial 
information, once the derivative is performed explicitly. 

To illustrate how this works, we consider a simple example of the one-loop 
self-energy diagram on the mass shell = m^, shown in Fig.l. 

There are two recurrence relations. Let us look at the one that corresponds 
to (d/dk) k. Explicit calculation gives: 



(D — 2o 2 — oi — oi2 1+) /(ai, 02 ) = 0, 



(7) 
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fli 



Fig. 1. 






-I 



dfc^ 1 

(27t)^ (fc2 -(- 2pfc)“l(fc2)a2 



The one-loop on shell mass shell diagram 



where l^/(ai,02) = I{a\ ± 1,02) and similar for 2 ^. Let us assume that 02 is 
positive. Then, we rewrite Eq.( 7 ) as: 

I{ai,a2) = — — ^ /(ai -h 1,02 - 1). (8) 

By repeated application of this identity index 02 can be reduced to zero (see 
Fig. 2 ) which implies that the calculation of /(oi, 02) is reduced to the calculation 
of vacuum bubble integrals that do not dependent on the external momentum 
p. That is a significant simplification. 



02 




CLl + < 3-2 




/(oi, 02) 



/(oi -I- 02, 0), 



Fig. 2. A reduction of the on-shell one-loop integrals to vacuum integrals 



Amazingly, this simple logic generalizes on to much more difficult cases and 
is now the main tool in perturbative calculations in high energy physics. We use 
it for the required calculation of the three loop slope of the Dirac form factor. 

The first thing to realize is that all Feynman integrals that have to be com- 
puted can be expressed through four basic topologies shown in Fig . 3 (obviously, 
only if arbitrary powers of all propagators are allowed). 




Fig. 3. Examples of electron-photon vertex diagrams that correspond to the four dif- 
ferent integration topologies 
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We then solve the recurrence relations for all of these topologies and, as the 
result, we have the mapping: 

Any three loop on — shell QED Feynman integral 
17 master three loop integrals. 

These seventeen integrals have been computed in the course of the calculation 
of the anomalous magnetic moment of the electron uni and we can borrow them 
from that reference. In the next section we present the structure of the computer 
program in which this strategy is realized. 



3 Basics of the program 

All the above steps have been automated (in simple terms this means, that get- 
ting either the three loop g — 2 or the slope of the Dirac form factor is just a 
matter of changing a single line in the computer code). The program is writ- 
ten in Form, a symbolic manipulation language created by J.A.M. Vermaseren. 
Organization of the program is as follows: 




When the calculation of specific diagram is requested, the program pulls it 
out of the database, uses Feynman rules to substitute vertices and propagators, 
applies recurrence relations to map the diagram into the master integrals, substi- 
tutes these master integrals from a separate database and prints out the result. 
A typical run of the program looks like (diagram Fig. lb as an example): 

> form2.3 runChargeRad 

Time=10 sec Generated terms = 5531 

EXPR Terms in output = 5531 
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expand line 4 Bytes used = 799972 

Time = 1919.10 sec Generated terms = 32 
EXPR Terms in output = 32 

Bytes used = 608 



EXPR = 



13 



683 



+ 



288e3 3456e2 

1^672619 



8675 

'20736 



, 497664 



— C‘^ log 2 — 

32 ^^ 48 ^ 

17 , 2 2503 , 5 , 459 2 , „ 

H 7T^log2 

72 ^^ 576 6 ® 320 ^ 



53 

1152’ 



101 



7 T^ log^ 2 - 

72 ^ 



12809 2 793 4 23 , 23 

TT^ H 7T^ log^ 2 04 

7200 4320 144 6 



The program has been tested on several QED and QCD motivated examples 
such as: electron g — 2 in QED, gauge independence of the electron wave func- 
tion renormalization in QED, a relation between the pole and the MS mass in 
QCD, exponentiation of the infra-red asymptotic of the heavy fermion propa- 
gator. Many details concerning these checks and other technical aspects of our 
calculations can be found in Ref. nn which the interested reader should consult. 



4 Results 



We now summarize the results of the calculation. For the slope of the Dirac form 
factor we obtain: 



T-islope 




n—1 



4 (") 

■^slope’ 



(9) 



and 



= 

■^slope 

4 ( 2 ) = 

"^slope 

4 ( 3 ) = 

"^slope 



1 1 

8 ~ 

4819 3, 1 2 , 

- 7C3+ log2- 



49 



5184 

77513 

' 186624 
103 



- 7 T 



17 



432 

2929 , . 25 
288 



“ + ~C 5 + 



( 10 ) 

( 11 ) 

41671 2 , „ 217, 4 „ 

7T^ log 2 log^ 2 

2160 ^ 216 ^ 



1080 



2, 2^ 454979 2 3899 4 217 

7T^ W 2 7T^ H 7T^ 04 , 

^ 38880 25920 9 



(12) 



00 00 

where 04 = X) l/( 2 ”n"^) and Cfe = X) l/(^^) denotes the Riemann zeta func- 

n—1 n—1 

tion. Note, that the one-loop slope is divergent as e ^ 0 . This infrared 

divergence is transformed to log a, if other contributions to the Lamb shift at 
order ma^ are taken into account. The results for show explicitly that in 

higher orders of perturbation theory this problem is absent. 
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The correction to the S'-wave energy levels induced by the three-loop slope 
of the Dirac form factor is then: 






(n) 



4 mo;^ ^rrirY A 3 ) (3) 

7 r 3 n 3 \ m) ^ ir^n^ \m) 



where cRoo is the Rydberg constant in MHz. 

Using the values for the Rydberg and the fine structure constant d 2 ] 



cRoo = 3 289 841 960.367(25) MHz, a = 1/137.035 999 76(50), 



we arrive at: 

M kHz. 

The contribution due to the three-loop slope of the Dirac form factor was 
the last unknown contribution to the hydrogen energy levels at order a^(Za)'^. 
The two other contributions come from the three-loop electron anomalous mag- 
netic moment and the three-loop vacuum polarization correction to the Coulomb 
propagator. These contributions can be extracted from the literature unin]. 

The effects of a^{Za)'^ are conveniently parameterized by the coefficient C 40 
defined by: 



AE^ 



ScRooa^ 



<(Za)^ 



( — )'C40. 
\ m J 



Taking all the three contributions into account, we obtain the following ex- 
pression for the coefficient C 4 o for the 5'-levels: 



C40 



679441 252251 n 4787 „ 

= 7 T^ -I 7 T^ log 2 

93312 9720 108 ^ 

84071, 85, 568 1591 4 

H” — CL A 7T 

2304 24^® 9 3240 






121 

— log'^ 2 
27 ^ 



239 n , 2 „ 

TT^ log^ 2 

135 ^ 



0.417508, (13) 



which results in a three-loop correction to the nS'-level Lamb shift: 



z1L/q, 3 (2a)4 (n) 



ma 



( — )"C40 
V m / 



= (3.016 -k 5.187- 6.370) 



kHz 1.83 



kHz. 



We have displayed the contributions due to the three-loop slope of the Dirac 
form factor, the three-loop anomalous magnetic moment of the electron and the 
three-loop photon vacuum polarization separately. Thanks to the cancellation 
between these contributions, the correction turns out to be quite small numeri- 
cally. 

We now present our result for the IS Lamb shift in hydrogen. A detailed 
description of all the corrections that we include to obtain the final result as 
well as references to the original papers are given in 0. The final value for the 
IS'-shift strongly depends on the value of the proton charge radius: 



AE{lS)theory = 8 172 778(16)(32) kHz, (14) 

AA(15)theory = 8 172 819(16)(66) kHz, (15) 
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where the two values of AE{1S) are given for Vp = 0.862(12) fm fl] and 
Tp = 0.877(24) fm [ig, respectively. The first error in Eqs. is the the- 

oretical uncertainty due to still uncalculated higher order corrections to energy 
levels. The second error is due to the uncertainty in the experimental values of 
the proton charge radius. The uncertainties in Rydberg and the fine structure 
constants are not relevant at the present level of precision. 

Comparing the theoretical result Eqs. with the most recent measure- 

ment of the IS'-level Lamb shift [B| 

Z\E(lS')exp = 8 172 837(22) kHz, (16) 

we conclude that the larger values of the proton charge radius seem to give an 
agreement between the theory and experiment. 

Turning the problem around, we note that the small uncertainty in the the- 
oretical result for the IS” Lamb shift permits an extraction of the proton charge 
radius by comparing experimental and theoretical results. We then arrive at the 
precise value of the proton radius Vp = 0.883 ± 0.014 fm. It is interesting to 
note that this result seems to be in good agreement with the value of the proton 
charge radius derived in a recent re-analysis of the electron-proton scattering 
data [TBj . 

In conclusion, we have computed the three-loop slope of the Dirac form factor. 
Thanks to this calculation the theoretical uncertainty in the predictions for the 
IS' Lamb shift is reduced. Comparison of the theoretical and experimental results 
for the IS level shift permits an accurate determination of the proton charge 
radius. Further improvements in theoretical predictions for the IS level shift 
would be possible if subleading a^(Zo)®log^a corrections are calculated. Only 
then can the theoretical uncertainty be brought down to several kHz and can 
the potential of the recent measurement of the IS — 2S transition frequency 0 
be fully exploited. 
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Abstract. This paper examines two theoretical aspects of the interference of atomic 
states in hydrogen which comes from the application of an external electric field F 
to the 2s metastable state. The radiative corrections to the Bethe-Lamb formula and 
anisotropy contribution to the angular distribution, which arises from interference be- 
tween electric-field-induced El-radiation and forbidden Ml-radiation, are analysed. 



1 Theory and results 

The interaction of hydrogen atoms with time-dependent external fields is a 
fundamental task of atomic physics with numerous applications. In particular, 
an atomic interferometer has been used in order to determine the Lamb shift 
Z\l(2s-2p) in a hydrogen atom j I I2j . An optimal procedure for analysing the 
experimental data was adopted after an examination of several possibilities. In 
this procedure, two measurements had to be carried out during the detection of 
the flux density of 2p atoms emerging from the electric held F . One measure- 
ment was to be carried out with this held directed parallel to the velocity of the 
atoms, and the second with this held reversed. A main condition for determin- 
ing whether a two-electrode interferometer was operating correctly was that the 
yield of 2p atoms be independent of the sign of the held F under the condition 
that the hydrogen atoms entered this held in a pure 2s state. In other words, 
the interference curves describing the yield of 2p atoms as a function of the held 
F should coincide even this held is reversed. 

As it turned out, however, this independence was observed only at certain 
strictly determined values of the experimental parameters m- In general case, 
the reversal of F could cause a substantial discrepancy between experimental 
curves P). What was the reason for this? Our recent experimental results pre- 
sented in pj were interpreted as evidence of hydrogen 2s and 2p atomic states 
coherent mixing caused by 2s metastable hydrogen atoms passing through a 
slit cut in a metal plate. An astonishing feature of the zero-electric-fleld coher- 
ent mixing of atomic states is a rather high mixing amplitude observed at an 
enormous distance “atom-metal surface” on the atomic scale ( ~ 100 pm). 

The purpose of this paper is to examine a similar coherent state mixing effect 
of the hydrogen atom in an applied electric held within the framework of atomic 
interferometer geometry for the Lamb shift measurement. The special attention 
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is given to the several asymmetries in the angular distribution of the emitted 
radiation depending on the sign of the field F. 

These results can be expected to play a role in the analysis of experiments, 
presented in 

When a hydrogen atom initially in the state 2si/2 passes non-adiabatically 
into a region of atomic interferometer field strength F the perturbed state 
vector to lowest order is 

n 

~ + 52.(t)e-*^-*|2s) + 62 p(t)e-*®=-‘| 2 p), (1) 

where £„ = £„ — 7 „ is the decay width. The total Hamiltonian of this 

system is 

H = Ho + H,nt. (2) 

FIq is the unperturbed Hamiltonian and Hint is the interaction Hamiltonian 

Hint = -FD = + V. (3) 

Here represents the interaction of the hydrogen atom with the radiation 

field, D is the z-component of the electric dipole moment of the atom. 

The equations for the time dependence of the amplitudes hn{t) are 

thb2s = 62pW(2s|R|2p)e*("=»-"=-)‘ + + iS{t), 

ihi,2p = + 62,(f)e*("^’>-"==)‘(2s|H|2p), 

ihbu = 62«(t)(ls|^|2s)e*(^^'’-®^'')‘+“* + 62p(i)e*(^^^"®=^)‘+“‘(ls|H|2p), (4) 

The last term in the first equation @) provides the initial non-adiabatical con- 
dition at t = 0 for 2s-metastable state of hydrogen atom. The corresponding 
terms describing the 2p to 2s spontaneous transitions and the Is Stark effect 
have been neglected as small. 

The simplest way of solving these equations is to Fourier transform the am- 
plitudes bn- 



bn{t) = (-1/27TI) 
iS{t) = (— l/27ri) 






dEGn{E)e 



,i{en-E) 



' — oo 

/* + C )0 






(5) 



Inserting these expressions into 0), we obtain the equations for the new ampli- 
tudes Gn{E): 



G 2 s{E){E - S 2 s) = G2p{E){2s\V\2p) + Gi,(F;)(1s|H|2s)* + 1, 
G 2 p{E){E - £ 2 p) = Gu{E){ls\V\2p)* + G2s{E){2p\V\2s), 
Gis{E){E-eis -uj)=G2.{E){ls\A\2s)+G2p{E){ls\A\2p). (6) 
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The solutions for the amplitudes Gb{E) are determined analytically. In order 
to get the amplitudes we have used these solutions and have applied the 

theory of residues by countour integration in ©• For example, the resulting 
expressions for 62 s (t) and b 2 p{t) are: 



pi(^2s— £2p)i 

^ -o; 2 e“=‘] , 



b2p{t) = -i 



(wi - LO 2 ) 
,(2s|V|2p) 



(Wi - UJ 2 ) 






( 7 ) 



where a; 1^2 are the roots of the secular equation 



Wl ,2 = 



i{£2s + £2p) 



± 



i{e2s — S2p) 



-\{2s\V\2p)\^. 



( 8 ) 



The probability of the state \n) is proportional to | 6 „(t)p. For example, with 
this definition the probability of the 2 p-state may be written as 

2 h 2 slI/l 2 n')Pp‘('=i+'’ 2 ) 

Kitr = + {C 0 sh[f(ci - C 2 )] - COs[t{d, - ^ 2 )]} ■ (9) 

Here c„ = Re {wn}, c„ = Im The time dependence of the probability of the 
2p-state, which given by formula (9), corresponds directly to the experimental 
interference curve presented in |2| at condition t = 2.5 x 10“® s, and F in the 
range 0 4- 300 V/cm. 

The line shape of the emitted radiation can be obtained from the solution 
for bis{t) and is proportional to |5is(+oo)|^: 

\bu{+oo)f = ^, ( 10 ) 

where 

B = |(ls|H|2s)p |[o; - (ei. - £ 2 .) + + \llp'^ + \{ls\A\2p)\^\{2s\V\2p)\^ 

+ 2(2s|R|2p) {[w - (eis ~ £ 2 ^) + Al] Re[(ls|H|2s)(ls|H|2p)*] 

- ^ 72 pIm[(ls|^| 2 s)(ls|H| 2 p)*]| , 

C = [w - (ei,, - e2s)f [w - (eis - £ 2 *) + Al]^ + ^llplls 
+ l(2s|R|2p)|"‘ + -72s [bio — (£ls — £ 2 s) + Al^ 

- 2 |( 2 s|R| 2 p)p |[w - (eis - £ 2 s)] [w - (£is - £ 2 ®) + Al] - ^72s72p| • (H) 

The sign electric field dependence in dD may be defined by anisotropy param- 
eter 
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where and I~ are induced Ly-a intensities emitted with the field directed 
parallel to the velocity of atomic beam and with a reversed field, respectively. 
Anisotropy parameter R is linearly proportional to a dipole matrix element 
{2s\V\2p). Numerical estimation shows, that R « —3 x 10“® for F = IV/cm 
and Rk, —lx 10“® for F — 300 V /cm. These results are in good agreement with 
previous estimations 1017 ]. 

The radiative correction in the lowest order to the emission line shape of 
metastable hydrogen atom can be written in the form of additional contribution 
to a numerator in (10) 



|(2s|R|2p)|2[ai72p + a2AL]. (13) 

Here oi corresponds to a dispersive correction to the Stark quenching line shape, 
02 represents a small vertex correction (of order a^) to Stark Hamiltonian. Nu- 
merical values for these quantities are —1.85 x 10“® and 5.13 x 10“®, respectively. 
The details of calculations demand a separate examination and will be discussed 
in our forthcoming work. 
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Abstract. New direct observation data on the 2S-2P atomic states coherent mixing 
upon hydrogen atoms passage through a metal-wall slit are presented. The experimental 
results are interpreted in terms of atomic states interference. 



1 Atomic interferometer method 

A comprehensive analysis of the experiments on the measurements of the hydro- 
gen atom state parameters (e.g. the Lamb shift) has shown, that the accuracy 
of such measurements can be greatly improved by observing the interference 
of the 2S or 2P-state of the hydrogen atom with an interferometer similar to 
the two-beam optical one. Several feasible schemes of such a device have been 
considered and this is what came of it Fig.Q] . 




Imagine a beam of metastable hydrogen atoms passing through an electric 
field E that is nonadiabatically terminated at the boundaries. The criterion of 
nonadiabaticity is the condition that the flight frequency lo = vjd (where v is 
the velocity of atom and d is the width of the region where the held grows or 
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decreases) should be greater or of the order of the Lamb frequency (for the tran- 
sition 2 Sij 2 ~‘^Pi /2 )j or the fine-structure splitting frequency (for the transition 
2*S'i/2“2P3/2)- 

After crossing the boundary I the atoms pass into the superposition of eigen- 
states (f>i and 4>2 with the energies ei and 62 determined by the magnitude of the 
field E. On boundary II, where the field wanes to zero, components of the beam 
arise that represent both the state 2S and the state 2P, and each of terms (pi 
and (f )2 gives rise to a pair of such states: (2S')i-(2S')2 and (2P)i-(2P)2. 

Leaving the field, the amplitudes of 2S and 2P eigenstates will be deter- 
mined by the amplitudes of transitions and the phase difference between the 
components of each pair. This difference depends on the time of flight in the 
field and on the frequency of transition between the terms pi and p 2 split by 
the electric field. Since the magnitude of such a splitting depends wholly on the 
field strength, its monotone variation will give rise to periodic oscillations (in 
counterphase) of the intensity of 2S and 2P fluxes in the outgoing beam, caused 
by the interference between 2S and 2P components. A similar pattern will be 
observed if the time of flight is gradually varied by changing the distance L. 

An interferometer based on this principle is rather similar to the two-beam 
optical one, where any individual photon interferes with itself. In our case, the 
2S or 2P state interferes with itself. The interference is due to the fact that the 
resulting amplitudes of these states contain contributions caused by the evolu- 
tion along different paths - or p 2 , which gives rise to the phase difference. The 
second channel p 2 arises because the electric field plays the role of semitrans- 
parent mirror splitting the paths of evolution. It mixes the states with opposite 
parity and in such a way initial state 2S gets a coherent admixture of the 2P 
state. It will be wrong to view the situation in such a way, that the eigenstates 
25" and 2P are composed of (2S')i-(2S')2 and (2P)i-(2P)2-components-in reality 
they do not exist-and only serve to facilitate the understanding of the processes 
inside the interferometer. 

To forestall misinterpretation of Fig.m we ought to point out that the “com- 
ponents” (25) 1 and (25)2 have the same energy as do the “components” {2P)\ 
and (2P)2. There is no separation of the trajectories of 2S and 2P states either 
inside or outside the interferometer. 

To simplify the analysis at the initial qualitative stage we can consider the 
two-level system 25i/2“2Pi/2, that is justified for fields that are not too strong; 
the effect of the 2P3/2-level can be taken into account by small corrections. 

If we set X = {d) E / {-whS) , where (d) is the matrix element of the 2S-2P 
transition, E is the field strength, and S is the Lamb shift, than the yield of 2P 
atoms is proportional to the quantity: 



W{E, T) = exp 




1 + x'^ 



cosh 



iT 



2VT 



— cos 



(^ttT 5 \/l + x^^ 



where T is the time of flight, 7 is the decay constant of 2P-state (the hyperfine 
splitting is not taken into account). 

The interference pattern of the 2P-state can be registered by measuring the 
flux of La-quanta that result from the radiative deexcitation of the short-lived 
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2P atoms. The interference of the 2S state is recorded with the aid of a quenching 
field El. 

The simplest version of the atomic interferometer consists of two electrodes 
with the slits for passing the beam, separated with the variable gap L. For Lamb 
shift measurement corresponding interferometer is made of two two-electrode 
systems with longitudinal electric fields, mixing 2S and 2P-states. The systems 
were separated with a field-free gap of variable length L. This implies, that it 
is possible to write an exact expression for the probability W{L)e^,E 2 of th® 
yield I 2 P of 2P-atoms from the double system and determine, by processing the 
experimental dependence l 2 p{L), the Lamb shift value 6. 

Important advantage of this method consists in the default of distortion of the 
theoretical dependence W{L), produced by various physical factors, resulting in 
appearance of systematic errors. Result, obtained with the atomic interferometer: 
{H,n = 2) = 1957.8514(19) MHz p. 

In a two-electrode interferometer the yield of 2P-atoms is independent of the 
field sign, provided that only the atoms in the pure 25'-state get into that field. 
If, however, the initial wave function is a superposition of states with different 
parity {2S and 2P), then the yields for the opposite signs of the field will be 
different. 

There were experiments, when we had all grounds to assume that the atoms 
enter the interferometer in the pure 2S'-state. However, the experiments revealed 
that the yield of 2P-atoms depends on the direction of the field-the interference 
curves were not the same for opposite directions of the field. 

Now the question is, what is the cause of dissimilarity of interference curves, 
when the field is reversed? The observed asymmetry of the 2P-atoms yield with 
respect to the field inversion indicates, that before the interaction with the in- 
terferometer field E, the atom possess an initial coherence between 2S and 2P 
states. Thoroughly performed experiments have shown, that such a coherence 
appears due to the interaction between the atoms and metallic slit walls. In other 
words, 2S'-atom, flying over a metal surface, acquires a coherent admixture of 
2P state as a result of some interaction. 

It is not so much the interaction itself which is stunning, but the immense 
distance over which it occurs-up to 0.7 mm. 

All attempts to explain the observed effect by the force interaction of an 
excited atom with a metal surface failed, since the relevant contributions were 
orders of magnitude smaller than those observed. 

A possible explanation of the production of the {2S-2P) superposition is 
based on the assumption that there are electric charges on the metal surface 
creating the electric field, that mixes 2S and 2P states. To refute such arguments 
a series of experiments had been executed in conditions when the influence of any 
stray fields inside the interferometer was completely excluded | 2 |. It appeared 
however, that all taken measures were unable to annihilate the observed long- 
distant interaction effect. At last we had to conclude that we were dealing with 
some kind of previously unknown long-range interaction. Further experiments 
confirmed such an assumption. 
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One of them-the simplest one and at the same time giving the opportunity 
of unequivocal interpretation is shown in Fig. |21 The (Hig + H 2 s)-beam with 
energy 22 keV, passes successively through the flat capacitor with transverse 
electric held Eg quenching, if it is necessary, 25'-atoms and then through two 
metal slits 1 and 2 separated by a variable gap L, that can be changed in limits 
from 0 up to 15 mm. The slit 1, 0.05 mm wide , plays simultaneously the role 
of a collimator. Width of the slit 2 is 0.5 mm. L^-quanta, appearing due to the 
deexcitation of 2P-atoms, are registered by detector placed behind the slit 2 at 
a constant distance. 

The results of such an experiment (number of La-counts as a function of 
distance L) are shown in Fig. 0 

If the quenching held Eg is put off, that is the 2iS'-atoms pass through the slit 
system, distinct intensity oscillations of the 2P-atom flux are observed, that is 
the interference of this state (curve run 1 in Fig. 0 On contrary, when 2S'-atoms 
are removed from the beam (quenching held is put on) , 2P intensity oscillations 
disappear completely-curve run 2 . This curve is the sum of exponential decay 
curves of excited H-atoms with n = 2, 3, . . . arising due to collisions of the Hig- 
beam with the collimator walls. Subtracting the background curve run 2 from 
the curve run 1, we get the pure interference pattern (Fig.0). 

The picture observed could arise only under following conditions: in the slit 
1, owing to the interaction of 2S'-atoms with its metallic walls, coherent mixing 
of 2S and 2P states occurs, that is the formation of 2S-2P superposition. In 
the second slit, under the influence of similar interaction, the additional coher- 
ent mixing of these states takes place, and owing to that, with change of the 
distance L, oscillations of the 2P-component intensity are observed. It should 
be emphasized-such an interference pattern can arise only due to considered 
mechanism-any other reasons cannot cause it. 

This effect has been thoroughly investigated in numerous experiments that 
result in the following conclusion: the interaction of the excited hydrogen atom 
with a metal surface has a specific nature and only phenomenologically can be 




Fig. 2. The simplest version of the interference experiment 
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described to the action of some effective electric field i?e//- This field is not a 
real physical field and consequently cannot be registered by any macroscopic 
device. 

An explanation of the effect nature, compatible with the experimental data, 
was proposed by B. Kadomtsev It is based on assumption, that the atom, 
flying over the metal surface, interacts with the conductive electrons and holes 
in a thin surface layer . This results in an entangled state of the atom with a 
huge number of electrons and holes. Such an interaction gives rise to appearance 
a coherent admixture of the 2P-state to initial state 2S. The amount of this 
addition from each individual electron is infinitesimally small, but the net effect is 
observable because of great number of electrons. Thus, according to Kadomtsev, 
the effect observed is due to coherent superposition of EPR-interactions, and 
ought to be considered in terms of correlations (like Pauli-principle) rather than 
in terms of forces. 

But, unfortunately, this theory had not been completed. Professor Kadomtsev 
untimely died two years ago. 

Nevertheless, his hypothesis, even in its present form, allows for some quan- 
titative comparisons between experimental results and theoretical predictions. 
First of all, experiments were implemented to determine the strength and direc- 
tion of the effective field Egf f with respect to the direction of the atom velocity. 
For this purpose the system with longitudinal (that is. parallel or antiparallel to 
the atom velocity vector) electric field was installed. If the electrodes, creating 
the field are shortened and grounded, then, with change of distance L, distinct 
2P-interference pattern is observed, produced by the field Eef / . With presence 
of an external electric field coinciding with the velocity direction, the amplitude 
of beets is increased, and the character of the interference curve testifies coin- 
cidence of the phases of beets caused by the external field and the field E^f / . 




Fig. 3. The result of the simplest experiment 
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In case of opposite direction of the field the amplitude of beets is decreased and 
the mismatch of phases occurs. The processing of data obtained shows, that the 
direction of the field Ef,f f coincides with the direction of the atom velocity, as it 
follows from the Kadomtsev’s theory and its intensity (for the used geometry of 
slits) is equal to 4.6 V/cm. Such a value is also in satisfactory agreement with 
Kadomtsev’s prediction. 

Besides, an experiment with a single slit with the variable width (0.2-1. 8 mm) 
was implemented to verify the theoretical dependence of the effect scale on the 
distance between atoms and metal surface. The slit was formed by two rectan- 
gular plates 0.7mm thick. The results obtained show a satisfactory agreement 
with theory. If the slit is formed by two sharp edges, the dependence l 2 p{L) 
becomes exponential and simply reduces to exp(— 27rL/ziL), where Ap = v/ fs 
{v is the atom velocity, fs is the Lamb frequency). The “Lamb wavelength” Ap, 
that is the period of spatial oscillations of the interference curve, is immense on 
the atomic scale and does not involve any characteristic of the metal surface. 
Hence it follows that the observed effect is indeed a long range interaction and 
is a universal phenomenon. 

While the period of the interference curve does not depend on the properties 
of a metal surface, the magnitude of effect, that is the amplitude of the interfer- 
ence curve, can reveal a strong dependence of such a kind. Indeed, Kadomtsev’s 
theory is based on the assumption, that the atom interacts with quasi-free elec- 
trons in the thin surface layer. Therefore, the state of such electrons must be 
tightly connected with the properties of such a layer-for instance its temperature 
and crystal structure. 




Fig. 4. Interference of the 2p-state 
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2 Discussions 

Two types of experiments have been performed. In both of them, the controlled 
superposition of the 2S and 2P states induced by a longitudinal (along the atom 
velocity) electric field, passes subsequently through a slit in a grounded metal 
plate separated from the field area by a varying distance L (analogous to the 
experiment shown in Fig. 0). An additional coherent mixing of the states due to 
passage through the slit results in the L-dependent interference pattern in the 
output yield of 2P-atoms. 

The first series of experiments was devoted to determination of the effect 
scale on the slit temperature. In the second series of experiments we used the slits 
formed by massive plates of gold-silver alloy and pure palladium, varying con- 
siderably their microstructure. Namely, they were initially highly cold-hardened 
samples and later on the ones annealed at the recrystallisation temperature. In 
other words, we deal with either fine-grained or coarse-grained metal surfaces. 

The main result is that for both metals the mixing amplitude displays a 
severalfold, by the factor of 5-7, increasing after annealing . Indeed, it is highly 
likely that such a phenomenon points to the strong dependence of the effect scale 
on the state of conductive electrons. 
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Abstract. With an eye on the high accuracy (~ 10 MHz) evaluation of the ionization 
energy from the helium atom ground state, a complete set of order ma® operators is 
built. This set is gauge and regularization scheme independent and can be used for an 
immediate calculation with a wave function of the helium ground state. 



1 Introduction 

Singlet states of the helium atom, especially its ground state, is probably the best 
place for precision studies of the electron-electron interaction at low energies. 
Recent measurements of 1^5' — 2^P Q and — 2^5” intervals have reached 
an unprecedented accuracy of about 10 ppb. The ground state ionization energy 
extracted from these measurements constitutes 

= 5 945 204 238(45) MHz (1) 

and 

= 5 945 204 356(48) MHz, (2) 

respectively. The most recent theoretical result, 

jzth(l^S') = 5 945 204 226(91) MHz, (3) 

obtained in [3] has twice larger uncertainty. The main source of this uncertainty 
is the order ma® correction, included in (3) only partially. 

The present work is the first of two, which are devoted to the calculation of 
^zth(l^S') with 0{ma^) accuracy. It contains the analytic part of the calculation, 
and its main result is comprised by the set of the effective operators which 
produce the 0{ma^) shift of the energy. The second paper 0 describes the 
numerical evaluation of the average values of those operators, as well as the 
contributions to all previous orders. 



2 Framework of the calculation 

In the present work we closely follow the scheme of calculation, applied in jSj 
to the similar problem in positronium. Namely, we employ the dimensionally 
regularized nonrelativistic QED (NRQED). In this approach, separation of con- 
tributions to the energy coming from the hard (^ m) and soft (^ ma) scales 
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is governed by the regularization parameter £ = (3 — d) /2, d being the number 
of spatial dimensions. The shift of d from three gives control over both ultravio- 
let and infrared divergences appearing in the soft and hard scale contributions, 
respectively. 

The new feature of the helium as compared to the positronium is that the 
wave function of the former is not available in the analytic form even in three 
dimensions. Therefore, the problem of control over divergences (the terms which 
are singular for £ ^ 0) arising in NRQED calculations, becomes more involved. 
In fact, average values of effective NRQED operators over the ground state can 
be calculated only numerically, by integration with the wave function computed, 
for example, by the variational method. As already noted, those operators ap- 
pear either from the hard or from the soft scale. In the former case the effective 
operators are contact, i.e. d(r)-like (|r| is the distance between a pair of interact- 
ing particles) . Corresponding Wilson coefficients can be found from the matching 
of a NRQED scattering amplitude with its QED counterpart and generally are 
divergent. On the other hand, the soft scale effective operators have finite Wilson 
coefficients, while divergences arise only when one calculates average values of 
some of those operators which prove to be sufficiently singular. Hence, in the 
latter case an extraction of divergences seems to be a notably more complex 
problem. Recall that the divergences mutually cancel only in the sum of the 
hard and soft scale contributions. 

To keep track of this cancellation we choose the following strategy. The main 
idea of the approach is to extract divergent pieces of all soft scale contributions 
on the analytic level. Performing such an extraction we manage to demonstrate 
straightforwardly that the divergences coming from both scales cancel each other 
before any numerical calculation. As the result, the total 0{ma^) correction to 
the ground state energy is represented as a sum of the apparently finite average 
values of the regularization-independent operators. These average values can be 
immediately calculated using a numerically built wave function. 

It is worthy to note that the main idea of the above approach has a simple 
physical ground. In fact, the soft scale divergences in a bound state energy are of 
the ultraviolet origin. They hence should be proportional to a value of the cor- 
responding wave function at zeroth separation between interacting particles. In 
terms of the effective theory it means that by virtue of the Schrodinger equation 
one can rewrite the singular soft scale contributions in such a way that the cor- 
responding divergences will be shifted to the Wilson coefficients of the contact 
operators. After the perturbation theory is reformulated in such a manner, and 
if an underlying theory is renormalizable, all divergences that enter an individual 
Wilson coefficient have to cancel each other. 

In the rest of the paper, we list the individual contributions. Sections El and 0 
are devoted to the soft scale and hard scale ones, respectively. The final result of 
this paper is presented in the last Section. Notations used throughout the paper 
are collected in Appendix. In order to make the formulae more transparent, we 
write the nonsingular soft scale operators with coefficients taken at d = 3. 
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3 Soft Scale Contributions 



3.1 Irreducible corrections 

There are several sources of such corrections. The list of expressions for the 
corresponding average values which arise when the Schrodinger equation for the 
wave function is extensively employed (for notations see Appendix) includes 



• the dispersion correction, 

(c) 



■*disp 



E = -5 



2rm? Sm? 



3E 

2w? 
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8m^ 16m"^ 

SCnc^ 5 (£i— £2)6 



-3 



Cc pIpI\ 
2 4m^ / 

{Pp)c{Pp) 



8m‘^ 



Cn 






(4) 

8m2 ^ ’ 

-£l . \ 



4 to 2 16m^ 2m2 

• relativistic corrections to the Coulomb exchange, 
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• relativistic corrections to the instantaneous magnetic exchange. 
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• retardation corrections induced by zero-, single-, and double-Coulomb ex- 
changes. 
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(pin)^c^ + c^(npi)^ + (1 2) d — 2c^ d — I e'^ \ 

16m^ 4 4 / ’ 

a 2 p / 2 3 ^^i ^2 - - 2(£i - £2)6 (d- l)(d-2)2 

8m2 8(4 - d) m2 



and finally, the seagull correction, 
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Pic^Pi + 3(pin)c^(npi) 
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+ (1^2) + 
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(9) 



3.2 Reducible Corrections 

Breit Hamiltonian for the helium singlet states, 

U = Us + Up, 



( 10 ) 



consists of two parts, Us and Up, with the selection rules |Z\5| = 0 and |Z\5| = 1, 
respectively. The second order iteration of the P-wave part, which mixes singlet 
S and triplet P states, is saturated by the soft scale and therefore we can take 
corresponding perturbation in three dimensions: 



Up = 



Zoi (T 1 — cr 2 



h 

0,3 



a cTi — (T 2 r X P 

4m2 2 



Am? 2 

The S'- wave part should be considered in d dimensions, 

nZa 



( 11 ) 



Us = - 



4 I 4 

P 1 + P 2 

8m^ 2m2 

{d — 2)7ro; 






-S{r) - 



{S{ri) +S{r2)) 

P 1 CP 2 + {d- 2){pin)c{np2) 



2m? 



(12) 



since its second order iteration contains divergences. After some manipulations 
corresponding correction to the energy can be represented as 
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where 



pI+pI 1 eV 

8m? ’ 2m ^ Am? 2m^ 
-I i=l 

Picp2 + {d- 2){pin)c{np2) 

2m^ ’ 



O 2 = 
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(14) 



G is the reduced Green function of the Schrodinger equation and B = {Us)- 
Action of the operator O2 on the wave function can be checked not to produce 
functions more singular than or (?. Therefore, in contrast to the second 
iteration of the original perturbation, En . (1 1 2^ . that of the operator O2 delivers 
a result which is finite in three dimensions. 



3.3 Total soft scale contribution 

Summing up all soft scale contributions, we get: 
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For the bulk of the operators above, their average values can be safely evaluated 
in three dimensions. Special care is needed when one deals with the operator 
pfc{np2)^+{l ^ 2)+H.c. Although its average value is finite in three dimensions, 
the d 8 transition is not smooth: 



lim (pic(np 2 )^) = (pic(«P 2)^)|^^3 + {Trm'^a^S{r)) . 



(16) 
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In order to calculate the divergent average values from the last line of (lldll . 
we first consider the Coulomb potential C between two particles with the charges 
Zi and Z 2 - The average value of is 



(C3) = (ZiZ2a) 



= (^ 1 ^ 20 ;)'^ a' 







Here a = {\ZiZ 2 \gia)~^ is the Bohr radius for a given pair of particles, ^ being 
their reduced mass, the vectors r = agn and r' denote relative position of the 
constituents and position of the pair center of mass, respectively. Integration by 
parts in the last integral gives: 

I dee'-Z^‘iai,ny). ( 17 ) 

Here we took into account that = 0 for finite positive e. Expanding 

now uni) in powers of £, we get 

(C>> = (Z^Z,af { 0 - 41n H + 2 ) {.Sir)) - 2 + ^ _ 



where 7 = 0.5772 ... is the Euler constant. As expected, the divergence arises at 
r = 0. The non-contact average value is finite in three dimensions. 

The second singular operator, can be averaged in the following way: 

( 52 ) = ([V,C]") = ([V,C[V,C]] -CZiC) = -2 (C[V,C]V) . (18) 



At the last step, we use equation {CAC) = 0, valid in the dimensional regular- 
ization. In order to express the average value 
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Extracting from (ESI all divergent pieces, we find: 
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4 Hard Scale Contributions 



4.1 Radiative Recoil Correction 

Effective operator coincides with that for parapositronium 



^rad rec^ 



V 7t2 277t2 72 J 






4.2 Radiative Corrections 



eN Interaction 



One- |0| and two-loop m radiative corrections to electron-nucleus interaction 
give rise to the following energy shifts, respectively: 
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Net effect of two-loop contributions to the slope of Dirac formfactor jZ), Pauli 
formfactor [S|, and vacuum polarization j0| reads: 
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4.3 Pure Recoil Correction 

Changing sign of the corresponding result for parapositronium 0, we get 
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Among the hard scale contributions only this one contains the divergence, 
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5 Conclusion 



The divergent contributions from the soft (21) and hard (22) scales cancel each 
other, so that in the sum of all contributions we can put d = 3. We thus get 
the final expression for the 0{ma^) correction to a singlet iS-state energy of 
the helium atom (all average values below are over the three-dimensional wave 
function) : 
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Although d-dimensional notations are pertained here, the immediate three-di- 
mensional counterparts are implied for all the operators. The contact terms enter 
into lll^.kll with the coefficients 



, ^3 ^ 427^2 iQz 9^C(3) 2179Z ^ 3Z - 4Z% 
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, , 3385 331 29 In 2 15C(3) 
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Equations constitute the principal result of the present work. Its appli- 

cation to the ground state of helium atom is considered elsewhere 0]. 
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Appendix 



Throughout the paper we use the following notations. The electrons are located 
at points r\ and r 2 ', Pi and p 2 are the operators of their momenta. Then, 



r = n-r2; P = pi +p 2 = -i (Vi + V 2 ) ; ^ ^ Pi ^ ^ 25 ) 



n 



Oi — 



5 

Ta 




(27) 



Greek indices equal to 1 or 2 and enumerate the electrons, Latin ones corre- 
spond to the Descartes components. We use the short-hand notations for the 
derivatives: 



di 
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dr 2 ' dr' 



(28) 



Nonrelativistic Hamiltonian of the helium atom in the non-recoil limit (m/m^ 
0) is 



rr_ 
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(29) 



where the total Coulomb potential is the sum of the electron-nucleus and elec- 
tron-electron parts: 



C = Cn + c; 

Cn = Ci + C2 = -- 
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The electric forces exerted on electrons are 
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Unless otherwise specified, (. . .) denotes the average value over a singlet S-state 
of the helium atom in d dimensions. 
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Abstract. Order cP' corrections to the decay rate of orthopositronium are calculated 
in the framework of nonrelativistic QED. The correction is « 45 in units of (o/tt)^ 
times the lowest order rate. 



1 Introduction 

The theoretical result for the orthopositronium decay rate is 

T(theory) = |l + A- + — Ina + sf-)" (1) 

L 7T 3 Vtt/ 

ZTT 7T Vtt/ J 

where 

O jY) rv® 

ro=-(7r2- 9) = 7.2111670(1) |4s-i (2) 

9 7T 

is the Ore and Powell result for the lowest order decay rate m, and 

A = -10.286606(10) (3) 

is the order a correction PEE]- The oP In a logarithmic contribution with co- 
efficient 1/3 was obtained in 1979 p], and the a^ln^a logarithmic contribution 
with coefficient — 3/(27 t) in 1993 0. The (o/tt)^ correction has two parts: from 
decay to five photons [0.187(H)] [819) . and from decay to three photons. Our 
new result is the three photon decay contribution: 44.86(26) ^3- Finally, the 
coefficient of the (a^/7r)lna contribution has recently been obtained by three 
groups: C = A/3 - 229/30 -k 8 In 2 = -5.517 |l III 21 1, ‘-ij . 

Numerical values for the various contributions to the decay rate are shown in 
Table Q In looking at this table, one should keep in mind the approximate value 
of the current experimental uncertainty for this rate, which is « 0.002 (see 
Table El ■ It seems clear that the perturbation series is behaving nicely, and that 
“higher-order” terms are indeed small. For example, the ratios of the 0{a) to 
0(1) terms and the 0{a^) to 0{a) terms are 

|A/1|- = 0.023 , (4) 

7T 

|R/A|- = 0.010 . (5) 

7T 
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Table 1. Numerical values of contributions to the orthopositronium decay rate 



term 


contribution (in |ts 


1 


7.211167 


7T 


-0.172303 


^Ina 


-0.000630 


HiT 


0.001753(11) 




-0.000032 


C^lna 


0.000024 




0.00000009 D 


total 


7.039979(11) + 0.00000009D 



If the unknown D contribution follows roughly the same pattern, and \D / B\a/T: = 
0.010, then one would have D = 192 and its contribution would be D{a/Tr)^ro = 
0.000017 If D were 10 times this large, its contribution would still be much 
smaller than the present experimental uncertainty. 

Our final result is 



r(theory) = 7.039979(11) [ls~^ . (6) 

We have not assigned a theoretical error to the uncalculated D term, but note 
that D would have to be about 20000 for this contribution to be as large as the 
experimental error. 

The theoretical result is significantly below the two Michigan experimental 
values [msi, but is in agreement with the lower precision Tokyo experimental 
value m (see Table EJ . 



Table 2. Recent experimental results for the orthopositronium decay rate. The quan- 
tity A is the difference between the experimental and theoretical values for the rate in 
terms of the experimental uncertainty a 



medium 


place 


year 


result (in |ts ^) 


A 


reference 


gas 


Michigan 


1989 


7.0514(14)"- 


8.1 a 


HH 


vacuum 


Michigan 


1990 


7.0482(16) 


5.1 (T 


lEJ 


powder 


Tokyo 


1995 


7.0398(29) 


-0.1 cr 


IWI 



^ At this meeting, Ralph Conti announced that the value of the Michigan gas number 
will be corrected to bring its value down closer to the vacuum result m- 
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2 NRQED 



We use nonrelativistic QED (NRQED) [E| as the framework for this calcula- 
tion. In particular, we use an implementation similar to that used by Hoang, 
Labelle, and Zebarjad fmEn] in their calculation of the two-loop corrected one- 
photon-annihilation contribution to the positronium hyperfine structure. Their 
calculation and ours are very closely related: theirs involves the virtual decay 
of orthopositronium to a single photon, while ours involves the real decay of 
orthopositronium to three photons. However, there are substantial differences 
between three-photon real decay and one-photon virtual decay. In three-photon 
decay the photons go off in unspecified directions in a plane which brings in 
the need to integrate over two parameters which describe the configuration of 
the decay. The three-photon graphs are considerably more complicated than the 
one-photon graphs because of the increased number of real and virtual parti- 
cles. There are many more graphs to be considered (83 vs. 6) in the decay rate 
calculation. And finally, in three-photon real decay the energy-shift graphs have 
imaginary parts which are related to the decay rate. 

The implementation of NRQED used here is defined by the Lagrangian and 
the treatment of infrared and ultraviolet divergences. The Lagrangian has the 
form I'iOl'ilj 



-Cnrqed = 2 ^^^ ~ 






iDt 



2m 



Coe 



8m^ 

{D E-E B) 



cpe 

2m 



a- B 



cse . 






8to2 

+ (V' ^ x) 

- • (x^o-2crV') 



icr ■ {D X E — E X D) 






+ 






3m4 2 



[{ip^cra2X*)ix^<^2a-{-i D /2f^) -k H.C.] -f 



(7) 



where ■i/' and x £^re the two-component electron and positron fields, Dt = dt — 
ieAo, D = V -|- ieA, and cr® is the usual Pauli matrix. The Fermi, Darwin, 
spin-orbit, and the four-fermion contact and derivative couplings cf, cd, cs, dc, 
and do all have the form 1 -|- 0{a) by matching with tree-level QED. Ultraviolet 
divergences are regulated by a momentum-space cutoff mA, while infrared diver- 
gences are controlled by a non-zero photon mass mX. We make use of Coulomb 
gauge, in which the photon propagator has the form 1/D{k) for Coulomb pho- 
tons and 



D,j{k) 



1 



k^-X^+ ie 



\ 



hkj \ 
D{k)J 



for transverse photons (where D{k) 



k'^ + \^). The electron propagator is 



( 8 ) 



1 

Po - p'^l{‘2,m) + ie ’ 



S{p) = 



(9) 
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In the related calculation of Hoang, Labelle, and Zebarjad m, ultraviolet 
divergences were regulated by a momentum-space cutoff as here, but infrared 
divergences were dealt with by keeping the particles above threshold (to control 
binding singularities) and also including a non-zero photon mass (to regulate 
the remaining infrared divergences). In the two- loop parapositronium decay rate 
calculation of Czarnecki, Melnikov, and Yelkhovsky Easi, both ultraviolet and 
infrared divergences were regulated via dimensional regularization. We chose to 
regulate all infrared and binding singularities by a photon mass in order to make 
contact with the NRQED work done by Labelle, Lepage, and Magnea [23 on the 
orthopositronium decay rate problem. A nontrivial check of our implementation 
of NRQED is provided by making sure that it reproduces the results of Ref. 120 !, 
with both NRQED calculations confirmed by an entirely different Bethe-Salpeter 
type calculation | 25 |. 

To the order of interest here the relevant NRQED interactions (see Fig. 
can be represented as instantaneous potentials They are 



V4{p,q) =‘^^dc, 

V4der{p, q) = --^(p^ + q^)do , 



Vcoui{p,q) =- 



3m^ 
47ra 

W)’ 



5Hkin{p, q) = -{2-Kf5{p - q) 



Am? ’ 



VBF{p,q) = 



2Tia (p^ + 11 

m? I D{k) 6 D(k) 



+ 



A^(p2 + q2) 



-k 



A" 



A^ 



D2(fc) 2L)2(fc) 2D{k) 






( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 






(c) (d) (e) 

Fig. 1. The NRQED instantaneous potentials: (a) four-fermion contact, (b) four- 
fermion derivative, (c) Coulomb, (d) relativistic kinetic energy, and (e) Breit-Fermi 
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The relativistic correction to the fermion kinetic energy is represented as a po- 
tential. The Breit-Fermi interaction includes the effects of transverse photon 
exchange as well as relativistic corrections to Coulomb photon exchange. The 
potentials are given with the assumption that the states acted on are S states 
with total spin 1. 

3 The Matching Calculation 

The next step in the implementation of NRQED is to determine the NRQED 
coefficients by requiring agreement between NRQED and QED for appropriately 
chosen scattering amplitudes. Of particular interest for the decay rate calculation 
are the four-fermion coefficients dc and do, which encode the effects of decay 
in their imaginary parts. The scattering process we will discuss is e“e“'" ^ e“e“'" 
scattering at threshold in the total spin 1 configuration. On the QED side, the 
two graphs of Fig.Et and Fig. Eh represent the leading contributions to the real 
and imaginary parts of dc and do- We will work in terms of energy shifts and 
decay rate contributions by defining 



AE = i (amplitude) x (/)q , (15) 

r = -2Im(Z\E) , (16) 

where / {%tt) is the square of the nonrelativistic Coulomb ground state 

wave function at the origin. Then the energy shift and decay rate described by 
Fig. Eh and Fig. Eh are 



AE = 



ma 



1 = lo = -[TT - 9) . 

y TT 

The corresponding energy and rate from Fig. Eh and Fig. Ch are 
. ^ 27ra.^ , , , ,n ma^ ^ , , , 

AE = — -Re(dc)^o = — — Re(dc) , 



r = _!!^ini(dc) . 



(17) 

(18) 



(19) 

( 20 ) 




Fig. 2. QED graphs contributing to the lowest order energy shift and decay rate. The 
dashed vertical line represents a Cutkosky cut through the three-photon intermediate 
state used to find the imaginary part 
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Tree-level matching then gives 





Re(dc) = 1 + 0{a) , 


(21) 




T \ 4(7t^ — 9)a^ 3 

Im(dc) = „ + 0(a ) ■ 

Qtt 


(22) 


If we write 


^ , 4(^2 -9)0^ 

Im(dc) = 97 t ® 


(23) 


where 


e = 1 -1- (a/7r)ei -I- (a/7r)^e2 -!-••• 


(24) 


then we will need to evaluate e up through terms of order . 




Similarly, the real and imaginary parts oi du are found by considering the 


same QED graphs Fig. and Fig. [3) slightly above threshold. 


One finds that 




Re(dD) = 1-1- 0{a) , 


(25) 




, ,, , {n^-9)Xa^ 

= 36t ’ 


(26) 



where X = — 132)/(7t^ — 9). 

Now we proceed to the one- and two-loop calculations in QED and NRQED. 
The graphs contributing the orthopositronium decay at one-loop order in 
QED are shown in Fig. El The one-loop graphs contribute m 




Fig. 3. One-loop QED graphs contributing to the orthopositronium decay rate. They 
are (a) the self-energy graph, (b) the outer vertex graph, (c) the inner vertex graph, 
(d) the double vertex graph, (e) the ladder graph, and (f) the annihilation graph 
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(d) (e) 

Fig. 4. One-loop NRQED graphs contributing to the orthopositronium decay rate 



[^+A(A)]-ro (27) 

A 7T 

where 

A(A) = -10.286606(10) -b 15.39 A . (28) 

Even though the limit A — > 0 is taken at the end of the calculation, we keep 
terms of order A in the one-loop calculation because terms with a factor of 1/ A 
enter at the two-loop order. The NRQED one-loop graphs are shown in Fig. 
and their values are given in Table 0 The matching condition through one- loop 
order is thus 




27T 

T 



+ ^(^)] 







(29) 



Table 3. One-loop NRQED decay rate contributions 



diagram 


OL T< 


aA 7~i 
— ^0 


OiXPo 


a 


2e 


0 


0 


b 


0 


1 


1 

2 


c 


0 


5 

3 


13 

12 


d 


0 


X 

6 


X 

12 


e 


0 


-2 


0 


total 


2e 


8 X 

3 6 


12 ~ 12 



where a factor of Fq has been removed from each side. Thus one has 

/8 ^ \ ^ ^ \ \ 



( 30 ) 
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The two-loop calculation is significantly more involved. There are 83 indepen- 
dent two-loop QED graphs that contribute to the decay rate. Representatives of 
the various classes of graphs are shown in Fig. 0 The classes are (a) irreducible 
two-loop corrections to the outer vertex; (b) irreducible two-loop corrections to 
the inner vertex; (c) irreducible two-loop self-energy corrections; (d) reducible 
two-loop corrections involving one-loop vertex and self-energy parts; (e) ultravi- 
olet and infrared finite generalizations of the double- vertex graph; (f) the double 
ladder, crossed ladder, and related graphs; (g) one-loop vertex or self-energy 
corrections to the double-vertex graph; (h) one-loop radiative corrections to the 
annihilation diagram; (i) vacuum polarization corrections to the one-loop dia- 
grams; (j) the square of the one-loop amplitude; (k) light-by- light scattering of 
two of the three final state photons. Several of these classes have been calculated 
earlier: (h) by Adkins and Lymberopoulos (i) by Burichenko and Ivanov 
m and by Adkins and Shiferaw m-. and (j) by Burichenko and by Adkins 
0. The rest of the calculations are new. We used dimensional regularization 
to handle the ultraviolet divergences, and a finite photon mass to regularize all 




Fig. 5. Two-loop QED graphs contributing to the orthopositronium decay rate. One 
sample graph is given per class. A spin-one state is implicit on the right. A Cutkosky 
cut through the three-photon intermediate state to give the imaginary part is implicit 
in class (j) 



infrared divergences. All ultraviolet divergences disappeared after renormaliza- 
tion. The results are listed by class in Ta,b1eE1[lll)). The complete two-loop QED 
decay rate result has the form 
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Table 4. Two-loop QED contributions to the orthopositronium decay rate by class 



class 


cP" -p 
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\n\^ 
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(fl^ln^ATo 


o^lnA/o 


iff To 
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0 


0 
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0 


0 


0 
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j 


1 


A 


0 


0 


0 


28.860(2) 


k 


0 


0 


0 


0 


0 


0.350(4)"- 


total 


21n 2+1 


2A 


0 


0 


1 

3 


22.72(26) 



The numerical result for class k is still preliminary. 



^QED 
^ 2 



(2 In 2 -h 1)7T^ 



2TrA{X) 7T 



+ ^lnA + i?2](-)Vo, 

3 ■' 



A 



( 31 ) 



where B 2 = 22.72(26). 

The appropriate two-loop NRQED graphs are shown in Fig.O, and the results 
are given in Table 0 The total two- loop NRQED contribution to the rate is 






.NRQED _ |- 21 n 2 -I- 1 



16 X, R 1 






5AT, 



A" 



The two-loop matching condition is 
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The corresponding two-loop coefficient is 

^2 ^2v 11,^2 



7T* Tl^X 
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,T_ 
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■ In 2 -I- i ?2 
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( 33 ) 



( 34 ) 



4 The Bound State Calculation 

Now that NRQED is defined to the required order, we are in position to obtain 
the order oP' correction to the decay rate. The unperturbed problem, defined by 
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Fig. 6. Two-loop NRQED graphs contributing to the orthopositronium decay rate 



Table 5. Two- loop NRQED decay rate contributions 
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use of the potential Vcoui{p,q), is simply the usual nonrelativistic Schrodinger- 
Coulomb problem. The ground state wave function has the form 

(35) 

where 7 = maj2 and (j)^ = ip{r = 0) = (7^/7t)^/^ is the wave function at contact. 

The perturbing potentials are V4, Vider, SHkin, and Vbf- Since we are inter- 
ested in the imaginary part of the energy shift , at least one factor of a four-point 
contact term (V4 or V 4 der) must be included. Perturbation theory for the ground 
state energy at second order gives 

AE = (0|P4|0) + (0|P4der|0) + (0 1 P4G'^"4 |0) + 2 {OlV^G S H krn\0) + 2 (0 1 1 0) , 

(36) 

where |0) represents the spin-1 ground state, and 



6 = E 

n^O 



!»)(»! 

Eq — En 



(37) 



is the nonrelativistic Schrodinger-Coulomb propagator with the ground state 
contribution taken out |31l32l33j . The corresponding decay rate contributions 
are found through use of Eq. ^3 After labeling the terms of Eq. 36 as 1-5, we 
find 



El = 


f-i /^\ /Oi\2 It-i 

[1 + (“)^1 + (“) ^ 2 ]Eo , 


(38) 
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r Xa ^ 

16 E”' 


(39) 
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i-a . oi^ 1 

[_,i + _i„(_) + _]r„. 


(41) 


E 5 = 


r 5a , a^ , 5a^T 


(42) 



Ultraviolet divergent integrals were regulated with a momentum cutoff as in the 
NRQED part of the matching calculation. The total correction to the decay rate 
is the sum of Eqs. E3 - E2 



r / Oi \ / GL \ 2 "1 r S O , r f . / .d \ 11 .H" n 9 

E = 1+ (-)ei -k (-) 62 Tb+ -o - -q “ ■^ + Tfi “ ^0 ■ 

'■ ^7t ■' 3 6 7T '■ 3 a 24 16 



Now using the values of ei and 62 (with A ^ 0), one has 

^={l + ^^+(^)'[ylna + 7r2(^-^ln2+^)+i?2]}To 
= {l + ^A+(^)'[ylna + i?3q]}ro, 



(43) 



(44) 
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where 

(y - 5 In 2 + ^) + i?2 = 44.86(26) (45) 

is our final result for the three-photon part of the 0{a^) decay rate correction. 
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Abstract. We review our recent results on higher order corrections in positronium 
physics. We discuss a calculation of the recoil 0{ma^) corrections to the hyperfine 
splitting PP and energy levels of a positronium atom (3, 0{ma^ a) contributions 
to the positronium S'-wave energy levels 0 and O(a^) radiative corrections to the 
parapositronium decay rate |1|. 



1 Introduction 

Spectroscopy of positronium provides a sensitive test of the bound state theory 
in Quantum Electrodynamics (QED). Because of the small value of the electron 
mass, the effects of strong interactions are negligible compared to the accuracy 
achieved in present experiments. For this reason positronium represents a unique 
system which can, in principle, be described with very high accuracy by means of 
QED only. Tests of QED predictions are made possible thanks to a high precision 
of positronium spectroscopic measurements. 

There are several quantities in positronium physics where higher order ra- 
diative corrections have to be taken into account for the theoretical prediction 
to match the experimental precision. For the hyperfine splitting of the ground 
state, Ai> = E{l^Si) — E{l^So), the two best experimental values are |5I6I 

= 203 387.5(1.6) MHz, (1) 

Aiy = 203 389.10(0.74) MHz. (2) 

Another precisely measured quantity is the energy difference of 2^S\ and 
l^iSi states [Z|: 

E(2^Si) - E{l^Si) = 1 233 607 216.4(3.2) MHz. (3) 

Since ma^ = 18.658 MHz, complete calculations of 0{ma^) corrections to 
both the hyperfine splitting and the spin independent part of the energy levels 
are necessary. 

A different type of precisely measured quantities are the decay properties of 
the positronium atoms, e.g. total decay widths of both ortho {S = 1) and para 
(S' = 0) positronium ground states into three and two photons, respectively. The 
orthopositronium decay width is a controversial issue because the theoretical 
prediction differs significantly from the most precise experimental result |3 . The 
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current status of the orthopositronium decay is summarized in Ref. 0 and we 
do not discuss it here in any detail. 

The parapositronium decay rate into two photons agrees with the theoretical 
prediction and has attracted less attention. However, it is also measured quite 
precisely m, 

rp“Pp,(gas) = 7990.9(1.7) (4) 

The accuracy of this measurement is high enough to warrant a calculation of 
0{a'^) corrections to the decay rate. 

Here we intend to summarize several calculations on precision positronium 
physics which we have recently completed. We will describe the calculation of: 
recoil corrections to positronium nS energy levels and the hyperfine splitting at 
0{ma^), 0{ma^ In^ a) corrections to positronium energy levels and second order 
corrections to parapositronium lifetime. Additional details of those projects can 
be found in the original papers For the summary of the experimental 

situation, we refer to Ref. HU. 

2 Calculational methods 

2.1 General discussion 

What makes bound state calculations difficult is that they are “non-perturba- 
tive” ; this is because one has to sum up an infinite number of Feynman diagrams 
to “create” a bound state in perturbation theory. 

The electron and positron in positronium move with a typical velocity ^ a 
and have a momentum ~ ma and energy ~ ma^. If we are interested in a 
precision level where relativistic effects become important, the usual quantum 
mechanical treatment of the bound state has to be merged with the complete 
field theory description. Then, no matter how weak the coupling is, we deal with 
the problem of bound states in the field theory, which is rather complicated. One 
of the possible computational approaches (not always the most convenient) is 
the Bethe-Salpeter equation. 

In the case of a weak coupling, a better way to go is to construct an effective 
theory which, on the one hand, correctly describes the physics at non-relativistic 
scales, and on the other hand does not have relativistic degrees of freedom HU. 
The price to pay for explicitly integrating out relativistic degrees of freedom is 
that the new Hamiltonian is an infinite sum of operators and is not renormaliz- 
able. These are, however, minor problems compensated by significant technical 
and conceptual advantages. 

In order to quantify which degrees of freedom are retained and which are 
integrated out, one has to introduce a cut-off. All the coefficients in the effec- 
tive Hamiltonian become cut-off dependent. This cut-off dependence is canceled 
when physical quantities are computed. A good or bad choice of the cut-off will 
facilitate or hinder the actual computations. 

In order to see what choice of regularization (cut-off) is optimal, one can 
benefit from the developments in particle physics, where a number of various 
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regularization schemes has been tried. At present, the most sophisticated calcu- 
lations are being done using dimensional regularization, since this regularization 
minimally increases the complexity of the calculation and allows for some special 
tricks to be used systematically (integration-by-parts). In what follows, we will 
apply dimensional regularization to calculations in the QED bound state theory. 

We begin with an effective NRQED Hamiltonian, 



To compute relativistic operators i?reh one considers scattering amplitudes 
both in NRQED and in full QED treating Coulomb interaction as a perturbation. 
By matching these amplitudes, one determines i?rei- Therefore, the question 
of how should be computed is related to the question of how full QED 
amplitudes can be effectively calculated in threshold kinematics. 

To enable an effective computation of the perturbative diagrams close to a 
threshold, one has to answer the question of how a single Feynman diagram can 
be expanded in relative velocity v close to the threshold. The practical recipe 
is provided by the threshold expansion method which makes algorithmic 
calculations possible. One first identifies relevant momenta regions: hard region, 
k ^ m] soft region, ^ |fc| ^ mv\ potential region, k^ ^ mv'^, |fc| ^ mv\ 
ultrasoft region, k ~ mv^. 

Then, assuming a certain hierarchy for momenta in a given region, one Taylor 
expands the integrand and in this way obtains a simpler integrand, homogeneous 
in V. These integrals are evaluated and the contributions of the different momen- 
tum regions are summed. 



An important result is that the new operators Hrei are generated by the 
hard momentum contributions only. Hence, as follows from the above formula, 
computation of new operators requires only a Taylor expansion of full QED am- 
plitudes in external momenta; no matching is required. This approach provides 
the required operators in dimensional regularization and hence, for consistency, 
the rest of the problem (quantum mechanics) must be solved using the same 
(dimensional) regularization. 

2.2 Quantum mechanics in d = 3 — 2e dimensions 

We begin by writing down the Schrodinger equation in d dimensions: 




( 5 ) 




Regions 7 



( 6 ) 




Although it looks similar to the usual three dimensional case, we note that this 
similarity persists in momentum space only whereas in the coordinate space 
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the Coulomb interaction is not given by a/r any longer. We emphasize that, 
regularizing the Schrodinger equation in momentum space is consistent with the 
way the regularization is introduced to compute the contributions of the “hard 
momentum” region. 

For d = 3, the solution of Eq. (7) is the familiar Coulomb wave function in 
3 dimensions. For d yf 3 this is not true. This represents an additional prob- 
lem since the non-relativistic calculations have to be done without an explicit 
knowledge of the wave function. Fortunately, cancelation of all divergences can 
be ensured on the operator level using the Schrodinger equation in d-dimensions. 
Once divergences are canceled, the limit d 3 can be taken and a non-trivial 
(but now finite) matrix elements can be easily computed. 

Another tricky point in this approach is the Dirac algebra. The usual pre- 
scription in NRQED is: {'y^\ {^i}, = ‘^iUjkO'k- The problem here is 

that for d yf 3 the last equation is not true. Therefore, one should proceed as 
with the Dirac matrices, using traces and the identity (TiCTj + crjcn = 25ij only. 

Let us now present an example of simple but striking identity which is valid 
in dimensionally regularized quantum mechanics but would be wrong in other 
regularization schemes. Consider the following integral: 




where (j>{p) is the Coulomb wave function, 4>{p) ~ 1/p^ {p ^ oo). Simple power 
counting shows that the integral is linearly divergent. Nevertheless, using the 
Schrodinger equation, one derives a finite result. 






d‘^p d'^fe 



dirap^ 



= mE 



d^k 

{2ttY 



m 



(27r)2<i [p — kY {p"^ / m — E) 
f d‘^p d‘^k dnam 






(27t) 



2d 



pz 



4>{k) = mEY{r = 0), 



where we used the fact that the scale-less integrals in dimensional regularization 
f d‘^k{k'^Y defined to be zero. 



2.3 Hard scale contributions 



Hard scale contributions are obtained by Taylor expanding the scattering ampli- 
tude in small external momenta. All relevant two-loop integrals (some examples 
are shown in Fig.l) can be parameterized by nine Feynman propagators: 



/(oi, ...ag) = J 



(jDk, 

r u, n,^ C<ll C<12 C<13 C<14 0^5 00-7 

(27t)^ (27t)^ ^ ^ ^ ^ ® ® ^ ® ® ’ 



where 



'Si , Q , *5*2 , Q , iSs 



^ , S4 = ^ 



kf ’ " k^ ’ {ki - k^Y ’ ^ k\ + 2pki ’ 
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^5 

^8 



+ 2pk2 ’ ^ ^1 ~ 2pki ’ ^ — 2pk2 ’ 

^ O = 1 

(/ci — fc2)^ + 2p(/ci — /C2) ’ ^ (fci — fc2)2 — 2p(fci — /C2) ’ 




Fig. 1. Examples of “hard scales” contributions 



In order to compute these integrals we use the so-called integration-by-parts 
technique m, familiar from high energy particle physics. In short, using a set 
of integration- by-parts identities, one finds a mapping of a function /({oi}) with 
arbitrary arguments on a few “master” integrals. This mapping procedure is 
constructed in a completely algebraic way. After the calculation of these master 
integrals is completed, the problem is essentially solved, since any diagram that 
belongs to the above class can be computed by using one and the same computer 
program, which delivers analytic results at the end. A glance at Fig. 1 shows 
that the “hard scale” diagrams, which we have solved, encompass almost all non- 
trivial two-loop corrections relevant for the equal mass bound state problems, i.e. 
recoil, radiative recoil and radiative corrections, as well as (although not shown 
in Fig. 1) the one-photon annihilation contributions. 



3 Results 

In this section we present the results of the calculation of the basic positronium 
properties using theoretical methods described above. We begin with positron- 
ium spectroscopy and then discuss the calculation of the second order corrections 
to the parapositronium decay rate. 
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3.1 Positronium spectroscopy 



Recoil corrections to positronium energy spectrum have been controversial for 
some time. We have recalculated these corrections within the theoretical frame- 
work discussed above. Our results are summarized below. 

To begin, we define the average energy and the hyperfine splitting for nS 
states as: 

= ifaver(^) T .^hfs (^) ; 

where are the spin operators of the positron and electron respectively. 

Explicit calculation of the recoil corrections for the ground state n = 1 gives 

m 



A K 



ma^ /299 11 3C(3)\ 

(l^ 7 t 2 j ’ 



^IrecEhfs — TTlCk 



/I 331 ln2 

— In a H 

V 6 432 4 



17C(3) 

87t2 




How can this result be extended to include n ^ 1 excited states? The eas- 
iest way to accomplish this is to perform the quantum mechanical part of the 
calculation using arbitrary regularization framework, e.g. by cutting-off all the 
divergent integrals in momentum or coordinate space. The result has the form 

ma^ f,,., 69 8 2 \ 

Z\recEaver(n) = ^ ^ " j > 

^ I ld>v] + 1 (- 1„ £ - S>(„) - c) + ^ ^ I , 

where C is the Euler constant and [div] denotes a divergent cut-off dependent 
contribution. It is easy to determine the latter by matching the above result 
at the expressions for 2\recEaver,hfs for n = 1. The final result for the recoil 
corrections valid for all values of n reads 0 

^ ^ , ma® /55 11 3C(3) 69 8 2\ 

Z\recEaver(n) - + ^ + ^ ^ ^ ^ ^ n j ’ 

^ {K- - *'<"> - + is; - 2^ 

295 In 2 17C(3) 5 ] 

”^4^ ~ ^ 87t2 127t2 J ■ 



The result for 0{ma^) recoil corrections was the last controversial piece at 
that order; all other corrections were computed by more than one group and 
are known in the analytical form. Our result for the recoil corrections confirms 
the result by K. Pachucki [I1,’^16j . Adding up known results for many different 
contributions (see 0 for references to original papers), we derive the following 
result for Eaver and E-^fs valid up to 0{ma^)\ 



E(^JyTl) — i?aver(^) T — Ehfs{E) . 
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( 9 ) 



Before comparing Eqs. (1819 II to the experimental results, let us say a few 
words on how higher order effects and therefore the theoretical uncertainty are 
estimated. 

At the moment, it is not possible to compute ma^ corrections completely. 
Nevertheless, the leading logarithmic correction, 0{ma'^ In^ a), to positronium 
energy levels can be computed. This provides an estimate of higher order effects 
and hence of the uncertainty in the current theoretical prediction. In what follows 
we briefly describe our calculation of these corrections 0 . 

Contributions that are logarithmic in a, usually appear as integrals of the 
form: 




with F(k) ~ k~^ for the values of k such that ma fc <C to or ma^ <lf fc ma 
and for this reason can be obtained directly from calculations within quantum 
mechanics. This is an important point since it shows that genuine relativistic 
held theoretical calculations are not required to derive those corrections. 

Examples of diagrams that lead to double logarithmic corrections are shown 
in Fig. 2. The details of our calculation can be found in |3j. The final result, that 
agrees with the independent calculation in Refs. nmsi, reads: 



AE = - 



499 



28 s_|_s_ 



ma^ log^ a 
327m^ 



Sio, 



( 10 ) 



so that numerically we obtain: 

^i^tripiet = -^ MHz, AEsingiet = ~^ MHz. 

We are now in position to compare theoretical predictions with experimental 
results. On the theoretical side we include the shift due to Eq. (10) to our pre- 
diction Eqs. lliSIUII and also take it as our estimate of the theoretical uncertainty. 
Then the results read (experimental results are from [til/) h 



Anth = 203 392(1) MHz, 

Z\^ex = 203 389.10(0.74) MHz; 
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(a) (b) 





Fig. 2. Examples of diagrams that lead to double logarithmic corrections 

[E{2^Si) - £;(l^S'i)]th = 1 223 607 222(1) MHz, 

[E{2^Si) - £;(l^S'i)]ex = 1 223 607 216.4(3.2) MHz. 

We see that there is an approximately 3 (t discrepancy between the theoreti- 
cal prediction and experimental result for the hyperfine splitting. It is unclear at 
the moment how seriously this discrepancy should be taken. It is perhaps worth- 
while to re-measure this quantity and simultaneously continue efforts to compute 
0{ma^ \xia) corrections in order to estimate the uncertainty in the theoretical 
prediction for the hyperfine splitting more reliably. As for the [if(2^5'i)— if(l^S'i)] 
shift, there an agreement between theory and experiments is satisfactory; this is 
so because the experimental result is less accurate than the one for the hyperfine 
splitting. 

3.2 Parapositronium decay to two photons 

Another accurately measured quantity is the parapositronium {S = 0) decay 
rate to two photons HD0. 



= 7990.9(1.7) ^s"\ (11) 

^ In fact the total decay rate of parapositronium has been measured in m- Partial 
decay rates of parapositronium to four and higher number of photons are, however, 
negligable 
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Such experimental accuracy warrants a calculation of 0{a^) corrections to the 
decay rate on the theoretical side. To compute them, we again use dimensionally 
regularized NRQED. In this case, however, finite parts of hard integrals are done 
numerically because of their complexity; nevertheless, divergent parts of hard 
integrals are obtained analytically. 

For the purpose of presentation, let us parameterize the decay width as: 




( 12 ) 



with 



r(o) 

p 



ma^ 

2 



Our aim is the second order non- logarithmic correction Bp. 

As usual, Bp receives contributions from both hard and soft scales and for 
this reason we write it as: Bp = Bp°^^ + Bp^^^'^. We then obtain P|: 



Bsoft In - = (— -p 27t^ In 



1 






2e 



24 



^hard ^ 27 t 2 ln(m) - 40.46(30), 



(13) 



and the final result is Bp = 5.1(3). Note that there is significant cancelation 
between soft and hard pieces and the final result is almost eight times smaller 
than the magnitude of the finite constant in the hard scale contribution computed 
in dimensional regularization. 

Using the above result for Bp we arrive at the following result for the decay 
rate: 

= 7989.64(2) ns~\ 

which agrees very well with the measured value = 7990.9(1.7) 
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Abstract. Following a suggestion of Kostelecky et al. we have evaluated a test of 
CPT and Lorentz invariance from the microwave spectrosopy of muonium. Precise 
measurements have been reported for the transition frequencies V 12 and vzi for ground 
state muonium in a magnetic field H of 1.7 T, both of which involve principally muon 
spin flip. These frequencies depend on both the hyperfine interaction and Zeeman 
effect. Hamiltonian terms beyond the standard model which violate CPT and Lorentz 
invariance would contribute shifts 5vi2 and 5vza- The nonstandard theory indicates 
that v \2 and uza should oscillate with the earth’s sidereal frequency and that 5ui2 and 
5vza would be anticorrelated. We find no time dependence in v \2 — vzi at the level of 
20 Hz, which is used to set an upper limit on the size of CPT and Lorentz violating 
parameters. 



Introduction 

Much current theoretical work is devoted to finding a more fundamental and 
general underlying theory from which the standard model of particle physics 
could be deduced as the low energy limit. String theory and the inclusion of the 
gravitational interaction are central viewpoints, and in such theories particles 
may have structure and the GPT theorem may be violated. 

Some years ago Kostelecky and coworkers developed an extension of 

the standard model based on spontaneous breaking of GPT and Lorentz symme- 
try in an underlying theory. The analysis is done in the context of conventional 
relativistic quantum mechanics and quantum field theory in four dimensions re- 
taining the usual gauge structure and renormalizability. The goal is to develop 
within an effective theory approach a plausible Lorentz and GPT violating ex- 
tension of the standard model that provides a theoretical basis for establishing 
quantitative bounds on GPT invariance. Any GPT and Lorentz violation of the 
standard model must be highly suppressed to remain compatible with estab- 
lished experimental bounds. An appropriate dimensionless suppression factor is 
the ratio of the low-energy (standard model) scale to the Planck scale of the 
underlying theory, or m^/Mp ~ 10“^^. 

As an extension of QED considering only photons, electrons (±), and muons 
(±), the following GPT violating Lorentz- violating terms are added to the stan- 
dard QED Lagrangian 

^CPT ^ (1) 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 397—406, 2001. 
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( 2 ) 

( 3 ) 



The notation is defined in ref. | 2 j, where other, CPT even Lorentz- violating La- 
grangian terms are also given. High precision experiments on muonium (M) 
can measure or set limits on the parameters of these symmetry violating terms, 
which are sensitive at the Planck scale level 0 . 

In this paper we consider the energy level diagram of the ground state of 
muonium in a magnetic field (Fig. Q. The transition frequencies 1^12 and 1^34 
have been measured 0 with high precision and used to determine the hyperfine 
structure interval Av and the ratio of the muon magnetic moment to the 

proton magnetic moment. As applied to muonium the theory uses a modified 




Fig. 1. Breit-Rabi levels 



Dirac equation. Leading-order Lorentz violating energy shifts 5vi2 and 5v34 can 
be obtained from a Hamiltonian using perturbation theory and relativistic two- 
fermion techniques. For our observed transitions at the strong magnetic field of 
1.7 T, dominantly only muon spin flip occurs so the energy shifts are character- 
ized by the muon parameters alone of the extended theory. The results of this 
approach are 0: 

5 vi 2 « - 5 v 34 « 6^/tt, ( 4 ) 

where 63 =63-1- d^Qrrip + T^i^se laboratory- frame parameters all violate 

Lorentz invariance, and in addition, 63 is CPT odd, while dgg and 77^2 CPT 
even. 

Predictions of the values of 1^12 and ^34 from standard theory - dominantly 
the QED terms - requires values for many atomic constants including m^, /i^, 
and Al/ as well as the calculation of higher order QED radiative corrections. The 
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relevant constants and calculations are not known to as high accuracy as the ex- 
perimental determinations of 1^12 and 1^34. Indeed several of these constants - Av 
and - are obtained from the muonium experiment. Hence accurate predic- 

tions for U 12 and can not be obtained by this approach, and the sensitivity 
to the non-standard model energy shifts 5vij (ij = 12 or 34) is small. 

However, the theory with CPT and Lorentz violation involves spatial com- 
ponents in a celestial frame of reference, and since the laboratory rotates with 
the earth, these spatial components vary with time, and consequently the exper- 
imentally observed ^12 and 1^34 may oscillate about a mean value at the earth’s 
sidereal frequency 17 = 27 t/ 23 hr 56 m with amplitudes 5ui2 and <5^34. No such 
signal would be obtained from the standard model. In the non-rotating celestial 
frame of reference with equatorial axes .^| where Z is oriented along the 

earth’s rotational North Pole, an experimental constraint on i5^i2 implies 0 

( b ^ x ) + ^'^^12 ( 5 ) 

in which y ~ 90° is the angle between Z and the quantization axis defined 
by the laboratory magnetic field at Los Alamos where the muonium experiment 
was done. The transformation from the lab frame quantity 63 to the celestial 
frame quantities 6j (where J = X,Y, Z) is given by 

= K cosy -I- cos fit + sin I7t^ siny. 

Analysis of Muonium Spectroscopy Data 

The accurate measurements of v \2 and ^34 were done in a microwave magnetic 
resonance experiment . Resonance lines were observed by varying the magnetic 
field with fixed microwave frequency and by varying the microwave frequency 
with fixed magnetic field. A line narrowing technique was used involving obser- 
vation of a transition signal only from M atoms which have lived considerably 
longer than ~ 2.2 /rs (Fig. |2I). The values reported for 1/42 and j/34 at a 
magnetic field strength corresponding to a free proton precession frequency of 
72.320 000 MHz were 

jzi2(exp) = 1 897 539 800 (35) Hz (18 ppb), (6) 

jz34(exp) = 2 565 762 965 (43) Hz (17 ppb) (7) 

in which one standard deviation errors include both statistical and systematic 
errors. To search for a time dependence of ^12 and 1^34, we have employed the 
following algorithm. Data from each resonance line run (each lasting about half 
an hour) are fit at the measured magnetic field strength and Kr pressure to 
determine provisional line centers for v \2 and ^34. These line centers were then 
transformed to their values in a magnetic field strength corresponding to a free 
proton precession frequency of 72.320 000 MHz. The data were taken at Kr 
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Fig. 2. Resonance lines 



pressures of 0.8 and 1.5 atm, so the line centers were corrected for a small 
quadratic pressure shift, and then were extrapolated linearly to their values at 
zero pressure, using a pressure shift coefficient determined from the data. Line 
centers for 1^12 and 1^34 obtained in this way were then grouped as a function of 
sidereal time, where time zero has been set as the time in 1995 when we obtained 
our first data. 

Non-zero values for 5 i>i 2 and Sh '34 could arise from systematic effects which 
lead to variations in the parameters affecting the line centers - particularly vari- 
ations having a period of « 24 hr. Principal concerns are possible day-night 
variations of the magnetic field strength, and of the density and temperature of 
the Kr gas. 

Day-night variations of several °C in the temperature of the experimental 
hall lead to oscillations in the magnetic field strength of the persistent-mode 
superconducting solenoid of < 1 ppm. Changes of 0.05 ppm in the field strength 
were easily resolved, and the oscillation’s effects on the line centers were ac- 
counted for in extracting the line centers. Temperature changes also affected the 
diamagnetic shielding constant of the water in the NMR probes used to monitor 
the field (the probes were not temperature-stabilized, but were in good thermal 
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contact with the microwave cavity which was temperature-stabilized to 0.1 °C). 
The maximum conceivable 2 °C day-night changes in water temperature would 
change the NMR frequencies by 0.02 ppm, leading to errors in the line centers 
of about 2.5 Hz; of opposite sign for 1^12 and ^34. This potential effect is well 
below the statistical sensitivity for sidereal variations of 12 to 15 Hz. 

The effect on these data of the variation of Kr pressure with time has been 
evaluated. The front end window to the Kr stopping target was of 3 mil mylar, 
and flexed with day-night variations of the external atmospheric pressure. This 
induced fractional day-night oscillations in the Kr gas target pressure which were 
measured to be about 2.5 x 10“^ (see Fig.|3). Through pressure shift coefficients 
of about -16.5 kHz/ atm for 1/12 and -19.5 kHz/ atm for V 34 , the resulting shifts 
in the line centers (typically 7.5 Hz in 1/34 and 6 Hz in V 12 ) were automatically 
accounted for in performing the linear extrapolation to zero pressure, and should 
not contribute any significant time variation to Vij . The pressure shift coefficients 




Time (Sidereal Doys) 



Fig. 3. Kr gas pressure versus time 

depend on the average velocities of the atoms, and so are functions of temper- 
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ature. The fractional changes in the transition frequencies with temperature 
(measured in hydrogen and its isotopesH) are roughly 1 x 10“^^ °C“^Torr“^. 
Given the temperature stability of the Kr gas of about 0.1 °C, temperature de- 
pendent errors in the extrapolation of the line centers to their vacuum values 
would be limited to a few Hz, well below the statistical sensitivity of our test. 

Other potential concerns involve the two frequency references used in the ex- 
periment - the proton precession frequency forming the basis of the magnetic field 
determination, and the Loran-C 10 MHz frequency reference used for the NMR 
and microwave frequency synthesizers. The Loran-C standard is based on hyper- 
fine transitions in Cs with rriF=0, and so is insensitive to any preferred spatial 
orientation, and would not introduce a signature for Lorentz violation into the 
spectroscopic measurements. Bounds on clock comparisons of ^®®Hg and ^^^Cs 
m place crude limits on the Lorentz violating energy shifts in the precession 
frequency of a proton of 10“^^ GeV, which imply the NMR measurements are 
free of shifts well below the Hz level. 

Results 

All the data obtained in 1995 and 1996 are plotted as a function of time measured 
as a function of a sidereal day in Fig. ^ where twelve points at « 2 hr. intervals 
are plotted, and the vertical scale is in Hz. The data for i>i2 and 1^34 were fit by 
the functions 



Vij{t) = {vij) + Siy^j sin ( 27 rt -I- 



where t is the time in sidereal days, {I'ij) is a constant, and Svij is the amplitude 
of the possible time variation. The values for 61^12 and are consistent with 
zero within the errors of 12 to 15 Hz. 

As stated above, the theory being tested requires 61^12 « — i5^34. A plot of 
1^12—1^34 is shown in FigureEl where a common phase is assumed between F12 and 
1^34. The data exhibit no variation with time within ± 20 Hz, which corresponds 
to 63 < 2 X 10“^^ GeV at the one sigma level (see Eqn.EJ. The figure of merit of 
these results as a test of CPT violation is taken as 27 t | Si'12 \ /rrip, < 5 x 10“^^ 
with similar values arriving from 5 vm and — 1^12) ■ The viewpoint justifying 
this choice of figure of merit is that the standard model takes particle masses 
as input parameters. However, once given the muon mass the values of all other 
observables for muonium are calculable. A non-zero value for Svi2 would violate 
the standard model. Hence the figure of merit chosen is a reasonable one. 

Other Tests of CPT 

The result from muonium can be compared with some other tests of GPT viola- 
tion based on this theory (Table [Q) . Another type of experiment listed in Table 
Eis the search for a time variation during a sidereal day of a nuclear magnetic 
resonance signalj^. The first such experiment was done on ^Li in which the 
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Fig. 4. vi 2 and iZ 34 versus time 



Table 1. Limits from other tests of CPT 
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Fig. 5 . i^34 — 1^12 versus time 



NMR frequency of ^Li was measured relative to the hyperfine transition in the 
ground state of hydrogen to search for a diurnal variation of the ratio of these 




Fig. 6. Body of inertial mass m accelerated relative to a bit of distant matter of mass 
AM 
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two frequencies. The motivation for the experiment was to test Mach’s princi- 
ple. According to Mach’s principle inertial mass of a particle arises from distant 
matter, and if the distribution of distant matter is anisotropic, there should be a 
tensor component of mass, i.t. m = mo + Am. Hence Am would depend on the 
direction of acceleration of the particle, as indicated in Fig. 0 The ^Li nucleus 
has spin J = 3/2 and according to the nuclear shell model the outer valence 
proton is in the P 3/2 state with L = 1 and S = 1/2. For the P 3/2 proton an 
NMR transition with Amj = ±1 will have AmL = ±1 which implies a change 
in spatial distribution of the P-state as shown in Fig. \7\ According to Mach’s 




Fig. 7. Spatial distribution of a p state {I = 1) in different magnetic substates m 
relative to an axis in the direction of an external field Hq 

principle Am would be different in the initial and final states and this mass dif- 
ference contributes to the transition energy or transition frequency. An enormous 
energy is associated with a mass change as compared to the energy associated 
with a change in orientation of the nuclear magnetic dipole moment with respect 
to a magnetic field. Hence the transition frequency would be very sensitive to 
a change in Am. Because the earth rotates with respect to a celestial frame of 
reference the observed NMR transition frequency would vary over a sidereal day. 
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No variation with time was observed and we concluded Am/m < 5 x 10“^^. 
Also, a limit on the quadrupole term in the mass tensor was evaluated. 

In the discussion of Kostelecky et al. on testing for Lorentz and CPT invari- 
ance using their extension of the standard model, the experiment on ^Li is desig- 
nated as a clock comparison type experiment which tests for spatial anisotropy. 
Recent experiments of this type have greatly improved the bounds on parame- 
ters for Lorentz violation to ~ 10“^^ GeV for the proton (as indicated in Table 
0, to ~ GeV for the neutron. 

In conclusion no violation of GPT or Lorentz invariance has been observed 
to date. Higher sensitivity tests as well as tests on different physical systems will 
surely be made P]. 

This research was supported in part by the U.S. DOE and BMBF (Germany). 
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Abstract. We have collected all known theoretical contributions to the energy levels 
of positronium and present a complete listing for the states n = 1, 2 and 3. We give 
the explicit dependence of the energy levels on the quantum numbers n, L, S and J 
up to the order Rc^a^. In the next higher order RocOi^ only the contributions to S- and 
P-states are completely known. The annihilation rates of para- and ortho-positronium 
are completely listed up to the orders PooQ® and Raoofi , respectively. We compare 
calculated values of energy levels and annihilation rates with experimentally observed 
quantities. 



1 Introduction 

Positronium (Ps, e+e”) is the bound state of an electron and its antiparticle the 
positron. Both constituents are structureless and pointlike leptons. The absence 
of structure avoids the difficulties encountered in hydrogen due to the composite 
nature of the proton. The advantage, compared with muonium (/i+e”) is the 
absence of an additional free parameter like the muon mass. Ps is completely 
described by only two fundamental constants m, the Rydberg constant 

2 2 
jjicfy 

cR^ = = 3 289 841 960.368 (25) MHz (1) 

and the fine structure constant 

2 

a = = 1/137.035 999 76 (50) . (2) 

The weak interaction and quantum chromo-dynamics (QCD) play no role at the 
present level of accuracy. 

Moreover Ps is an exotic atom being an eigenstate of the charge conjugation 
operator. As a consequence real and virtual annihilations lead to additional 
Feynman diagrams which are absent in hydrogen and muonium, but can easily 
be tested in Ps. The disadvantage connected with annihilation is the broadening 
of certain energy levels. 

For all these reasons Ps is an ideal candidate for precision tests of bound 
state quantum electrodynamics (QED). 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 407—418, 2001. 
@ Springer- Verlag Berlin Heidelberg 2001 
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2 Theoretical expressions for the energy levels 



The S- and P-energy levels of Ps have been completely calculated m up to the 
order In the next higher order Rooa^ only the leading logarithmic con- 

tribution to 5'-states is known (citation in P|). The parameters i?oo and a are so 
accurate that the theoretical uncertainty results almost only from uncalculated 
higher order terms and is estimated to be 700 kHz for the ground state n = 1 
and 10 kHz for excited 2P-states. The gross structure of the energy levels scales 
as 1/n^. The contributions to fine and hyperfine structure and their uncertain- 
ties scale roughly as 1/n^. The explicit dependence of the energy levels on the 
main quantum number n, on the orbital quantum number L, on the total spin 
quantum number S and on the total angular momentum J = \ L + S \ has been 
given in 0 up to the order RooO? ■ In the next higher order RooOt^ the explicit 
dependence on the quantum numbers is not yet published to our knowledge. It 
can be obtained, e.g, from by using their formulas (3.2) and (3.3) with the 
matrix elements 



(L, 5, J\LS\L, S,J) = ]^ [J{J -k 1) - L{L + 1) 
(P = J,S = 0,J\Si2\L = J,S' = 0, J) = 0 , 

(L = J - 1, S' = 1, J\Si2\L = j - 1, S = 1, J) 
{L = J,S = 1, J|Si2|T = J,S= 1, J) = 6-4 
{L = J+1,S=1, J\Si2\L = J+1,S =1,J) 

{L = J-1,S=1, J\Si2\L = j +1,S = 1,J) 



-S{S+1)] , 

6(J+1) 
2J-k 1 
= 2 , 

= ^- 4 , 

2J + 1 

^ 6yj(J+l) 
2J+1 



and 



Where oq 




1 

{2ao)^n^L{L + l){L+l/2) 



for L yf 0 . 



h/mac ~ 0.529 x 10 m is the Bohr radius and 



S'l2 — 



3(oqT^)(o^T^) 



CTiCT2 



(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 



( 10 ) 



is the tensor operator whose matrix elements are given in e.g. 0. The tensor 
operator has a potential which is not central symmetric. As a consequence (10) 
has off-diagonal matrix elements between L and P ± 2 given in (0) which mix 
different P-states of the same parity. This is a familiar effect in nuclei, e.g. in 
the deuteron whose angular momentum of 1 is a mixture of a ^Si-state and a 
^Pi-state. For Ps a similar mixture between the 3^Si-state and the 3^Pi-state 
does not occur, because the radial part of matrix element (3^Si |5'i2/r^| 3^Pi) 
is zero when calculated with hydrogenic wave functions. 

With the matrix elements (PD to (9) the explicit dependence of the energy 
levels on the quantum numbers n, L, S and J can be given up to the order 
PooO^: 
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E{nLSJ) _ 1 

cRoo 2n^ 



11 



1 



7 



32 n 2L +1 6 



SisSoL 



— Sql) 

2L(L+ 1)(2L+ 1) 



L(3L + 4) 
2L + 3 



1 , 

(L + 1)(3L- 1) 
2L- 1 



+ 




Sol 



-lnko{n,L) + 



for J = L + 1 



for J = L 



for J = L — 1 



+ 





J_ 1-Sql 

12 ^ L(L + 1)(2L+ 1) 









<^is(f — Sql) 
4L(L+ 1)(2L+ 1) 



X 



L(4L + 5) 
2L + 3 



- 1 



(L + 1)(4L- 1) 
2L- 1 



for J = L + 1 
for J = L 
for J = L — 1 



( 11 ) 



The Bethe logarithms lnfco(n, L) in 11 1 1 are given with very high accuracy 
in 0 : 

In ko{l, 0) = 2.984 128 555 765 498 ; In fco(2, 1) = - 0.030 016 708 630 213 ; 

In /co(2, 0) = 2.811 769 893 120 563 ; In fco(3, 1) = - 0.038 190 229 385 312 ; 

In /co(3, 0) = 2.767 663 612 491 822 ; In fco(3, 2) = - 0.005 232 148 140 883 . 

The contributions in the order Rooa'^ to the individual energy levels are listed 

in tablt lUn We note that there is a degeneracy between the levels 3^P2 and 3^H2 
up to the order RooOp'. In the next order the degeneracy is removed by 0.746 
MHz (cf. Appendix). 



^ The Riemann zeta-function is here: ^(3) = 1.202 056 903 159 594 285 4. . . 
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Table 1. Contributions to the positronium energy levels in units of cRoo- In order to 
keep the size of the table as small as possible the following contributions which must 
be added to all energy levels have been omitted: the lowest order contribution — 
and the contribution with the Bethe logarithm — \nko(n, L) 



level 


C.2 




+_X 




















In^ a 






n^TT 


















n^TT 


n^s+^Lj 




In a 


In 3 


In 2 


1 


In a In 3 


In 2 


In 2 

7T^ 


1 


C(3) 

7T^ 


1 






21 

32 


3 

2 


0 


+1 


+ ZI 

^45 


+ i 


0 


7 

8 


-5 


+1 


+ 75 
^16 


,8881 

“’"6912 


23 

30 




+ 49 
^96 


3 

2 


0 


+1 


1 

15 


1 

6 


0 


+ 79 

^36 


-4 


,2815 

648 


^ 8 


441 

256 


151 

60 


2^So 


53 

64 


3 

2 


0 


+l 


,931 

■^360 


+ 2 


0 


9 

8 


-5 


+ 1 


+ 75 
^16 


1 77177 
“^55296 


23 

30 


2® Si 


1 65 
192 


3 

2 


0 




+ _9L 
^ 120 


1 

6 


0 


,85 

^36 


-4 


,2815 

648 


^ 8 


8143 

6144 


151 

60 


2iPi 


31 

192 


0 


0 


0 


7 

72 


0 


0 


0 


0 


0 


0 


1 3001 
“^55296 


0 


2^Po 


95 

192 


0 


0 


0 


25 

72 


0 


0 




0 


203 

288 


3 

8 


30215 

55296 


0 


2® Pi 


47 

192 


0 


0 


0 


5 

36 


0 


0 




0 


179 

1728 


1 

16 


1 745 

“^55296 


0 


2^P2 


43 

960 


0 


0 


0 


1 

45 


0 


0 


3 

40 


0 


+i 


+ -^ 
^80 


1 587909 
“'“6912000 


0 


3^ So 


85 

96 


3 

2 


7 

6 


+i 


,553 

180 


+ 2 


1 

4 


7 

8 


-5 


+1 


+ 75 

^16 


1 1211 
768 


23 

30 


3® Si 


^ 32 


3 

2 


7 

6 




,233 

180 


1 

6 


+ 2 


+ 79 
^36 


-4 


,2815 

648 


^ 8 


9089 

6912 


151 

60 


S^Pi 


7 

32 


0 


0 


0 


7 

72 


0 


0 


0 


0 


0 


0 


1 121 
^ 2304 


0 


3^Po 


53 

96 


0 


0 


0 


25 

72 


0 


0 




0 


203 

288 


3 

8 


3797 

6912 


0 


3® Pi 


29 

96 


0 


0 


0 


5 

36 


0 


0 




0 


179 

1728 


1 

16 


1 95 

“*“6912 


0 


3®P2 


49 

480 


0 


0 


0 


1 

45 


0 


0 


3 

40 


0 


+ 13 
^64 


+ -^ 
^80 


1 76163 
864000 


0 


3^D2 


41 

480 


0 


0 


0 


7 

360 
















0 


3®Pi 


27 

160 


0 


0 


0 


7 

90 
















0 


3®P2 


49 

480 
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0 


0 


1 

36 
















0 




127 

3360 
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1 ^ 
^ 2520 
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To demonstrate the use of tabled we give an explicit example: 

( 12 ) 



9089 

6912 



The contributions in table [Hand, e.g. in equation JED containing the factor In 3 
result in full generality from factors Inn which for n = 2 are contracted with 
the contributions containing In 2. The apparent divergence of Inn for large n is 
prohibited since it always occurs in the combination [cf. eniiation dl III ]: 



E{3^Si) 



cR( 

a' 



a 






27 7T 

,4 



-^lnfco(3,0)- ^lna-^ln3 



a 

a® In^ a 
21 TX 



1 



--Ina- 

6 



In 3 ' 



79, „ Tn2 
■ In 2 - 4 



36 



151 



■In 2 - 



233 

3"'“ ' 1^, 
2815 11C(3) 



7T^ 648 TT^ 8 TT^ 



( 



n 



E 



1 

k 




7 ^; = 0.577 . . . (Euler’s constant) for n ^ oo . 



For comparison with theoretical publications we note that 



n 



E 



1 

k 




^(«) +7is . 



where W'(n) is called the logarithmic derivative of the F -funetion. The numerical 
values of the energy levels for the different orders in a are given in the appendix. 



3 Theoretical expressions for the annihilation rates 

The contributions from Feynman diagrams with virtual annihilation have com- 
plex values. Their real parts lead to energy shifts (which are absent in hydrogen 
and muonium), their imaginary parts lead to annihilation rates. Since Ps is 
an eigenstate to the charge conjugation operator with the eigenvalue (— 1)'^+'® 
and since a n-photon state is an eigenstate to the charge conjugation operator 
with the eigenvalue (—1)" it is strictly specified that ^S'o-states (para-Ps) decay 
into an even number of photons and that ^S'l-states (ortho-Ps) decay into an 
odd number of photons. The annihilation rates scale roughly as 1/n^. For non 
5'-states the annihilation is completely negligible compared to radiative transi- 
tions. 

For the 1^5'o ground state of para-Ps a complete calculation of the two photon 
decay up to the order RaoO? has recently been given in P . The most precise 
theoretical value for the branching ratio of the four photon decay is given in nni. 
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We summarize: 

A(para) = A2 + A4 + Ag + • • • = 7 989.510 (23) x 10® , 



A2 




— In a + — ") [ 1.75 (30) ] — - — In^ a + ■ • • 

V 7T / 27T 

= 7 989.498 (23) x 10® , 



^ = 1.479 3 (18) X 10"® = f-V [0.274 17 (34)] , 

A2 V 7T / 

A4 = 0.011 85 (3) X 10® , 



(13) 



9 

/p.s T71 (y'^ 

A^®^ = = 27Tci?ooa® = 8 032.502 808 (90) x 10® s'^ . 

For the l^^i ground state of ortho-Ps a complete calculation of the three photon 
decay up to the order iZooCk® has recently been given in El. The most precise 
theoretical value for the branching ratio of the five photon decay is given in E|: 

A(ortho) = As + As + At + • • • = 7.039 941 (20) x 10® s'^ , 



A3 



A5 

A3 

A5 

x(0) 

^3 



= a 1 °^ (1 + - [-10.286 606 (10) ] + 

I 7T 

+ ^lna+(-) [44.52 (26)]-^ln2a+--4 

3 Vtt/ 27t J 

= 7.039 934 (20) x 10® s"^ , 

= 0.959 1 (8) X 10"® = [0.177 76 (15) ] , 

= 6.8 (1) s"i , 



2 fi 

me 

h 



X 



2 (tt^ - 9) 
97T 






2 (tt^ - 9) 

97T 



= 7.211 166 97 (11) X 10® s"^ . 



(14) 



The theoretical uncertainties of A2 and A3 result to almost equal parts from 
the uncertainty of the (o/tt)^- coefficient and from an estimate of the uncal- 
culated higher order contributions which are taken to be 50 % of the highest 
leading logarithmic term. 
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4 Comparison between theory and experiment 

The theoretical predictions for transition frequencies and decay rates in Ps have 
presently reached a level of precision which is a challenge to experimentalists! 

4.1 Spectroscopy 

For the spectroscopic results it can be seen from table |2| that in general there is 
reasonable agreement between theory and experiment within one or two standard 
deviations. 



Table 2. Comparison between experiment and theory for some transition frequencies 
and energy level differences. Where two values are given for the experimental error the 
first one is statistical and the second one is systematic. For the differences between the 
2P-states all experimental uncertainties have been added in quadrature. The theoretical 
uncertainties are estimates of the yet uncalculated higher order contributions 





Experiment [MHz] 


Theory [MHz] j2j 


^ 2-^Si 


1233 607 216. 40 ±3.20 


1233 607 222. 166 ± 0.600 


^ l^So 


203 389. 10 ±0.74 

203 387. 50 ± 1.60 QSI 


203 392. 010 ±0.500 


2'^Si 2^So 


not yet measured 


25 424. 672 ±0.060 


2^Si 2^Po 


18 499. 65 ± 1.20 ±4.00 
18 504. 10 ± 10.0 ± 1.70 H3 


18 498. 246 ±0.090 


2'^Si 2^Pi 


13 012. 42 ±0.67 ±1.54 [TS| 
13 001. 30 ±3.90 ±0.90 [T2| 


13 012. 407 ±0.090 


2^Si 2^P2 


8 624. 38 ±0.54 ±1.40 (IS| 
8 619. 60 ±2.70 ±0.90 [I2| 

* 8 628. 40 ±2.80 [IE| 


8 626. 709 ±0.090 


2'^Si 2^Pi 


11 180. 00 ±5.00 ±4.00 
11181. 00 ± 13.00 HU 


11 185. 372 ±0.090 


2^Po - 2-^Pi 


5 487. 23 ±4.50 (S| 

5 502. 80 ±10.9 HU 


5 485. 839 ±0.010 


2'ip^ - 2'iPi 


4 388. 04 ±2.25 PS| 

4 381. 70 ±4.91 PH 


4 385. 698 ±0.010 


2^Pi - 2-^Pi 


1832. 40 ±6.60 [IB| 

1820. 30 ± 13.60 [HI 


1827. 035 ±0.010 



* measured in a magnetic field of 54 Gauss with a kinetic energy of some eV. 



However there is one exception: the most precise experimental value for the 
ground state hyperfine splitting PI is 3.2 standard deviations below the theory 
if we add the experimental and the theoretical uncertainties in quadrature. This 
experiment has been performed in a 0.8 Tesla magnetic field where a Breit-Rabi 
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transition at 2.5 GHz having a line width of 10 MHz is used to determine the 
hyperfine splitting of 203 GHz. Gonsidering the problems with the line shape 
and the pressure shift a discrepancy of 3 MHz should probably be taken not 
to serious. In any case, as a control, the hyperfine splitting at 25.4 GHz in the 
excited state n = 2 should be directly measured in zero magnetic field. This can 
be done with the technique used in m by observing the disappearance of the 
electric dipole transition 2^Si 2 ^Pq at 18.5 GHz when the metastable state 
2^S'i is depopulated by the magnetic dipole transition 2^S'i ^ 2^50. 

In future improvements the uncertainties of the fine structure transitions 
2^Si 2P can be reduced to less than 0.5 MHz by using higher positron 
intensities and by eliminating known systematic errors. 

The Doppler-free two photon transition 1^5'i — > 2^5'i at 1.23 x 10^® hJI ^3! 
can be improved to an accuracy limited only by the natural line width of 1 MHz 
if recent techniques for the frequency counting in the optical region are used 
|20l21l22j . 

For the intensities of the allowed dipole transitions 2^S\ — > 2^Pj=o,i,2 at 
18.5, 13.0 and 8.6 GHz theory predicts intensity ratios of 1:2:3 which result from 
Glebsch-Gordan coefficients determining the relative size of the electric dipole 
matrix elements. These intensity ratios have been confirmed in PS!. 

The one photon transition 2^iS'i — > 2^P\ is strictly forbidden in zero magnetic 
field by charge conjugation invariance (in contrast to corresponding transitions 
in hydrogen). However in a magnetic field singlet- and triplet-states are mixed 
and the transition becomes observable. The intensity and the frequency shift in 
weak magnetic fields B are proportional to B^. The frequency given in table Ejis 
obtained by extrapolation to zero field. From the data in lEI and m an upper 
limit for a possible G-violating matrix element was deduced which corresponds 
to a suppression factor of more than 1000 for this transition compared to allowed 
electric dipole transitions. 

4.2 Annihilation rates 

From table0 it can be seen that the only serious discrepancy between theory and 
experiment occurs for the decay rate of ortho-Ps as given in and m by the 
Ann Arbor group. Whereas recent studies of the thermalization of Ps in gases 
m and of the temperature dependence of Ps decay rates 1331 seem to be able to 
bring the decay rate in gases [ 7.0514 (14) x 10® s“^ ] down to the vacuum decay 
rate [ 7.0482 (16) x 10® s“^ ] a discrepancy of more than five standard deviations 
to the theory remains m- This well established and long lasting discrepancy 
has triggered an intense search for exotic and forbidden decay modes of ortho-Ps 
which resulted in an exclusion limit much below 10“® for such decays. It is now 
experimentally proven that exotic decays cannot explain the discrepancy. On the 
other hand a group in Tokyo has reported a decay rate measurement in perfect 
agreement with theory |2Z|. To overcome the controversial situation completely 

The two photons have the wave length A = 486 nm. 



2 
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new experiments are necessary which differ from the old measurements by pos- 
sible systematic errors. There are some proposals which all need high positron 
intensities as produced, e.g., by a LINAC m ■■ 

• Look at the decay of a large ensemble of Ps atoms confined simultaneously 
in a vacuum apparatus. 

• Use a Lyman-a photon from the excited state n = 2 as a start pulse for Ps 
formation in the ground state. 

• Use a fast beam of Ps atoms produced by ionization of an accelerated beam 
of negative positronium ions Ps“ (e“'"e“e“). 

• Look at the spatial distribution of the decay 7 -quanta from polarized Ps. 
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Appendix 

Here we give the numerical results for the energy levels in table Q] for the dif- 
ferent orders in a. At the end of each equation we have rounded the numerical 
results. As uncertainties for the iS-levels we took 50% of the leading logarithmic 
contribution in the order for the P-levels we took 10% of the known 

order RooCt'^, for the uncertainty of the 311-levels (where the order RooO^ is yet 



Table 3. Comparison between experiment and theory for the annihilation rates and 
branching ratios in para-Ps (CS'o) and ortho-Ps (l^S'i). For completeness some decay 
rates of the Ps negative ion (Ps“, e”'"e“e“) are included 





Experiment 


Theory 


A (para) 


7.990 9 (17) xlO^ |S| 


7.989 510 (23) xlO^ 0 


A4 / A2 


1.50 (7)(9) xl0““ ^ 

1.48 (13)(12) xl0“® pm 


1.479 3 (18) xl0““ ^ 


A (ortho) 


7.0514 (14) xlO*^ 

7.048 2 (16) xlO® ^ 

7.039 8 (25)(15) xlO® |37| 


7.039 941 (20) X 10® fTTl 


A5 / A3 


2.2 (t?;e) ±0.5 xl0“® P2| 


0.959 1 ( 8 ) xl0“® H2) 


Ps“ ^ I 7 - 1 - e“ 
Ps“ ^ 27 - 1 - 6 “ 
Ps“ —> 87 - 1 - 6 “ 


not yet measured 
2.09 (9) xl09 m 

not yet measured 


3.9 xl0“^ gS) 

2.086 122 2 (5) X 10® ED] 

1.845 X 10® PI] 
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unknown) 

Ejl^So) 

rR 
G-J too 

cRoo 

E{2^So) 

rR 

r-i too 

E{2^Si) 

cRoo 

E{2^Pi) 

rR 

E{2^Pq) 

rR 

ot too 

E{2^Pi) 

r7? 

ot too 
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we took the full contribution of the corresponding 3P-levels 



= (- 1 644 920 980.183 75 - 114 967.478 60 + 2 738.640 61 - 

- 2.978 54 - 0.402 19 ) MHz = - 1 645 033 212.402 47 MHz 
^ - ( 1 645 033 212.40 ± 0.30) MHz ; 

= (- 1 644 920 980.183 75 + 89 419.150 02 + 1 733.143 80 + 

+ 8.817 38 - 1.320 23 ) MHz = - 1 644 829 820.392 78 MHz 
^ - ( 1 644 829 820.39 ± 0.70) MHz ; 

= (- 411 230 245.045 94 - 18 134.751 09 + 357.393 65 - 

- 0.445 14 - 0.050 27 ) MHz = - 411 248 022.898 79 MHz 
^ - ( 411 248 022.899 ± 0.030) MHz ; 

= (- 411 230 245.045 94 + 7 413.577 49 + 231.706 55 + 

+ 1.700 19 - 0.165 03 ) MHz = - 411 222 598.226 74 MHz 
^ - ( 411 222 598.227 ± 0.090) MHz ; 

= (- 411 230 245.045 94 - 3 535.706 19 - 2.909 56 + 

+ 0.063 29 ) MHz = - 411 233 783.598 40 MHz 
^ - ( 411 233 783.598 ± 0.010) MHz ; 

= (- 411 230 245.045 94 - 10 835.228 64 - 15.626 16 - 

- 0.571 67 ) MHz = - 411 241 096.472 41 MHz 
^ - ( 411 241 096.472 ± 0.010) MHz ; 

= (- 411 230 245.045 94 - 5 360.586 80 - 5.028 99 + 

+ 0.028 27 ) MHz = - 411 235 610.633 46 MHz 
^ - ( 411 235 610.633 ± 0.010) MHz ; 

= (- 411 230 245.045 94 - 980.873 33 + 0.905 43 + 

+ 0.078 54 ) MHz = - 411 231 224.935 30 MHz 
^ - ( 411 231 224.935 ± 0.010) MHz ; 

= (- 182 768 997.798 19 - 5 744.994 52 + 106.977 71 - 

- 0.104 34 - 0.014 90 ) MHz = - 182 774 635.934 24 MHz 
^ - ( 182 774 635.934 ± 0.009) MHz ; 

= (- 182 768 997.798 19 + 1 824.880 61 + 69.737 09 + 
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+ 0.530 70 - 0.048 90 ) MHz 
= - 182 767 102.698 69 MHz 
^ 182 767 102.699 ± 0.030) MHz ; 

= (- 182 768 997.798 19 - 1 419.351 59 - 0.697 84 + 

+ 0.018 15 ) MHz = - 182 770 417.829 47 MHz 
^ - ( 182 770 417.829 5 ± 0.004 0) MHz ; 

= (- 182 768 997.798 19 - 3 582.173 05 - 4.465 72 - 

- 0.170 39 ) MHz = - 182 772 584.607 35 MHz 
^ - ( 182 772 584.607 4 ± 0.004 0) MHz ; 

= (- 182 768 997.798 19 - 1 960.056 95 - 1.325 82 + 

+ 0.008 47 ) MHz = - 182 770 959.172 49 MHz 
^ - ( 182 770 959.172 5 ± 0.004 0) MHz ; 

= (- 182 768 997.798 19 - 662.364 07 + 0.432 52 + 

+ 0.024 34 ) MHz = - 182 769 659.705 40 MHz 
^ - ( 182 769 659.705 4 ± 0.004 0) MHz ; 



g(3^£>2) 

cRoo 



(- 182 768 997.798 19 - 554.223 00 - 0.187 92 ) MHz 



= - 182 769 552.209 11 MHz 
^ - ( 182 769 552.209 ± 0.020 ) MHz; ; 



E{3^Di) 

7r 

v-J too 

E{3^D2) 

cRoo 

Eji^Ds) 

cRoo 



(- 182 768 997.798 19 - 1 094.928 37 - 1.067 09 ) MHz 

- 182 770 093.793 65 MHz 

- (- 182 770 093.794 ± 0.170 ) MHz ; 

(- 182 768 997.798 19 - 662.364 07 - 0.313 51 ) MHz 

- 182 769 660.475 77 MHz 

- ( 182 769 660.476 ± 0.009 ) MHz ; 

(- 182 768 997.798 19 - 245.248 51 + 0.278 58 ) MHz 

- 182 769 242.768 12 MHz 

- ( 182 769 242.768 ± 0.025 ) MHz . 
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Abstract. We present an advanced theoretical approach enabling highly accurate 
studies of a wide class of resonant 2-1-1 photoionization processes involving hydro- 
geic levels to be carried out. AC-Stark shifts, non-zero ionization rates of all states 
involved are naturally incorporated into the theoretical setup developed, together with 
spatial and temporal inhomogeneities of the laser signal, fine structure contributions, as 
well as second order Doppler shifts. In contrast with the usual perturbative technique, 
the time evolution of the atomic states is described by direct numerically solving a cou- 
pled system of time-dependent differential relativisitic equations. Particular numerical 
simulations have been carried out to model two-step 3-photon ionization process in 
muonium, IS 2S eP, induced by a CW laser signal of high intensity. 



1 Introduction 



Multiphoton resonant processes with simplest fundamental quantum systems 
exposed to sufficiently strong laser fields attracted conspicuous attention over 
last years. Currently, this interest is being especially strongly stimulated by dra- 
matic improvements in the precision of measurements presently attainable in 
spectroscopic experimental studies of hydrogenic and few-particle atoms. Us- 
ing methods of ultra high precision Doppler-free spectroscopy, particularly im- 
pressive results have been recently obtained in studies of fundamental bounded 
systems such as hydrogen (H) and its natural isotopes deuterium (D) and tri- 
tium (T) 1 1121, 314191 blY) . positronium jHEji denoted Ps = {e'^ — e“), muonium 
IHII H9ll2li;ill4irH| . denoted (M = — e“), and the helium atom (He) [E] 

0. With these systems the dominant electromagnetic part of the atomic bind- 
ing energy can be calculated to a very high precision, which, in combination 
with appropriate results of highly accurate measurements, enables the funda- 
mental constants like, e.g., particle masses or the fine structure constant a to 
be extracted ini- Furthermore, the influences of other interactions, particularly 
strong and weak, along with possible contributions from yet unknown forces, can 
be investigated as well. In the latter case, either new effects beyond the stan- 
dard theory may be discovered or respective speculative theoretical models can 



^ See also the respective contributions in this volume for a more extended list of 
references and as yet unpublished results 
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be restricted with respect to their parameters. A very high precision appears, 
apparently, to be a basic requirement with any measurements aimed at achieving 
either of these goals. This demands at the same time that systematic spurious 
effects introduced in the course of experimental procedures be understood at a 
level where they might not mimic essential physical contributions. In the past, 
the interaction of atoms with electromagnetic radiation was usually treated in 
optical spectroscopy using idealized assumptions regarding temporal and spatial 
properties of radiation. It can be foreseen, therefore, that somewhat more accu- 
rate methods will be needed with many forthcoming high-precision spectroscopy 
projects. This has been demonstrated in the case of muonium laser spectroscopy 
pim, where a relevant accuracy could be attained only using a numerical 
approach based on density matrix formalism and measured properties of the 
laser light. 

It has been recognized already a long time ago (see fmrr] for a more de- 
tailed discussion) that the IS” — 2S transition offers unique opportunities for 
high precision spectroscopy due to the narrow natural line width, of the 

2S'-state. Experimentally, the liS” — 2S transition can be induced Doppler-free by 
absorbing two photons from two identical counter-propagating laser beams being 
generated by either a sufficiently powerful pulsed laser (as with muonium M) 
or a continuous laser (as with hydrogen |t)ltij 1 . In the latter case, for example, 
where « 1.3 Hz, the quality factor of Sv/v ~ 10“^® has already been 

achieved today [D by accurately measuring the radiation resulting from the two- 
photon quenching of the 2S'-state: 2S IS". Unlike the hydrogenic case, it 
appears to be technically difficult to observe the IS” — 2S transition in muonium 
by detecting the radiation due to the 25'-state deexcitation. This is because of 
the fact that appropriate line intensities in this atom happen to be by several 
orders of magnitude weaker than in hydrogen, owing to much lower densities 
at which muonium atoms can be produced. This necessitates in turn that laser 
sources of much higher intensity (by a factor of 10"^, at least) must be employed 
to generate a detectable signal. The 2S'-state of muonium is observed, there- 
fore, via its photoionization by the third photon absorbed from one of the laser 
beams: IS” 2S eP. The use of this scheme in the new experimental 
study recently finalized at the Rutherford Appleton Laboratory has enabled the 
IS" — 2S energy interval in muonium to be determined to as yet unbeatable 
for this system accuracy of 9.8 MHz m This uncertainty was solely due to 
some lack of statistics and as well because of inaccuracy (~ 0.85 MHz for muo- 
nium and « 8.5 MHz for deuterium) of the laser frequency standard available at 
that time. The measured data have already allowed to deduce a new value for 
the muon mass and to establish a new limitation on the muon-electron charge 
equality PI- The scheme of the study in question is presented in Fig. E(a) where 
huj'L ~ 3/16 a.u. stands for the resonant photon energy of the 2-photon IS' ^ 2S 
transition. Experimental results for muonium and deuterium are shown in Figs. El 
and [Altogether with the appropriate theoretical expectations based on our past 
work P!- 
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Fig. 1. (a) - The scheme of the new 1S-2S experiment in muonium. (b) - The set of 
states to model the stepwise 3-photon ionization 



In this paper we present a highly accurate ab initio theoretical study to sim- 
ulate, under most general condition, ionization probabilities and line profiles 
for two-photon resonant excitation, |a) |6), possibly followed by one-photon 

ionization, \b) |c), occurring with any hydrogen-like levels. Our present in- 

vestigation can be viewed, therefore, as an extension of our past work PI, and 
it is intended primarily to account for a wider class of most important system- 
atic spurious contributions to the energy intervals that make their appearance 
whenever an atom is subject to laser radiation of arbitrary intensity. As an illus- 
tration of our approach, particular numerical simulation has been carried out for 
the 2-1-1 resonant photoionization of the ground state in muonium. Unlike our 
former calculations (see FigEJ this transition was now assumed to be induced by 
a continuous rather than pulsed laser light. Appropriate results can be consid- 
ered, therefore, as a precise theoretical prediction which may be of great interest 
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Fig. 2. Muonium ls-2s signal m- The solid squares represent the theoretical expec- 
tations based on measured laser parameters and our theory m 
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Fig. 3. Deuterium IS — 2S signal m. The solid squares represent the theoretical ex- 
pectations based on shot by shot measured pulsed laser parameters and our theory uni 



and relevance in the forthcoming experimental investigations of the muonium 
atom by means of CW laser radiation of high intensity. Additional motivations 
of this study are discussed in more detail in UMM- 

Our current theoretical model constitutes a significant improvement upon 
our obsolete scheme m which has been stringently verified recently (to the 
accuracy of about ~ 2 MHz) for the deuterium 15 — 25' transition m driven 
by a high-power pulsed laser [22f2S| with an rms chirp of 2.3 MHz (see Figs. 0 
and 0 ). These improvements have resulted eventually in by a factor ~ 10 higher 
overall accuracy (now, < lOOkHz) as well as in a wider scope of physical pro- 




Av, MHz Av, MHz 

(a) (b) 

Fig. 4. The shift and broadening of the muonium ls-2s line is simulated in (a) and (a) 
for various values of power size ar, pulse length r and laser chirp <5 
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cesses which are presently incorporated systematically into the model on the 
equal footing. Without imposing any restriction on the strength of the laser 
field, the theoretical framework developed is currently capable of accounting for 
its arbitrary spatial and temporary inhomogeneities, non-zero ionization rates of 
intermediate atomic relay levels, along with Stark shifts and appropriate exact 
fine structure contributions. It should be emphasized that the case of light fields 
with time-varying amplitudes and frequencies is also covered by our rigorous 
approach. Even with CW laser sources, time dependencies of the laser light’s 
electric field and phase may arise as a result of intensity fluctuations and/or 
refractive index changes in any optical component along laser beam paths. Fur- 
thermore, curved wave fronts may also cause effective chirps, as seen by an atom 
in its rest frame moving with an average velocity v in the laboratory system. 
Presently, our model is capable of allowing for this movement to order (ri/c)^, 
i.e. takes into account the second order Doppler shifts as well. The latter fea- 
ture appears to be essential for a proper interpretation of most highly accurate 
experimental data available now-a-days. Indeed, under common experimental 
conditions, the second order Doppler shift at the photon frequency ojq = |ko|c, 
Soj = uj — ujQ — (v/c)^uJo — 10“'*wo can be of the same order of magnitude as, 
or even larger than, the leading Dirac a^-corrections to the nonrelativistic en- 
ergy intervals between levels i and j: — ej = -I- a^o;^ . Here, c is 

the speed of light and a « 1/137 is the fine structure constant. This requires 
that corrections to atomic energies and wave functions of order be taken 
into account on the same footing as those oc {v/c)‘^ due to the second order 
Doppler shifts. To incorporate naturally both corrections into our theoretical 
setup, the time evolution of all atomic states involved was simulated in this work 
by direct numerically solving a coupled system of relativistic time-dependent 
inhomogeneous differential equations. In regard to somewhat unique combina- 
tion of the aforementioned features and the overall precision achieved thereby, 
our current simulations surpass most similar type of calculations performed so 
far [21)12 1 f24l2t)l2til2yi2M2qi31)13 1 14^ . This enables the model developed to be effi- 
ciently employed for a highly accurate analysis of either 2- or 3-photon resonant 
phenomena with few-particle systems, which are induced by either pulsed or 
continuous sources of laser radiation. Although technically difficult to construct, 
high-power continuous CW lasers offer nowadays a number of inviting and unique 
opportunities for ultra high precision spectroscopy with simplest atoms, espe- 
cially those containing /r^-muons. This makes the current work of relevance and 
use both for current and future highly precise studies with various fundamental 
quantum systems. 



2 Underlying Theory 

In this section we outline a theoretical framework enabling the 2-1-1 resonant 
photoionization of a hydrogenic atom to be analyzed. Generally, the process is as- 
sumed to be induced by a non-monochromatic laser field with a time-dependent 
amplitude and taking place in the presence of intermediate resonance. It is shown 
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that the phenomenon in question can be described by a coupled system of non- 
linear equations derived upon most general conditions, without specifying 

particular functional forms of the laser frequency and intensity. 

To model the physical situation of interest we consider, following m , a set 
of three hydrogen- like levels, |a), \b) and |c), of an atom with the charge Z 
of its nucleus and the reduced mass m*, such that their energies satisfy the 
inequality: Ea < £b < £c! this rather general setup is shown in Fig. □(b). It is 
assumed that the given 3-level system is exposed to two counter-propagating 
(along the z-axis) laser waves with equal time-dependent circular frequencies 
uj(t) = wl + polarizations vectors e, and wave vectors fei(t) = = 

k{t) II riz, |fc(t)| = w(t)/c, with c being the speed of light. The stationary part 
wl of the field frequency u>{t) is assumed to be such that it is in the 2- and 1- 
photon resonances with two pairs of states, (|a), \b)) and (|6), |c)). This implies 
that 2ttvi^ = wl = ^b,a/‘^k = ^c,b with = Ej — Ei, (i,j = a, 6,c) being the 
energy differences. In addition, it is supposed that the FT-transition is forbidden 
between |a) and |6) and is allowed between \b) and |c). 

The electric field of the laser signal with polarization e can be taken in the 
form (the reduced atomic system of units, H = = m* = 1, is used throughout 

the paper): 



Eia{r,t) = ^eEi^ 2 {t)Ui^ 2 {r)exp{i{ki^ 2 {t)r - + c.c. , (1) 

where Ui{r) = U 2 {r) = U{r) and Ei{t) = E 2 {t) = ifo(f) denote the spatial inho- 
mogeneity of the laser field and its time-dependent amplitude. These quantities 
are directly related to the laser intensity I{r,t) = cE^^ {t)U‘^ {r) / 8 tt which, along 
with the chirped circular laser frequency is obtainable from measurements. 
As usually happens in most practical situations, both the amplitude E(t) and 
the frequency io(t) are slow- varying functions of time, such that the magnitude 
of the chirp, |w(t)|, is normally small compared with the frequency wl- Thus, we 
assume that uj{t) and E{t) are subject to the following conditions E1ES|: 



\tiLi{t)\ < \uj{t) 



wl| = 






10(f)! < WL ; 



m 



< \uJLE{t)\ . 



( 2 ) 

(3) 



In the dipole approximation which happens to be accurate enough for our pur- 
poses, an effective two-photon operator Q^‘^\E) acting on the states |a), |6) and 
|c) is defined as 

Q^^^E) = e*-a . (4) 

E- Ho 

Here, a. is the Dirac matrix, if is a certain energy parameter, and Ho is the 
Hamiltonian of an isolated atom whose eigenvalues are denoted by Er'- Ho\r) = 
Er\r). Equation (4) can be readily inferred (see paper of V. Yakhontov in this 
volume) by taking into account the relativistic “atom-photon field” interaction 
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quency ojl, counter-propagating in the direction Uz. As seen by an atom in its rest 
frame moving with the velocity v = vn relative to the laboratory system, appropriate 
Doppler-shifted frequencies are determined as 011,2 = ol (1 ± vn-nzjc)l — {vjcY 
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V{r,t) (cf. EH), 



S ^ + c.c. , (5) 

2Wr(t) 



in the second order of the conventional time-dependent perturbation theory Id4l . 
Here, ifr(i) and Wr(t) denote the electric component (cf. (1)) and the (time- 
dependent) frequency of the light field as seen by the atom in its rest frame. 

For laser parameters of interest, the validity of (5) follows from the estimate: 
|VC/(r)| ~ l/cTf « 10“^ ^ |fc(t)-r| ~ 27 t/Al « 10“^. This implies that the con- 
tribution of the quadrupole terms cx E,-(t)(f\/U{r)-a.), which originate from the 
spatial macroscopic inhomogeneity of E{r,t), is expected to be a factor 10“^ 
smaller than the dipole contribution. The similar estimate holds also for cor- 
rections due to the quadrupole component cx E^{t)U{r)\k{t)\{e-a.)'^ of the field. 
Appropriate A2-contributions appear to be suppressed, therefore, by a factor 
10“®, at least, as compared with the dipole ones in all practically interesting 
situations. 

The time evolution of the levels |a), |5) and |c) under the action of the 
light field can be described by a standard coupled system of time-dependent 
equations of the conventional perturbation theory ini for the state amplitudes 
Ca,a(t), Cb^b(t), Cc,c{t). The effects which are being taken thereby into account 
comprise the AC-Stark shifts of all levels involved, their two-photon mixing, 
as well as all conceivable Raman- type processes of absorption and scattering. 
For the particular case of |a) = llsi/ 2 ) and |6) = |2si/2), these are shown 
diagrammatically in Fig. 0 For an atom moving with the velocity v = vn in 
the laboratory system, the laser frequency Lo(t) undergoes a Doppler shift in the 
atomic rest frame. Depending on which of two counterpropagating laser beams 
the moving atom interacts with, two appropriate Doppler-shifted frequencies are 
denoted in Fig. 0 as 



Wl,2 = 



± \i-n^ 



1 



(6) 



so that oji+LjJ 2 = 27o;l- The fact that for v ^ Q these two frequency are unequal 
makes the scope of the processes involved much more diverse compared to the 
case of a single monochromatic photon usually considered in QED. Furthermore, 
if the laser frequency wl is a slowly varying function of time in the laboratory 
frame, then wl has to be generally replaced in (6) by oj{t). 

Analysis shows that the system of equations, which governs the time evo- 
lution of the given 3-level system under the action of the laser field with a 
time-dependent amplitude and frequency, resembles its nonrelativistic counter- 
part m and has the form: 



C{t) = -iDb,a + iDa,bC^ (t) + i -Db,b + 4.7 tAv + 2(j){t) ]C{t) , 

T]{t) = Da, a + Da,bC{t) , 

,2 ( , CT^^^(^2) 



Wait) = I{r,t)\C{t)\^ 



OJ2 



exp (23r7(t)) 



( 7 ) 

( 8 ) 
(9) 
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Here, the auxiliary functions T](t) and C{t) are related to the true state ampli- 
tudes Ca,a{t) and Cb.b{t) as: 



Cb.a(t) = C{t) exp |-i 2 t + r]{t) + 2^(t)j | 



(10a) 

(10b) 



where 2ttAv = — tt’h,a/2 stands for the time-independent frequency detuning 

off the resonance, denotes the total photoionization cross section of the 

state |5) at the frequency u>, Wc{t) oc |cc,cP is the probability for an atom to 
be ionized by the time t via absorption of 3 photons from the laser beam of the 
intensity Finally, Dj^i, j,i = {a,b} denote the wi_ 2 -dependent effective 

two-photon dipole matrix elements between the states |a), |6); Dj^i are given by 
the following expressions: 



Dba = — - 



27T 

Ojl! lU>2 






+ Wl) -h + OJ 2 ) 



( 2 )/ 



I ^2 ^(2)/ I , , _i_ 4-^1 Ip— 

+ — ^b,ai^a+^2)e +—(^i, (ea+0J2)e 

LiJl ’ OJ 2 



27T 

I^aa — 
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where 



Wi,2 = 7 ^l(1 ± Vz/c) + 4>{t)/t , Auj = UJI - UJ2 = 2"fVz!c ; 



Dbb and Dab are obtainable from (O-dll using the replacement a b. 

The matrix elements Q^^aisa ± ^ 1 ^ 2 ) entering dll-dlU are given explicitly 
by the following expression: 



QS(£a±‘^l, 2 ) 



(6|e*-o;|r) (r|e-o;|a) 
ea-Sr± 7(a^L ± Vz/c) 



(13) 



where the summation spans all Coulomb eigenstates of the Hamiltonian Hq 
which are allowed by the selection rules, including those belonging to the posi- 
tive {Sr > mc^) and negative (Sr < —mc^) continuum. Usually, there remains a 
formidable practical problem of accurately evaluating (13) numerically for arbi- 
trary Ea, wl, and Vz- This difficulty can be overcome, however, by using exact 
closed-form analytic formulas for this type of complicated sums (see paper by V. 
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Yakhontov in this volume). The analytic relations obtained in the latter work 

admit error-free numerical evaluation at values of ojl lying both below and above 

'^( 2 ) 

respective ionization thresholds. Note that in the latter case Ql ±^1,2) be- 
comes complex-valued, with its imaginary part being proportional to the width 
of the state due to the one-photon ionization. 

Under typical experimental conditions, the states |a), |6) are usually prepared 
before the very process of the excitation/ionization. The initial populations of 
these levels, which are proportional to |ca,aP = exp{2Sry(t)} and \cb,b\‘^, can be 
modeled by choosing appropriately the values for C(— 00), rj^—oo). Thus, the 
system is to be solved subject to the following general initial conditions: 

C(-oo) = Co, v{-oo) = rjQ, Wc(-oo) = 0 , (14) 

which determine all three function uniquely at all times t. In particular, Wc(t = 
+oo,Ai>,r,v) describes the 3-photon resonant ionization probability of an atom 
at infinitely large positive times, i.e. when the interaction between the laser signal 
and the atomic system has already ceased and/or an equilibrium population of 
the levels is reached. As a function of the laser frequency detuning Av, Wc{t = 
+oo,Av,r,v) determines, after averaging over spatial variables and appropriate 
velocity distribution, the 3-photon ionization line profile. Similarly, C(-l-oo) and 
77(4-00) describe in turn the equilibrium final populations of the appropriate 
bounded states. 



3 Results 



Equations are well suited for numerical evaluation with arbitrary func- 

tions defining the spatial and temporal distributions of the laser pulse. In ad- 
dition, the system 0-0 is rather convenient for analytical treatment. In par- 
ticular, one can develop further perturbative expansion of 0-0 in terms of 
the fine structure constant a. In the leading order, this yields nonrelativistic 
formulas which agree with those formerly derived by us in m- For unchirped 
laser signals (i.e., (j){t) = 0) these reduce further to the result of |3H by ex- 
panding all quantities in powers of the laser intensity I(r,t). Extensive nu- 
merical tests carried out by us for various forms of the chirp </(t), pulse en- 
velopes Eo{t), and spatial distributions U{r) show that Q-Oni) are capable of 
producing all essential details of the process in question, including Doppler and 
power shifts and broadenings. A detailed description of our numerical proce- 
dure will be published elsewhere. To illustrate the efficiency of the method, 
however, we present the results of calculations carried out for the 2-1-1 res- 
onant ionization process, IS'172 “^Si /2 £^*1/2) with muonium where 

TO* = -I- me/rrii^) « (1.00484)“^ TOg. Here, the value for the electron 

to /i“ mass ratio, to^/toe = 206.768262, was used. Furthermore, we assumed 
that the ionization is being induced by the unchirped CW laser signal of the 
power P = 10 kW and the Gaussian spatial form of the intensity I{r,v,t): 
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2tf (X g 




et)^ + {y- VytY + . 

2a1 



I{r,v,t) 



exp 



(15) 
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Fig. 6. 3-photon resonant ionization IS' — > eP lines in muonium, induced by the 
unchirped CW laser signal at P = 10 kW and Or = 2 mm, are calculated for two gas 
temperatures T = 0 K and T = 256 K (this work) 



where Ur = 2 mm is the dispersion of the beam in the Xy-plane perpendicular to 
the direction of the light propagation. The dependence on the atoms ’s velocity 
"fu = (t’xj'CyjO) has been introduced in (15) so as to take into account a so- 
called “finite-time-of-flight” effect |T21 )I2 1 13 1 j . The latter allows for the fact that 
the laser field of a beam of a finite geometric size becomes time-dependent in 
the rest frame of the atom with v± ^ 0 (in the laboratory system), even though 
this field is stationary in the laboratory system. Apparently, this effects vanishes 
completely only for a particle strictly at rest (v = 0) and/or for a homogeneous 
beam of infinite dimensions in the plane perpendicular to the direction of its 
propagations. Generally, neither of these conditions are supposed to be satisfied. 

Two 3-photon ionization line shapes shown in Fig0 are calculated by nu- 
merically solving and finally averaging the solutions over Maxwellian 

distribution at two different temperatures: T = OK and T = 256 K. These corre- 
spond to the following values for the mean velocity {v) = 2y/2kT/Trm*: (v) = 0 
and (v) = 7.415 mm/ps. Two curves clearly exhibit typical features inherent 
to the process under consideration, such as shifts, asymmetries and broaden- 
ing of the lines. The latter includes also a wide and well-pronounced Doppler 
background due to the 2-photon absorption from each of the laser beams. This 
enables us to expect that particular results presented here for 15—, 25— and 
eP-states im muonium can be readily obtained for arbitrary hydrogenic levels 
|a), |5), |c) of fundamental atoms, including exotic ones. Low-lying excited states 
in positronium and muonium, as well excited ns— levels, 2 < n < 5, in hydrogen 
are of particular current interest for ultra high precision laser spectroscopy. We 
consider therefore the study of such states in these atoms as a promising subject 
for our work in future. 
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Abstract. Studies of muonic hydrogen atoms and molecules have been performed 
traditionally in bulk targets of gas, liquid or solid. At TRIUMF, Canada’s meson 
facility, we have developed a new type of target system using multilayer thin films of 
solid hydrogen, which provides a beam of muonic hydrogen atoms in vacuum. Using 
the time-of-flight of the muonic atoms, the energy-dependent information of muonic 
reactions are obtained in direct manner. We discuss some unique measurements enabled 
by the new technique, with emphasis on processes relevant to muon catalyzed fusion. 



1 Introduction 

Simple atoms such as hydrogen and helium provide effective testing ground for 
fundamental theories. Studies of simple exotic atoms could add useful informa- 
tion, despite considerable challenges, both experimentally and theoretically Q. 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 435—445, 2001. 
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In this article, we shall focus on the reactions of muonic hydrogen atoms and 
molecules, and their energy dependent properties revealed by a newly devel- 
oped time-of-flight spectroscopy technique j‘2l,3l4l5| , with particular emphasis on 
reactions related to muon catalyzed fusion phenomena. 



2 Muon Catalyzed Fusion 

A muon is a lepton of the second generation with its mass about 207 times 
heavier than that of electrons, and has a finite lifetime of 2.2 /rs. It is created 
from the decay of a pion which is obtained, typically, from intermediate energy 
{E > 500 MeV) collisions of a proton beam on a target nucleus. 

A negative muon can participate in a variety of atomic and molecular pro- 
cesses. A muonic atom is formed when a muon stops in matter replacing an 
electron. A muonic atom interacting with ordinary atoms or molecules can form 
a muonic molecule. The latter in turn can result in fusion reactions between the 
nuclei if the target consists of hydrogen isotopes, a phenomenon known as muon 
catalyzed fusion (^CF) 0. 

A single muon stopped in a target of deuterium-tritium mixture can catalyze 
more than 100 fusions, but this number is limited by two major bottle-necks. 
One is the rate at which a muon can go through the catalysis cycle before its 
decay (cycling rate), and another is a poisoning process called p,-a sticking in 
which, with a probability Wg < 0.01, the muon gets captured after the fusion 
reaction to atomic bound states of the fusion product ^He, and hence lost from 
the cycle (see Section |^. 

The first bottle-neck, cycling rate is determined mainly by the rate of forma- 
tion of muonic molecule d/it. In fact, a straightforward mechanism for molecular 
formation via Auger process: 

/it -I- DX ^ [(d/it)a;e]''' -I- e (1) 

is much too slow, yielding the fusion efficiency of the order of only one fusion per 
muon. Here, DX refers to either D 2 , DT or HD molecule and x the nucleus p, d 
or t. A resonant mechanism, however, can give much higher rates when certain 
conditions are satisfied. In the resonant formation: 

/it -I- DX ^ [{d^t)iixee]i,K, (2) 

the reaction product is a hydrogen-like molecular complex [{d^t)xee\ in which 
(dfit)'^ plays a role of one of the nuclei. The process is resonant, because the 
energy released upon formation of d/it plus the /it kinetic energy must match 
the ro-vibrational {vK) excitation energy of [(d/it)xee] in the final state. This 
is only possible due to the existence of a state (J,v) = (1,1) in d^t which is 
bound very loosely (in the muonic scale) with the binding energy smaller than 
the dissociation energy of deuterium molecules. 

Theoretical calculations FTM 1)11 I) predict strong enhancement of the for- 
mation rate \dfit at /it energy of order 1 eV (FigCJ, but direct experimental 
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Fig. 1. Resonant molecular formation rate in /it + D 2 collisions calculated for a 3 K 
target |ZISE|- The rates are normalized to the liquid hydrogen density and averaged 
over /it hyperfine states. Also shown is the /it elastic scattering rate on the d nucleus [12] 



information on such epithermal resonance is scarce, let alone its detailed struc- 
ture. Traditionally, /rCF experiments in general, and molecular formation rate 
measurements in particular, have been performed in a bulk target made of mix- 
ture of hydrogen isotopes, in which complex chains of muon induced reactions 
take place, making the interpretation difficult and model-dependent. In addition, 
the resonant energies eV is difficult to access with the target thermal energy, 
since it would require a target of several thousand degrees, a formidable task 
when working with tritium. 

At TRIUMF we have developed a new target system which uses multilayer of 
solid hydrogen thin films usm. The use of fit beam obtained from the thin film 
target provides some unique advantages in tackling the epithermal resonances 
experimentally: (1) formation process can be isolated, to large extent, from the 
rest of the cycle, (2) epithermal energies are directly accessible due to the avail- 
able beam energy, and (3) fit time of flight across the drift distance provide 
information of the resonance energies. Obviously, many technical challenges had 
to be overcome to make use of the new method. 

3 A beam of muonic hydrogen atoms 

The basic processes involved in creating a beam of muonic tritium atoms can 
be categorized into four step m-- atomic formation, acceleration, extraction, and 
moderation. When a muon is stopped in a thin solid hydrogen target consisting 
of protium (^H 2 ) doped with a small amount (c* ~ 0.1%) of tritium, muonic 
protium atom (/tp) is mostly formed {atomic formation). The muon is quickly 
transferred from proton to triton ini to form fit, the latter more tightly bound 
due to the reduced mass difference. In the reaction, the fit gains about 45 eV of 
recoil kinetic energy, and is thus accelerated. The fit then slow down from the col- 
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Fig. 2. Scattering cross sections for jj,t with a hydrogen isotope nuclei from Refs. [12,18], 
showing the Ramsauer- Townsend minimum at around 10 eV for /it + p. pt{F) +t cross 
sections plotted include both elastic and spin exchange reactions, where is the 

singlet state and p.t{l) is the triplet state 



lisions with the rest of the target nuclei (mostly protons), until it reaches about 
10 eV. At these energies, p,t+p elastic scattering cross section drops dramatically 
due to the Ramsauer- Townsend effect, making the rest of the target nearly trans- 
parent (Fig El). The pit atom is thus extracted from the layer into vacuum. The 
energy of the emitted pt, which is close to the Ramsauer-Townsend minimum 
of ~10 eV [in], can be controlled to some extent by placing an additional layer, 
for example of deuterium, on top of the emission layer {moderation). Creation 
of muonic deuterium {pd) is possible in a similar manner with a deuterium- 
doped protium target: in fact, the emission of muonic hydrogen atoms was first 
discovered in this system m See Refs. |22I23I24| for our measurements involv- 
ing muonic deuterium. Recently, we also observed emission of muonic protium 
atoms from pure hydrogen layer m, though emission mechanism is expected to 
be completely different m- 

4 Resonant formation of muonic molecules dpit 



Figure 01 (a) illustrates the principle of our molecular formation measurements 
using the atomic beam method j213l4lbj . A beam of 5 x 10^ of momentum 
27 MeV/c from the TRIUMF M20B channel was degraded in a 51 /im gold tar- 
get support, and stopped in the upstream (US) emission layer. The pit beam, 
obtained as described above, was slowed via elastic scattering in a D 2 modera- 
tion layer from some 10 eV to near 1 eV to better match the resonance energies. 
The /it, after a few pis time of flight (TOF), is collided with a reaction layer in 
downstream (DS), separated by the drift distance of 17.9 mm in vacuum. For- 
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Si Energy (MeV) 




Fig. 3. (a) Schematic of the thin film target for the d^t formation measurements 
consisting of the emission, the moderation and the reaction layers, which are prepared 
by rapidly freezing hydrogen isotopes on the gold foils (not shown) held in vacuum at 3.5 
K. [13] The layer thickness (3.43 mg-cm“^, 96 /ig-cm“^, and 21 /ig-cm“^, respectively) 
were measured off-line via a particle energy loss (see Fig. 5) (b) Measured Si energy 
spectra with prompt (I: t > 0.02 ^s) and delayed (II: t > 1.5 /rs) time cuts. Fusion 
in DS reaction layer is separated from that in US D 2 due to the fit TOF across the 
vacuum 



mation of dfit molecules is detected by observing 3.5 MeV a particles produced 
in the fusion reaction, d + t ^ a + n, which follows the formation. Si detectors 
placed in the vacuum enables the measurement a with high energy resolution. 
The background can be determined accurately by “turning off” the DS fusion 
reactions using the target without the DS layer. This ability to control a specific 
process, without affecting the rest, is an advantage of the thin film method. (In 
conventional targets, changing the target conditions would affect many processes 
simultaneously). 

Because the time between muon stop and the fusion a detection (which we 
call fusion time) is dominated by the /it TOF, it provides a measure on molecular 
formation energy, as long as the energy loss of /it, due to elastic scattering before 
the formation in the DS D 2 , is small. Figure ^jiUustrates the simulated correlation 
between the fusion time and the energy at which molecular formation takes place, 
when there is little /it energy loss. A thin DS layer (~1 /im) was thus used in 
the measurement to minimize the energy loss and maximize the time-energy 
correlation. 

A great deal of efforts were made to understand the systematics of this new 
method. Fig. Eland Table Egive some such examples. The detail of the analysis 
can be found in Refs. . The resulting DS fusion time spectrum and its com- 

parison with Monte Carlo (MC) simulations are shown in Fig. El which clearly 
establishes the resonance structure. From the time-of-flight analysis of 2036± 116 
DS fusion events, a formation rate consistent with 0.73±(0.16)meas±(0.09)mo!iei 
times the theoretical prediction of Faifman et al. |2| was obtained (the first error 
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Fig. 4. Simulated correlations between the fusion time and the energy at which molec- 
ular formation takes place when there is no fit energy loss in DS layer. Corresponding 
vibrational excitation in the [{dfit)dee] system are also shown 



refers to the measurement uncertainty including the statistics and the second is 
that in MC modeling). The resonance energies were determined from the fit to 
be 0.940±(0.036)meas±(0.080)mode/ times the the theoretical value |2|. Thus, for 
the first time, the existence of epithermal resonances in dftt molecular formation 
was directly confirmed, and their energies measured. For the largest peak at the 
resonance energy of 0.423 ± 0.037 eV, our results correspond to the peak rate 
of (7.1 ± 1.8) X 10® s“^. This is more than an order of magnitude larger than 
the rates at lower energies, experimentally demonstrating the prospect for high 



Table 1. Estimated effects on the formation rate scaling parameter S\ by the system- 
atic uncertainties in the MC modelling 



MC error source 


4\5a/5a % 


fL beam size 


1.2 


Nonuniform fi stopping (GEANT) 


1.8 


fit TOF drift distance 


2.6 


fip fit transfer, pfip formation 


5.6 


fit + d, fit + t scattering, layer thickness 


5.7 


fit + p RT minimum energy 


1.1 


Resonance Doppler widths in solid 


8.0 


Solid state and low energy processes 
(subthreshold resonances, slow thermalization, 
fit energy after resonant scattering) 


5.0 


Total (in quadrature) 


12.9 
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cycling ^CF in a high temperature target of several thousand degrees. If one 
assumes the energy levels of the [{dfj,t)dee\ molecule, which have a similar struc- 
ture to those of ordinary hydrogen, our results imply sensitivity to the binding 
of energy of the loosely bound {dfit)n state with an accuracy comparable to the 
vacuum polarization and other QED corrections, opening up a new possibility 
of precision spectroscopy in a quantum few body system. 




Fig. 5. Calibration measurement of solid hydrogen film layer thickness via energy loss 
of a particles [27,28]. Americium a source is embedded on the surface of the gold- 
plated copper substrate, onto which hydrogen thin film is deposited by releasing the 
gas through porous sintered metal (diffuser). Silicon detector, mounted on the vertically 
movable diffuser, measured the a particle energy loss in the film, which is converted 
the thickness using the stopping power 



Recently fiGF using a triple isotope mixture (H/D/T) target has drawn con- 
siderable interest IS], particularly because of resonances in the dfit formation 
in the fit -h HD collisions, predicted to be even stronger than the fit + D2 case. 
Our thin film target allows us to create fit collision with pure HD molecules, and 
time-of-flight method described here should give a direct test of the theoretical 
prediction. The data for the /rt-|-HD collision have been collected, and the result 
will be reported in our future publication m- 

5 n~cx sticking: yet another bottle-neck 

Although our measurements of epithermal resonant formation indicates molec- 
ular formation may no longer be a bottle-neck at appropraite conditions, the 
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1 2 3 4 5 6 

DS Fusion Time (yu,s) 



Fig. 6. Time-of-fiight fusion spectrum (error bars) and simulation spectrum (his- 
togram), normalized the number of incident muons Nfj,. Also plotted are simulated 
contributions from different resonance peaks given by the time-energy correlated events 



process of fi-a sticking still gives a stringent limit, independent of the cycling 
rate, on the number of fusions catalyzed by one muon. Intense efforts have been 
made for nearly two decades to understand this key process, but discrepan- 
cies persist between and theory and experiment (including latest PSI m and 
RIKEN-RAL EH results), the experiment being systematically lower than the 
theory 

Theoretical calculations of sticking are challenging, due to the interplay of the 
Coulomb and strong interactions in a non-adiabatic few-body system, yet recent 
predictions, including the effects of nuclear structure and the deviations from 
the standard sudden approximation, now converge to a few percent [dfij . They 
cannot, however, be readily compared to experiment because most measurements 
are primarily sensitive to final sticking (o;{*”), which is a combination of initial 
sticking (Wg), the intrinsic branching ratio for dgd — > /ra -|- n, and stripping 
(R), collisional reactivation of the muon from p,a in the target medium (i.e., 
= 0.0(1 -i?)). 

Discrepancies in the experimental sticking results has been in part attribu- 
ted 1,4 to the difficulties associated with the conventional neutron method, 
which include a high model dependence and the need for the absolute neutron 
calibration. A recent RIKEN-RAL experiment has directly observed, with 
impressive statistics, X-rays from p,a deexcitaion following the muon sticking to 
excited states of pia, taking advantage of the new intense pulsed muon beam 
which enabled the large signal enhancement, but unfortunately the determina- 
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Fig. 7. Proposed direct measurement of ^-a sticking [37,38] . (a) The fit created in the 
emitter is stopped in the source, where fusion takes place producing a^”*" or (fia)^ . The 
degrader separates the two species by their stopping powers (recall that dE/dx oc Z^). 
Collinear coincidence of the neutron with the charged events suppresses the back- 
ground. (b) Simulated Si spectrum for the coincidence events, showing a clear separa- 
tion between a and fia peaks 



tion of the sticking probability has to rely on the models of fia cascade and 
stripping, which are yet largely untested. 

We have proposed a new direct experiment of sticking using our multi-layer 
thin film target. The method is illustrated in Fig [3 and the details are given 
in Refs. EZEH). The determination of sticking from the ratio fLa/{fia + a) is 
simple and model independent. Since the stripping in the degrader is small, 
the measurement is sensitive to the initial sticking, while the stripping itself 
process can be systematically studied by varying the degrader thickness. Thus 
experimental separation of initial sticking and stripping will become possible for 
the first time. 

6 Future prospects 

Currently there is growing interest in the high energy physics community world- 
wide in developing a muon storage ring for a neutrino factory and/or for a muon 
collider I2ni. Low energy muon science, including muonic atom and molecule 
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studies would greatly benefit, if these facilities are realized. Some of the exper- 
iments with solid thin films targets are presently limited by the statistics, due 
to small fraction of muon stops in the target layer, and increased background 
from muon stopping in the target support and the vacuum chamber EDI. We can 
expect substantial improvements in the accuracy, as well as entirely new types 
of experiments with the advent of high intensity muon sources. 



Acknowledgements 

This work is supported in part by Canada’s NSERC and NRC, USA’s DOE and 
NSF, Swiss National Science Foundation, and NATO Linkage Grant. M.C.F. 
thanks the support of Rotary Foundation, UBC, Green College, Government 
of Canada, Westcoast Energy, Nortel and Japan Society of the Promotion of 
Science. 



References 

1. See for example: T. Yamazaki: this edition, pp. 246-265; K. Jungmann: this edition, 
pp. 81-102; E. Widmann et al.-. this edition, pp. 528-542; R. Pohl et al: this edition, 
pp. 454-466 

2. G.M. Marshall et al.: Z. Phys. C 56, S44 (1992) 

3. G.M. Marshall et al: Hyperfine Interact. 82, 529 (1993) 

4. G.M. Marshall et al: Hyperfine Interact. 101/102, 47 (1996) 

5. G.M. Marshall et al.: Hyperfine Interact. 118, 89 (1999) 

6. For reviews see: W. H. Breunlich et al.: Ann. Rev. Nucl. Part. Sci. 39, 311 (1989); 
L. I. Ponomarev: Gontemp. Phys. 31, 219 (1990); P. Froelich: Adv. Phys. 41, 
405 (1992); J.S. Gohen: in Review of Fundamental Processes and Applications of 
Atoms and Ions, ed. by C.D. Lin (World Scientific, Singapore, 1993) pp. 61-110 

7. M.P. Faifman, L.I. Men’shikov, and T.A. Strizh: Muon Gatalyzed Fusion 4, 1 
(1989) 

8. M.P. Faifman and L.I. Ponomarev: Phys. Lett. 265B, 201 (1991) 

9. M.P. Faifman et al: Hyperfine Interact. 101/102, 179 (1996) 

10. Yu. V. Petrov et al.: Phys. Lett. 331B, 226 (1994) 

11. Yu. V. Petrov et al: Phys. Lett. 378B, 1 (1996) 

12. G. Ghiccoli et al: Muon Gatalyzed Fusion, 7 , 87 (1992) 

13. P.E. Knowles et al.: Nucl. Instrum. Methods A 368, 604 (1996) 

14. P.E. Knowles et at: Hyperfine Interact. 82, 521 (1993) 

15. M.C. Fujiwara et al: Hyperfine Interact. 106, 257 (1997) 

16. V.E. Markushin: Hyperfine Interact. 101/102, 155 (1996) 

17. F. Mulhauser et al.: Phys. Rev. A 53, 3069 (1996) 

18. L. Bracci et al.: Muon Catalyzed Fusion 4, 247 (1989) 

19. M.C. Fujiwara et al: Hyperfine Interact. 118, 151 (1999) 

20. F. Mulhauser et al: Hyperfine Interact. 119, 35 (1999) 

21. B. Forster et al.: Hyperfine Interact. 65, 1007 (1990) 

22. R. Jacot-Guillarmod et al.: Hyperfine Interact. 101/102, 239 (1996) 

23. P. E. Knowles et al: Phys. Rev. A 56, 1970 (1997) [Err.: 57, 3136 (1998)] 

24. A. Olin et al: Hyperfine Interatct. 118, 163 (1999) 



Time-of-Flight Spectroscopy of Muonic Hydrogen Atoms and Molecules 445 



25. J. Wozniak et ai: Hyperfine Interact. 119, 63 (1999) 

26. A. Adamczak: Hyperfine Interact. 119, 23 (1999) 

27. M.C. Fujiwara et al.-. Nucl. Instrum. Methods A 395, 159 (1997) 

28. M.C. Fujiwara et al.\ Hyperfine Interact. 101/102, 641 (1996) 

29. M.C. Fujiwara: Ph.D. thesis. University of British Columbia, Canada (1999) 

30. M.C. Fujiwara et al.-. Phys. Rev. Lett. 85 1642 (2000) 

31. See for exampl: Yu.P. Averin et al: Hyperfine Interact. 118, 121 (1999) 

32. T.A. Porcellli et al.-. to be published 

33. C. Petitjean et al: Hyperfine Interact. 82, 273 (1993) 

34. K. Ishida et al.: Hyprefine Interact. 118 203 (1999) 

35. S.S. Gershtein et al: Sov. Phys. JETP 53, 872 (1981); L.N. Bodganova et ai: 
Nucl. Phys. A 454, 653 (1986) 

36. C.Y. Hu et ai: Phys. Rev. A 49, 4481 (1994); V. Melezhik: Hyperfine Interact. 
101/102, 365 (1996); M. Kamimura et al.: 119, 217 (1999) 

37. M.C. Fujiwara et al.: Hyperfine Interact. 101/102, 613 (1996) 

38. M.C. Fujiwara et al.: TRIUMF E767 Research Proposal 

39. See for example Proc. of Internationl Workshop of High Intensity Muon Sources, 
HIMUS-99 (World Scientific, Singapore), to be published 

40. M.C. Fujiwara et al.: in m, to be published 



Hyperfine Structure in Muonic Hydrogen 



Klaus Jungmann^, Vladimir G. Ivanov^, and Savely G. Karshenboim^’"'^* 

^ Universitat Heidelberg, D-69120 Heidelberg, Germany 
^ Pulkovo Observatory, 196140 St. Petersburg, Russia 
® D. I. Mendeleev Institute for Metrology, 198005 St. Petersburg, Russia 
^ Max-Planck-Institut fiir Quantenoptik, 85748 Garching, Germany 



Abstract. We consider the hyperfine structure of the Is and 2s states in muonic hy- 
drogen and muonic deuterium. We put emphasis on two particular topics: a possibility 
to measure the hfs interval in the ground state and a calculation of a specific differ- 
ence iJhfs(ls) — 8 • ifhfs(2s). Such a measurement and the calculations are of interest in 
connection with an upcoming experiment at PSI in which different 2s — 2p transitions 
in muonic hydrogen shall be determined. Together all these investigations will improve 
the knowledge of the internal structure of proton and deuteron. 



1 Introduction 

Muonic hydrogen is one of the most fundamental atomic systems. It is of par- 
ticular present actuality due to an upcoming experiment at the Paul Scherrer 
Institute (PSI) in Villigen, Switzerland, which aims for a measurement of the 
Lamb shift in this system i-® the energy difference between several 2s and 
2p fine and hyperfine structure {hfs) levels j2). The eventual target of the exper- 
iment is a determination of the mean square proton charge radius. This proton 
feature limits now the accuracy of Quantum Electrodynamics (QED) calcula- 
tions of the Lamb shift in natural hydrogen atoms. Recently it has been found 
that the precision of proton radius measurements by electron scattering had been 
overestimated. This has now resulted in an uncertainty of about 7-10 ppm for 
the hydrogen Lamb shift j3EE), while progress in calculations PI] reduced the 
QED part of the uncertainty to 2 ppm. In the PSI experiment the 2s hyper- 
fine structure will also be measured. In this work we consider a possibility to 
measure the hyperfine structure interval in the Is ground state and to calculate 
specific differences Z\i 2 = E(ls) — 8 • E{2s) of hyperfine separations. 

The experiment was considered in part in Refs. It requires laser ra- 

diation at 6800 nm which could be obtained by optical difference frequency 
generation. Using an intense polarized slow beam of negative muons and a low 
density target one might expect the formation of polarized muonic hydrogen 
atoms in the ground state. In a similar fashion polarized muonic atoms had 
been produced before, e.g. polarized muonic helium m- A hyperfine transition 
signal from the muonic atom can then be detected in a straight forward way 
through a change in the spatial anisotropy of the electrons appearing after the 
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muon decay in analogy with measurements of the muonium hfs 1 1 'A and muonic 
helium hfs [m. 

The energy difference Z\i 2 of the two hyperfine levels in the ground state is 
considered in detail for the normal hydrogen atom in Ref. m- The calculations 
for the muonic atom differ from the case of natural hydrogen predominantly 
because of the vacuum polarization effects. Evaluation of the leading term does 
not present a problem. We use for the Is and 2s states in muonic hydrogen the 
results found in semi-analytic form in Ref. m- This is considered adequate for 
calculating the difference with an uncertainty at a level of 10“^ of the Fermi 
energy. Calculations of higher order terms are in progress. 

The proposed experiment on Is hfs will test the accuracy and verify the 
validity of the PSI experiment on the excited states. With improved accuracy 
it may yield a result which can be used as a sum rule for the magnetic form 
factor of the proton. The uncertainty of this is on the same level as the proton 
polarizability contribution. 

2 Theory for /I12 for muonic hydrogen and deuterium 
HFS structure. 

The hyperfine splitting of s-state is determined in the leading non-relativistic 
approximation bjQ 

E^sins) = ^ , ( 1 ) 

where the Fermi energy Ep defined as 

Ef = y -pf— yZarriR) . (2) 

Here and M are the masses of the muon and the nucleus, and /r are 
their magnetic moments, and I is the nuclear spin (1/2 for hydrogen and 1 for 
deuterium). The reduced mass factor is 

niR _ M ^ f 0.90 for hydrogen, 
rrif_i nifj, + M ~ \ 0.95 for deuterium . 

We are interested in a value of a specific difference in muonic hydrogen and 
deuterium atoms 

Z\i2 = Ehfs(ls) — 8 • Ehfs(2s) . 

This vanishes in the leading non-relativistic approximation (1) and so it is sen- 
sitive to state-dependent corrections to the hyperfine structure. 

In the case of normal hydrogen m the difference is mainly determined by a 
relativistic contribution of order {Zaf^Ep (so-called Breit term fSl). In muonic 
atoms the leading effect is due to vacuum polarization and it is of order aEp. 

^ We work in relativistic units in which h = c = 1. The splitting are presented either 
in the energy units (eV) for AE or in the frequency units (Hz) for AE/h. 
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Fig. 1. Electronic vacuum polarization diagrams: one-potential (a) and two-potential 
(b) contributions. The bold line is for the non-relativistic reduced Green function of a 
muon in the Coulomb field of nucleus 



2.1 Vacuum polarization term 



The vacuum polarization correction to the hyperfine splitting consists of two 
parts: one- (Etu) and two-potential (Eu.t) contributions (see Fig. la and lb) 



and 



Etu = — Ep Rruinl) 



Eu-t = — Ep Rp.p^nl) 

IT 



and it was numerously considered m- We follow paper H3- 
For the two lowest s-states we have 



Rtu{1s) = 



Rpui'^s) = -— + 



+ 6 2kJ — Ki + 2 



9 ki 

22kI - 29nj - 44k| - p 24 



A{ki) , 



- 1)^ 

Sk® — 20^2 + 33k| — 20^2 + 8 



12kI{kI - 1)2 



A{k2) , 



— 2 5nf — Snf -|- 6 2k® — 3k| -|- 4k^ — 2 



( 3 ) 

( 4 ) 

( 5 ) 



( 6 ) 



i?c/.T(ls)-^ 2^3 + k?(k2-1) -4(ki ) + J(ki) , (7) 

, , 3k^-26 44k? - 195k1 -b 894kI - 920k? -b 312 

^ 18KjN-l)» 



and 
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I2nf - 42k^ + 309k^ - 506k| + 376Ki - 104 
+ - 1)3 



A{k2) + K{k2). ( 8 ) 



Here: 





{l + KiyY ^l + Kiy’ 



-y2(y2_^2) my 



( 9 ) 



and 




The parameter 



Za mu 



n rrie 



is the ratio of the typical atomic momentum to the inverse radius of the effective 
potentials. This is induced by inserting electronic vacuum polarization into a 
Coulomb or magnetic photon. This ratio is about 1.4 for the Is state in muonic 
hydrogen and deuterium and 0.7 in the 2s state. This means that the calculation 
involves essential bound-state effects and in particular the muon propagator in 
Fig. lb is a full Coulomb Green function. 

The value of the nuclear charge Z = 1 is useful to classify the corrections. 

Numerically we obtain 



^VP ^ ^(TU) ^{U-T) 

= ^Ef [(0.883 041 - 0.910 260) -h (1.731 152 - 1.404 246)] 
= -F1 f[-0.027 219 -1- 0.326 906] = 0.299 687 -Ep 

7T 7T 

for the muonic hydrogen atom, and 

^VP ^ ^{TU) ^(U-T) 

= ^Ef [(0.910 476 - 0.938 587) -h (1.801 155 - 1.452 300)] 



for muonic deuterium. 

The contributions of the correction are presented in Table H 



-F1f[- 0.028 111 -f 0.348 855] = 0.320 744 -Ep 



7T 



7T 
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Table 1. Contributions of electronic vacuum polarization to the difference _Bhfs(ls) — 
8 • -Bhfs(2s). Units are 10““* -Ef 





^(TU) 


^(U-T) 


^VP 




-0.632248 


7.59343 


6.96119 


fiD 


-0.652964 


8.10328 


7.45031 



2.2 Relativistic corrections 

The leading relativistic correction for Is and 2s was calculated by Breit US! and 
it contributes to the energy difference 

+ 0{Zaf^ . ( 11 ) 



= Ep{Zar (^~l 



In contrast to normal atoms this calculation is not accurate enough because 
of essential recoil effects. The leading relativistic recoil term for the Is state is 
of order {Za)^m/M and it depends on the nuclear structure. The difference is 
free of nuclear influence and the result is m 



X 






/145 




X 



where 



1 

Z I ■ 



2.3 Nuclear-structure effects 



Nuclear-structure effects lead in part to contributions to Z\ similar to the ones 
for normal hydrogen |I7II4! 



(strong) 



{Za)'^ -hi) - -0(2) - log n - ^ + ^) '^ 



xZ\Fis(Zemach -|- polarizability) 




(^{n) — tp{l) — logn 



n — 1 
n 




where the Zemach correction and the nuclear polarizability terms are for the 
ground state. The corrections are of the same shape but they have a larger 
influence because of the effective parameter Rjqm is now larger by the factor 
TO^/me. 
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The other state-dependent corrections originate from accurate calculations 
of the Zemach term, which is proportional to the value of the wave function at 
the origin The wave function affected by the Uehling potential leads to 

a correction 

(strong) = 2^1 (strong) x ~ “7^^) = (strong) x -Ru-t ■ 

\ Vls(O) ^2s(0) / 7T 

The strong interaction corrections are not higher than 10~^ Ep. 



2.4 Numerical results 



The magnetic moment of a muon is used in the form 



Mm 



1-f — -f 0.766 

27T 




e 

2 to ^ ’ 



which is sufficient for our purposes. For our calculations we use the values of 
constants in Table Q and the numerical values of all discussed corrections are 
collected in Table 01 



Table 2. Parameters in numerical calculations for muonic hydrogen and deuterium 



Parameter 


Muonic hydrogen 


Muonic deuterium 


M/m^ 


8.880 2441(3) 


17.751674 5(5) 


/i/ 


2.792 847 34(3) 


0.857 438 228(9) 


Ep, MHz 


44166011(3) 


95 065 119(5) 


Ef, /reV 


182 655.93(1) 


393 157.70(6) 


Kl 


1.356 145 98(4) 


1.428 395 53(4) 


X 


5.585 694 674(9) 


0.857012 72(1) 



A very important point is the overall uncertainty of our calculations and we 
consider here particularly the contribution of the QED part to the uncertainty. 
The second order vacuum polarization effects (<5^^^^) are of order /tt'^)Ef (cf. 
relativistic corrections are of order {Za)‘^Ep)). Another source of uncertainty 
arises from higher order recoil effects (i5'^®'^^) which can be estimated as (5''®'^^ = 

3 Experimental considerations 

Beams of slow negative muons have been developed and are for example em- 
ployed in the muonic hydrogen Lamb shift experiment at PSI. Other develop- 
ments are under way at the Rutherford Appleton Laboratory (RAL) in Chilton, 
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Table 3. Numerical values of different contributions to Z\i 2 in muonic hydrogen and 
deuterium 



Muonic hydrogen Muonic deuterium 





fieV 


GHz 


10"^ Ef 


fieY 


GHz 


1 

o 


^VP 


127.15 


30.745 


6.961 


292.91 


70.826 


7.450 


^rel 


-6.08 


-1.470 


-0.333 


-52.34 


-12.656 


-1.331 


^rec 


-4.34 


-1.049 


-0.237 


-7.54 


-1.822 


-0.192 


^VP2 


±1.0 


±0.24 


±0.054 


±2.1 


±0.51 


±0.054 


jrec2 


±0.5 


±0.12 


±0.027 


±0.4 


±0.10 


±0.011 




117(1) 


28.2(3) 


6.39(6) 


233(2) 


56.3(6) 


5.93(6) 



United Kingdom, using techniques similar to ultra slow muon production by 
cold moderators. Intense sources of cold negative muons will be indispensable for 
muon colliders and corresponding preparatory work is in progress worldwide at 
various accelerator centers. As an example, some 3-4 orders of magnitude higher 
muon fluxes compared to present facilities can be expected from the PRISM 
beam line which is discussed in connection with the Japanese Hadron Project 
(JHP) facilities j I S) . Similar fluxes could also be obtained from a muon facility in 
connection with plans to set up a 60 GeV proton/30 GeV heavy ion synchrotron 
facility m at the Gesellschaft fiir Schwerionenforschung (GSI) in Darmstadt, 
Germany. If cold slow muons are stopped in a low density gas target one might 
expect to produce polarized muonic hydrogen atoms in the ground state. A mod- 
erate polarization would be already sufficient jiSIt)) as could be shown for muonic 
helium HH. 

The excitation of the transition at 43.9 THz requires laser radiation at 6.8 /im. 
Such could be obtained by optical difference frequency generation and is in the 
reach of present laser technology, particularly for pulsed laser devices. Therefore 
the experiment would fit nicely into the environment of a pulsed muon facility 
with intense pulses of up to 1 ^s duration and an ideal pulse separation given 
by the tolerable laser repetition rate which may be up to kHz. 

A transition signal can then be detected in a straight forward way through a 
change in the spatial anisotropy of electrons from the decay fj,~ — > e~ + Vfi+Vf, ■ 
This would be in full analogy with the detection of the muonium hfs transitions 
in a recent experiment at the Los Alamos Meson Physics Facility (LAMPF) in 
Los Alamos, USA m- 

Of course, prior to any realization of a laser setup, the formation of polarized 
muonic hydrogen needs to be verified in a first experimental phase. Therefore a 
slow polarized muon beam would be required. These steps could start already 
at low intensity muon sources such as PSI or RAL where depending on the 
achievable polarization and fluxes also a first experiment (presumably with low 
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statistics yet) could take place. Given the importance and impact of such an 
experiment, this research should be started soon. 
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Abstract. The availability of long-lived metastable muonic hydrogen atoms (/rp) in 
the 2S state has been investigated in a recent series of experiments at PSI. From the 
low-energy part of the initial kinetic energy distribution of /rp(lS) we determined the 
fraction of long-lived fip{2S) to be ~ 1.5% for pressures between 1 and 64 hPa. Another 
analysis involving ^p(lS) with a kinetic energy of ~ 1 keV originating from quenching 
of thermalized /ip(2S) via the resonant process fip{2S) -I- H 2 ^ {[{ppp)'^]*pee}* —>■ 
pp{lS) + p + . . . + 2 keV gives the same result. This is the first direct observation of 
long-lived pp{2S) atoms. 

We are preparing a measurement of the 2S Lamb shift in muonic hydrogen, which 
will improve the uncertainty on the RMS proton charge radius by more than one 
order of magnitude. Technical aspects of our experiment are presented, including a 
new low-energy negative muon beam, an efficient low-energy muon entrance detec- 
tor, a randomly triggered 3-stage laser system providing 0.5 mj, 7 ns laser pulses 
at 6.02 pm wavelength, and a large solid angle xenon gas-proportional-scintillation- 
chamber (GPSC) read out by a microstrip-gas-chamber (MSGC) with a Csl-coated 
surface for the detection of 2keV X-rays. 



1 Introduction 

Hydrogen-like atoms have served extensively as very successful probes of the 
basic aspects of the laws of physics. It is the detailed investigation of the hydrogen 
atom that led to the development of quantum mechanics and it is the discovery 
of the Lamb shift in 1947 ^ that motivated the description of physical processes 
via quantum field theory. Clearly, it is by further precision measurements that 
unexpected features of physical law can be discovered. 
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Optical spectroscopy of electronic hydrogen has improved tremendously over 
the past few years and now reached a point where the proton size affects the 
interpretation of the results |2EE!- The present knowledge of the charge radius, 
however, is not very precise. It stems mainly from the traditional method for ob- 
taining nuclear radii, electron scattering [51617181^ . However, because the proton 
radius is very small and hydrogen targets have low density and must be contained 
within a vessel, the experiments are quite difficult to perform and to analyze. 
The analysis converts the shape of the momentum-transfer dependent scattering 
cross section into an rms radius. There are, as pointed out recently m , nor- 
malization problems. These problems lead to inconsistent results as can be seen 
from Fig. H 

To overcome this limitation will require the measurement of the Lamb shift 
(the 2S-2P energy difference) in muonic hydrogen. Here the main QED con- 
tribution is vacuum polarization, for which calculations are now available at a 
precision level of 10’ -6 !iiii‘iii:iii4j . Because the effect of the finite proton size 
contributes as much as 2% to the fj,p Lamb shift, a precise measurement of the 
shift will provide an accurate value of the proton radius. The knowledge of the 
proton radius has intrinsic interest as a fundamental quantity, and is impor- 
tant in other measurements. A measurement of rp at 0.1% precision will permit 
QED calculations of bound systems to be compared with the ep experiments at 
a precision level of few x 10“^ gaining an order of magnitude over the present 
limits. 

We are setting up an experiment to measure the energy difference AE{2 ^Si/ 2 ~ 
2 ^Ps/ 2 ) in a laser resonance experiment to a precision of 30 ppm, which corre- 
sponds to 10% of the natural linewidth, to deduce the proton radius with 10“^ 
relative accuracy, 20 times more precise than presently known. An important pre- 
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requisite to this experiment is the availability of long-lived 1/is) metastable 
/rp(2S). This has been investigated in detail during recent years at PSI. Ad- 
vances in muon beam quality, laser technology, and low-energy X-ray detectors 
have come to the point where the measurement of the Lamb shift in muonic 
hydrogen is possible. 

In this paper we first give an overview of our experiments on the population 
of long-lived /ip(2S) achievable by stopping muons in a hydrogen gas target at a 
few hPa pressure. The second part describes the experimental setup of the laser 
experiment which will go into operation in the year 2001. 



2 Long-Lived Metastable /j,p{2S) 

A number of experiments have been performed investigate the formation of long- 
lived metastable /rp(2S) when muons are stopped in low-pressure hydrogen target 
gas. X-ray measurements mm have shown that, depending on the hydrogen 
gas pressure, around 4% of the muons reach the 2S state. Collisional quenching, 
however, may deexcite these /rp(2S) in an interaction with a molecule of the 
surrounding hydrogen gas: 

fip{2S) + R2^ M'^P) + H2 ^ Mp(lS') -h H2 -h K„ . (1) 

At a kinetic energy below 0.31 eV, which is the /ip(2S) ^ /rp(2P) threshold 
energy in the laboratory frame, the above quenching reaction of the /ip(2S) state 
is energetically forbidden. So, the previously accepted scenario was, that /rp(2S) 
atoms formed at kinetic energies below this quenching threshold should be long- 
lived (i.e. with a lifetime of 0(1 /is)) because the quenching should only take 
place via Stark mixing 



HP{2S) -k H2 

pp{2S) + H 2 ^ {/ip(o |2^) + P \2P)) + H 2 } ( (2) 

^ ^p(15)-kH2-kK„ 

during the collision time of ~ 10“^'* s. Since the radiative rate of the 2P level is 
^ 10^^ s“^ the pp{2S) atom should undergo of the order of a thousand collisions 
before radiative decay via Stark mixing should take place. This would result in a 
lifetime of the 2S state of the order of one microsecond at a few hPa H 2 pressure. 

Moreover, also the pp{2S) atoms formed at a kinetic energy above 0.31 eV 
should contribute to the final long-lived pp{2S) population as they can be slowed 
down to below threshold before they are quenched. Theoretical considerations mm 
show, that up to a few eV the cross sections for quenching according to (1) and 
the one for slowing down are of the same order of magnitude. Thus, a /rp(2S) 
formed at a kinetic energy above the quenching threshold has an appreciable 
probability to slow down without being quenched (the so-called pp{2S) “sur- 
vival probability”) thereby increasing the final number of long-lived pp{2S). 
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2.1 Measurement of the Initial Kinetic Energies of /xp(lS) Atoms 

To determine the initial kinetic energy distributions of muonic hydrogen atoms 
we stopped low energy muons along the axis of a cylindrical low pressure gas 
target, and detected the time difference between the muon stop and the arrival 
of the atom at the inner gold-coated surface of the cylinder. The target was 
located in a strong axial magnetic field which forced the muons to follow the 
field lines but did not affect the neutral pp system. 





Fig. 2. Experimental setup for the kinetic energy experiment. The PSC solenoid pro- 
vides an axial magnetic field of 5 Tesla. PPAC: Parallel plate avalanche chamber. 
MCP: MicroChannel plate. The photomultipliers and light-guides coupled to the Csl 
and plastic scintillators are not shown 



The experimental setup is shown in Fig.|2| Muons at 10 MeV/c from the 7 tE 5 
beam channel at PSI enter the PSC solenoid. At the exit of the parallel plate 
avalanche chamber (PPAC) the muons have energies between 0 and 200 keV and 
the beam diameter is a few mm. The 5 Tesla magnetic field limits the cyclotron 
radii to about 1 mm. The muons cross a stack of thin carbon foils (5 pg/cm^) 
where a few electrons are released. Since the carbon foils are kept at negative 
high voltage, the electrons from the foil are accelerated, traverse the gas target 
(following the magnetic field lines) and are detected by a microchannel plate 
(MCP). The foil stack acts simultaneously as a detector for keV muons and 
reduces the phase space volume of the beam by frictional cooling [2D|. 

The gas target consists of an A1 cylinder with 58 mm inner diameter and two 
thin (2 pg/crc?) Formvar foil windows supported by grids. The inner cylinder 
wall is coated with a vacuum-deposited gold layer. When a pp atom reaches 
the wall the muon is transferred to gold and pA\x X-rays of MeV energies are 
emitted. The ^Au X-rays (2 to 9 MeV) are detected by a large Csl crystal 
which surrounds the target. The measured /rAu time-of-fiight (TOF) spectrum 
gives precise information on the pp kinetic energy distribution. To extend our 
sensitivity to the kinetic energies between thermal energy and a few hundred eV 
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we used various target diameters between 7 mm and 58 mm diameter. Smaller 
targets are more sensitive to smaller kinetic energies, and the use of different 
target diameters is also a very strong consistency check of our method. 

The measured time spectra were then fitted using Monte Carlo generated 
time spectra for a grid of ^ 65 kinetic energies between thermal energy and a 
few hundred eV. 




Fig. 3. Time distribution of fiAu x rays measured with the 7 mm target at 16 hPa 
H 2 pressure. For better clarity the ht is a superposition of only 6 time spectra with 
single HP energies Fkin = 1/32, 1/8, 1/2, 2, 8, 32eV. To obtain the final result we used 
a much finer grid of kinetic energies 



The Monte Carlo code includes the effect of elastic scattering of muonic 
hydrogen on hydrogen molecules 12 11221 as well as backscattering of muonic 
hydrogen atoms from the gold layer of the target chamber walls. An example 
of a measured spectrum at 16 hPa and the function fitted to the data (only a 
reduced set of 6 functions is used here for illustrative purposes) can be seen in 
Fig. 0 Figure E] shows the initial kinetic energy distribution obtained at this 
pressure using the full set of MC generated functions. 

It has to be stated, however, that this experiment determines the initial 
kinetic energy distribution of ^p(lS) atoms, since the /ip(2S) atoms are quickly 
thermalized and do not reach the target chamber walls. However, a cascade 
code, which is also able to reproduce the measured K-yields and initial kinetic 
energies at all hydrogen gas densities under consideration shows that the initial 
kinetic energy distribution of the /rp(2S) atoms differs negligibly from the one of 
/j,p(lS). This is not surprising, because at pressures in the few tens of hPa region 
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Fig. 4. Initial kinetic energy distribution measured at 16 hPa H 2 gas pressure. One 
can see the appreciable fraction of /rp atoms formed at kinetic energies below 0.31 eV 



the cascade processes are predominantly radiative for n < 9, and at higher n- 
values — where ifkin can be changed — collisional Stark mixing of the ^-states 
dominates all other processes and thus smears out possible differences in the 
“cascade history” of fJ-p(lS) and fxp(2S) atoms. 

Taking the fact that at 16 hPa 4% of all muons reach the 2S state and 
assuming a conservative number for the slowing down probability of /j.p(2S) 
initially formed at energies above 0.31 eV, we can give a preliminary number of 
~ 1.5% for the fraction of metastable fj,p{2S) per muon stopped in hydrogen. 

2.2 Direct Observation of Resonantly Quenched 2S States 

Earlier experiments USDM aiming to observe delayed Lyman-o X-rays fol- 
lowing radiative quenching of thermalized pp{2S) atoms (Eq. 2) had not found 
any delayed events. Thus, they seemed to give rather low upper limits for the 
long-lived metastable pp{2S) population under the assumption that the main 
decay channel of thermalized fip(2S) atoms is radiative quenching. 

This apparent contradiction between our results from the kinetic energy mea- 
surement and the earlier experiments prompted us to perform another analysis 
of our TOE data set. Following a suggestion made by P. Froelich and A. Flores- 
Riveros ^1] we looked for high-energetic (~ IkeV) fip(lS) atoms produced by 
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Fig. 5. Early part of the TOF spectra taken at 64 hPa H 2 pressure in the 58 mm diam- 
eter target, together with a fit of the spectra. The thick, red function corresponds to 
the resonantly quenched np{2S) resulting in a 900 eV kinetic energy component convo- 
luted with a (fitted) 2S lifetime. The fit function also includes a “continuum” as seen 
in the previous figure, plus some extra energies which make up the so-called “Coulomb 
deexcitation” part. The dashed peak indicates the measured stop time distribution. 
The measured background and a kinetic energy scale corresponding to the TOF are 
also shown 



resonant molecule formation from the 2S-state and subsequent autodissociation 
Hp{2S) -h H 2 ^ {[{ppp)~^]*pee}* — > pp{lS) + p + . . . + 2keV (3) 

In this process, which has been discussed by several authors I2,»12bti7l2^2()l . 
the 2S-1S energy difference of ~ 2keV is shared among the /ip(lS) and one 
proton. This results in /ip(lS) atoms with a kinetic energy of ~ 900 eV (see 

Fig.ini). 

Figure 0shows the early part of the TOF spectra taken at pressures between 
64 and 4hPa, using our largest diameter target (58 mm). One sees a pressure- 
dependent lifetime of the 900 eV component which proves that this component 
stems from long-lived pp(2S) diffusing around in the H 2 target gas until they 
eventually undergo reaction (3). If the n = 2 ^ I transition took place during 
the initial cascade, i.e. without long-lived pp{2S), the decay time of the 900 eV 
component would not change with pressure, but would rather be determined 
by the geometry of the target alone (which was the same for all measurements 
shown in Fig. IE|). After a more detailed analysis we will give a precise number 
for the long-lived p,p{2S) population, the lifetime of the 2S state and the cross 
section for process (3). 
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Fig. 6. Early part of the TOF spectra taken at 64, 16, and 4hPa (top, middle, bottom, 
respectively) in the 58 mm diameter target. (The htted functions were obtained by 
simultaneously fitting the data taken at two target diameters (20 and 58 mm) at each 
pressnre). One can clearly observe a change in the lifetime of the high-energetic (~ 
900 eV) component (thick red cnrve), which shows that this component is produced 
when the thermalized /rp(2S) are quenched. The dashed peak indicates the measnred 
stop time distribution. The background is also shown 

3 Laser Experiment 

With the ability to produce a sufficiently large number of long-lived fj,p{2S) 
atoms in a very small volume (a few cm^ at a few hPa pressure) we have now 
come to the point where a laser resonance experiment to measure the Lamb shift 
of muonic hydrogen is possible. Such an experiment is under preparation and 
will start data taking in 2001. The experimental setup consists of three major 
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parts which will be described here, namely the high-intensity low-energy muon 
beam line, the three-stage laser system for 6 ^m light, and the low-energy X- 
ray detectors to observe the laser-induced 2keV X-rays from the fip{2P — > IS) 
transition following the laser excitation /ip(2S ^ 2P). 

3.1 High-Intensity Low-Energy Muon Beam Line 

In order to obtain a sufficiently high muon stop rate inside a low density tar- 
get gas a new high-intensity low-energy muon beam line has been built at 
PSI (Fig.P). Negative pions with 100 MeV/c momentum are injected into the 
Cyclotron Trap m, where they traverse a radial moderator which brings them 
to a suitable orbit in the Trap. They decay into muons which are slowed down 
from MeV to keV kinetic energies by a set of thin Formvar foils placed in the 
center of the Trap. An axial electric field ejects the muons along the Cyclotron 
Trap axis and out of the Trap field region (up to 4 Tesla) after they have been 
slowed down to kinetic energies around 20keV. This method of producing low- 
energy muons was successfully tested The rate of keV-muons is enhanced by 
more than an order of magnitude relative to a conventional cloud muon beam. 





Fig. 7. Lay-out of the 7 tE 5 area with Cyclotron Trap, magnetic channel MEK, PSC 
solenoid, and laser components 
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Following the Cyclotron Trap the curved magnetic Muon Extraction Channel 
(MEK), operated at 0.15 T, transports the muons from a region of high neu- 
tron background (near the pion beam exit and the Cyclotron Trap) to the PSC 
solenoid where the laser resonance experiment is performed. It simultaneously 
acts as a cleaning filter because particles with momenta above ^ 4 MeV/c are 
not transported through the curvature while about 90% of the good muons (typ- 
ically 20 keV energy, 2 MeV / c momentum) are transported from the Trap to the 
solenoid. The muon trajectories make a vertical drift (relative to the magnetic 
field lines) of ~ 2 cm, proportional to the particle momentum. This separates 
muons from the high flux of keV electrons which have almost negligible vertical 
drifts. 

Finally the muons enter the PSC apparatus. Lead collimators at the PSC 
entrance (not shown in the figure) define a 15 mm wide and 5 mm high muon 
beam at energies between 10 and 40 keV. Two foil stacks inside the PSC of the 
type as used in our previous experiment described above act as detectors for 
slow muons {dE/dx near the Bragg peak) and reduce the width of the kinetic 
energy distribution. The stack detectors have time resolutions of better than 5 
ns, to be compared with the muon time-of-flight (TOF) between the two stacks 
of typically 150 ns. A trigger for the laser will be given by a muon detected in 
both detectors with the correct TOF. 

The muon rate can be predicted from test measurements m to reach about 
100 /r“/ (cm^-keV-mA-s) in the PSC solenoid, corresponding to about 600 muon 
stops per second in a 10 hPa H 2 target, 15 cm long, for a beam size 5 x 15 mm^. 

3.2 Three- Stage Laser System for 6 /xm Light 

Our laser system consists of three stages: A XeCl excimer laser, a combination 
of dye and Ti:Sa laser, and a H 2 Raman cell for conversion to 6 /rm (Fig. 0. 

When a randomly incoming muon is detected by the foil stack inside the 
solenoid, the laser is triggered. Because of the short muon lifetime the laser light 
has to arrive in the target within less than ~1 /us. For this reason our first stage 
of the laser system consists of a 50 Hz XeCl excimer laser delivering 28 ns long 
pulses of 600 mJ at 308 nm. The delay caused by the excimer laser is only about 
300 ns from trigger to laser pulse. 

The second stage, conversion of the 308 nm light from the excimer laser to 
the 708 nm light needed as input of the Raman shifter, is done in two substeps. 
The 308 nm light pumps a dye cell, which delivers the ~500 nm light required 
to pump the Ti:Sa laser. The conversion in two steps from 308 nm to 708 nm is 
also favorable because in contrast to a simple dye cell the cavity-dumped Ti:Sa 
laser produces a short pulse (~7 ns) with TEMqo profile. A good beam quality 
at 708 nm is required since the Raman cell only shifts the wavelength of the 
Gaussian part of the incoming radiation. 

In the third stage the 708 nm light is converted to 6.02 /im via third Stokes 
Raman shift in a high pressure hydrogen cell. The 0.5 mJ, 7 ns long pulses 
are injected into a multipass cavity inside the gas target in order to effectively 
illuminate the muon stop region. 
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708nm, cw 708nm, 7ns, 12mJ 6^im, 7ns, 0.5mJ 

Gas Target with Mirror Cavity 



Fig. 8. The components of the laser system. The high power XeCl excimer laser pulse 
triggered my the muon entrance detector is converted in two steps to a high quality 
7 ns long pulse of 708 nm which is shifted to the desired 6 ^m light inside the multi- 
pass Raman cell. The light is injected into a multipass cavity to effectively illuminate 
the muon stop volume inside the PSC solenoid. High resolution frequency selection is 
provided by injection of a cw Ti:Sa laser 



3.3 X-Ray Detector 

The 2 keV X-ray detector will consist of two 20 x 6 cm^ xenon gas-proportional- 
scintillation-chambers (GPSC) as were used in previous experiments |32I33| . 
These chambers produce a secondary scintillation light at 170 nm which leads 
to large amplitude pulses with low statistical fluctuations. GPSCs combine large 
detection areas with good energy resolution and almost linear energy response. 
These detectors are insensitive to magnetic held. 

Recent developments of the collaborators from Goimbra permit the 

detection of the secondary scintillation light using a Microstrip Gas Ghamber 
(MSGG). The UV photons are detected by Gsl-coated thin-fllm photocathodes 
deposited directly onto a microstrip plate (MSP). A system has been developed 
where a thin quartz window separates the xenon GPSG from the MSGG, filled 
with PIO (Ar -h 10% GH4) gas or xenon gas. A schematic view of the operation 
is shown in Fig. El 

4 Conclusions 

We have for the first time observed long-lived fj,p{2S) atoms. The analysis gives a 
population of ~ 1.5%. Another, independent analysis, using the low-energy part 
of the initial kinetic energy distribution and relying on the calculated “survival 
probability” for pp{2S) atoms formed at kinetic energies around 1 eV, gives the 
same result. 

Experiments in optical spectroscopy of electronic hydrogen have come to 
the point where a precise value of the proton radius is urgently needed for the 
interpretation of the results. Laser technology and X-ray detection schemes have 
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Fig. 9. Schematic view of the operation of a MSGC based GPSC. X-rays of a few keV 
are converted into primary electrons which drift toward the GPSG anodes located 
on the quartz. The electrons produce secondary scintillation light proportional to the 
energy of the X-ray. The secondary photons cause photoelectrons emission in the Csl 
coated MSGC cathode. The electrons are multiplied near the anode to give the signal 



developed rapidly in recent years and are used routinely nowadays, and long- 
lived metastable /rp(2S) can for the first time be created in a sufficiently large 
number inside a small stopping volume. 

We now have the opportunity to perform a laser resonance experiment to 
measure the Lamb shift in muonic hydrogen. Taking into account the muon 
stop rate, entrance detector efficiency, long-lived metastable 2S population, laser 
transition probability, solid angles and detection efficiency of the X-ray detector 
we estimate our event rate on resonance to be 9 events per hour. 

A precision of 30 ppm for the Lamb shift in muonic hydrogen, i.e. an uncer- 
tainty on the proton radius of 10“^, can therefore be achieved within a reasonably 
short measuring time. Better accuracy of the proton radius will then be limited 
by effects of proton polarizability 
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Abstract. CPT invariance is a fundamental property of quantum field theories in 
fiat space-time. Principal consequences include the predictions that particles and their 
antiparticles have equal masses and lifetimes, and equal and opposite electric charges 
and magnetic moments. It also follows that the fine structure, hyperfine structure, and 
Lamb shifts of matter and antimatter bound systems should be identical. 

It is proposed to generate new stringent tests of CPT using precision spectroscopy 
on antihydrogen atoms. An experiment to produce antihydrogen at rest has been ap- 
proved for running at the Antiproton Decelerator (AD) at CERN. We describe the 
fundamental features of this experiment and the experimental approach to the first 
phase of the program, the formation and identification of low energy antihydrogen. 



1 Motivation for Experiments with Low Energy Neutral 
Antimatter 



GPT invariance is a fundamental property of quantum field theories in flat space- 
time which results from the basic requirements of locality, Lorentz invariance 
and unitarity j 1 1213141,^ . A number of experiments have tested some of these 
predictions with impressive accuracy |0I, e.g. with a precision of 10“^^ for the 
difference between the moduli of the magnetic moment of the positron and the 
electron [Zj and of 10“® for the difference between the proton and antiproton 
charge-to-mass ratio |B|. 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 469—488, 2001. 
(c) Springer- Verlag Berlin Heidelberg 2001 




470 



C. Amsler et al. 



However, the most stringent CPT test comes from a mass comparison of 
the neutral kaon and antikaon, where the tremendous accuracy of 10“^® has 
been reached, albeit in a theoretically dependent manner. Not only does the 
comparison only restrict CPT violation to 1 part in 10® of CP violation, the 
origin of which itself is not fully understood, but it has been argued 0 that the 
analysis leading to this limit assumes the validity of the standard model, which 
in itself does not contain a mechanism for CPT violation. 

Hydrogen has been an extremely important tool in the development of quan- 
tum mechanics and quantum electrodynamics (QED). Spectroscopy on hydrogen 
has reached “astronomical” precisions and has thereby helped to establish QED 
as the most successful physical theory to date. There are a number of reasons to 
expect that antihydrogen will play an equally important role in the development 
of modern physics. Firstly, using the same experimental methods as developed 
for hydrogen spectroscopy, high precision comparison of the two systems may be 
achieved. Since such comparative measurements do not require knowledge of the 
absolute frequency the need for ultra-precise frequency standards is alleviated, 
thus paving the way towards yet higher accuracies. Secondly, since antihydrogen 
is a mostly electromagnetic system (weak interaction, or parity violating, effects 
are small and the same for hydrogen and antihydrogen) the interpretation of any 
deviation between hydrogen and antihydrogen is less model dependent than in 
the case of the kaon mass difference. 

One of the cornerstones of gravity theories is the weak equivalence principle 
(WEP), which requires the gravitational acceleration of a falling object to be 
independent of its composition. The gravitational acceleration of a variety of 
composite objects of ordinary matter have been shown to be equal with a preci- 
sion of 1 part in 10®^ in the Eotvos-Dicke experiments m- Arguments against 
“antigravity” , or more generally speaking against a difference in gravitational ac- 
celeration of matter and antimatter, have been given by numerous authors and 
have been discussed and summarized in detail by Nieto and Goldman m On 
the other hand, very few observations, and certainly no quantitative measure- 
ments, exist for the gravitational acceleration of elementary particles, aside from 
the experiments by W. Fairbank and F. Witteborn m on free electrons and the 
neutron interferometric measurements by Overhauser and coworkers m- And 
there has yet to be an experimental test of the WEP for an elementary particle 
and its antiparticle, such as the antiproton and proton. 

Antihydrogen, since it is a stable and neutral antimatter object, would allow 
direct tests of the gravitational interaction of antimatter with the gravitational 
field of the Earth free from the problems associated with electromagnetic in- 
teractions which burden such investigations with charged particles. Whilst low 
energy antihydrogen would clearly avoid the problems of electrical stray fields, 
direct (ballistic) measurements of the gravitational acceleration will be by no 
means trivial. The largest problem to be faced will be the low expected number 
of atoms produced and the concomitant poor statistics of any free fall measure- 
ment. Furthermore it must be noted that the kinetic energy of antihydrogen 
cooled to the photon recoil limit of 3.2 mK (assuming standard Doppler cooling 
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of antihydrogen in the ground state can be accomplished) is still very high on 
the scale of gravity. A cloud at this temperature will exhibit a vertical spread 
in the gravitational potential of the Earth of 2.6 meter. Conversely, the velocity 
spread in such a cloud would be around 7 ms“^, which would cause it to spread 
significantly faster than it would fall under the influence of gravity. 

In the absence of a direct measurement on antiprotons and protons one can 
use various indirect arguments to study the compliance of antiparticles with the 
WEP. In this context it is important to note that if the antiproton or the positron 
violate the WEP, this would not imply a violation of energy conservation m or 
of CPT symmetry nni. 

A manifestation of gravity can be found in the red shift of “clock” frequen- 
cies in a gravitational field. Relativistic effects proportional to the gravitational 
potential arise since a fraction of the binding energy consists of the gravitational 
potential energy m- The usual gravitational red-shift is then simply the conse- 
quence of the assumption of the validity of the WEP for the gravitational field 
Hum. Conversely, the red-shift of clock frequencies may be formulated as a 
test of the WEP for the energy content of clocks m- Therefore, a measurement 
of the transition frequencies in a clock based on antimatter, and the compari- 
son with its matter counterpart, would constitute a test of the WEP which is 
complementary to a direct measurement of the gravitational acceleration. 

2 Antihydrogen Formation 

To effectively form a bound antiproton-positron state starting from free particles, 
excess energy and momentum has to be carried away by a third particle. Various 
schemes for producing antihydrogen have been proposed and discussed in some 
detail 121 12212, ■112412, , with the first mention of the possible production of 
antihydrogen in traps by Dehmelt and co-workers m- 

In principle, the simplest process is spontaneous radiative recombination 
(SRR): _ 

e'^+p^H + hv. ( 1 ) 

The rate for this process can be increased by laser stimulation m- 

+p + k hv ^ H + {k + 1) hv. (2) 

A different approach to enhance the rate of antihydrogen formation is based 
on three-body recombination (TBR) 

e+ +e+ +p^H + e+ . (3) 

The above reactions require that two plasmas of opposite charge (antiprotons and 
positrons) are trapped and brought into contact. Alternatively, recombination 
by crossing a beam of positronium (either in the ground state or in low-lying 
excited states) with antiprotons has been proposed (see references |23l24l25l26| 1: 



Ps + p ^ H + e , 



(4) 
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and 



Ps* +p^ H* + e~ , 



( 5 ) 



Following the discovery of metastable bound states of antiprotons in helium 
gas PSI the use of this product as an intermediate step towards antihydrogen 
formation has been discussed : 



Unfortunately the formation of antihydrogen with this method must occur in a 
dense target and the expected lifetime of the produced antihydrogen is extremely 
short PDj. 

Since the ultimate goal consists of high precision spectroscopy on (trapped) 
antihydrogen, the main focus of future experiments must be on the production 
and storage of antihydrogen atoms at very low energies. Thus, the recombination 
technique used should have the prospect to: 

• provide sufficient numbers of antihydrogen atoms to allow the use of standard 
spectroscopic methods, 

• produce the atoms at very low temperatures (T < 1 K) to allow trapping 
within achievable magnetic well depths, 

• form antihydrogen atoms in the ground state or in excited states, and 

• achieve the above within a time period short compared to the storage time 
of the charged plasmas. 

Currently only reactions (1) - (3) are considered serious contenders for achiev- 
ing the goal of precision spectroscopy of cold antihydrogen atoms. Spontaneous 
radiative recombination (reaction 2) was first suggested as a source of antihy- 
drogen by Budker and Skrinsky and involves a photon carrying away the 
binding energy plus the kinetic energy of the positron in the antiatomic center 
of mass frame. The matter equivalent of this reaction has been studied for many 
years m and has received interest in recent years since recombination between 
ions and electrons is a significant loss mechanism in storage rings with electron 
cooling. For this reason a wealth of theoretical and experimental data exists for 
this reaction in co- moving beams. The recombination process does not depend 
on the average longitudinal energy but only on the relative longitudinal and 
transverse velocity distributions (or equivalent temperature) of the two plasmas 
in the moving frame. Since the typical temperatures of trapped clouds and those 
of co-moving beams are similar, the storage ring results can be used to estimate 
the corresponding recombination rates in traps. 

The cross sections, for radiative capture to a state of principal quan- 

tum number n have been given in analytic form as 



Here a is the fine structure constant and Oo is the Bohr radius. This expression 
is valid for the case when the kinetic energy, E^, of the positrons (electrons) in 



+ ape ^ H + a + e , 



( 6 ) 




( 7 ) 
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the rest frame of the antiprotons (protons) is much less than the binding energy, 
Eo, of the lowest atomic bound state. This cross section decreases at high n, and 
the total capture cross section, can be obtained by summing over all n 

up to some ”cut-ofP level at which the nascent atoms are field ionized, either by 
collisions or by external electric fields. (For example, an antihydrogen atom in 
an n=200 state is ionized by an electric field of around 1 Vcm“^ or by a collision 
with 0.34 meV kinetic energy. Typical values of range from 5x10“^^ to 

10“^® cm^ for values of i?e~l eV - 0.1 meV.) 

The recombination coefficient is obtained by integrating over the prod- 

uct of the cross section and the distribution of relative velocities between the 
antiprotons and positrons, normally taken as Ve {Eg = •mv^/2), assuming the 
heavier antiproton to be at rest. To get a feel for the size of we assume 

the relative velocity can be described by a fixed value for the positron kinetic 
energy and obtain: 



^SRR 
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(8) 



These values agree within a factor two or better with more elaborate calculations 
P3I | as well as with experiments at the Test Storage Ring in Heidelberg m- 
A more general discussion of these calculations, as applicable to antihydrogen 
formation, has been given by Muller and Wolf m- 

The spontaneous recombination rate can be enhanced by stimulating the 
free-bound transition by a laser (CW or pulsed) tuned to the resonance energy 
for a transition from the continuum to a specific, low lying n level (i.e. a CO 2 
laser can be used to enhance the population of the n = 11 state) m- 

If the density of positrons is increased, the likelihood to have a second 
positron close by during a collision between an antiproton and the first positron 
increases. In this case the second positron can carry away the excess energy and 
momentum and a bound state of antihydrogen can be formed. This three-body 
recombination reaction (TBR) is, as described below, thought to be extremely 
efficient if the positron plasma is dense and cold. The use of this reaction for anti- 
hydrogen formation was first suggested by Gabrielse et al. |2H. The antihydrogen 
production rate (which corresponds to the recombination rate in conventional 
plasma physics) can be written as 

/4 2\ 

Rg = 6xl0-i^(^— j nl^. (9) 



This formula for the rate per trapped antiproton per second is notable for its very 
strong, T“®/^ (in degrees K), positron temperature dependence and the presence 
of the positron density, nf.+ (in cm“^), to the second power. In their analysis 
Gabrielse et al. IZH assumed that a plasma of 10^ e"*" cm ^ would be produced 
at 4.2 K which yields a production rate of 600 s“^. Glinsky and O’Neil 
have re-examined this problem from a plasma physics viewpoint. They find that 
the combination rate given by equation (9), which is actually that pertaining to 
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zero magnetic field, is reduced by an order of magnitude in a highly magnetised 
plasma of the type likely to exist in a Penning trap. In essence, this is caused by 
the constraint imposed on the positron orbits, since in the absence of collisions 
they cannot cross the field lines. 

An alternative approach to the (zero magnetic field) three-body reaction has 
been discussed by Pajeck and Schuch who noted that recombination rates for 
reaction (3) can be related to the time-reversed process (using charge conjugation 
and time reversal) of electron impact ionization of Rydberg atomic hydrogen 
atoms. Using this relationship, the three-body recombination coefficient 
for capture into a state n has been found to be 

w 647T^aca^ 

This expression reveals the steep n-dependence of this process, showing that 
very high Rydberg states are favored. 

3 The ATHENA Project 

Two experiments approved for running at the Antiproton Decelerator (AD) 
at CERN have made the production and precision spectroscopy of antihydro- 
gen their primary goal. Here we describe in detail the experimental approach 
and first results from the ATHENA collaboration. The name ATHENA stands 
for ApparaTus for High Precision Experiments with Neutral Antimatter (or 
AnTiHydrogEN Apparatus for short). The main features of the ATHENA ap- 
proach consists of using the highest density plasmas of both positrons and an- 
tiprotons in order to obtain a high antihydrogen production rate relying on 
spontaneous radiative recombination alone. 

To minimize interference between the different plasma collection schemes 
used it was decided to use a spatially separated system. The antiproton collec- 
tion, cooling, and compression is housed in the same superconducting magnet 
system as the recombination trap, but the positron accumulator is a stand-alone 
system connected to the main apparatus by a beam line incorporating differential 
pumping and a fast valve. Figure ^ shows a schematic lay-out of the apparatus 
and the following sub-sections describe the individual parts of the apparatus in 
more detail. 

Using the method developed in experiment PS200 at LEAR m, antiprotons 
are captured in an approximately 30 cm long, cylindrical Penning-Malmberg 
trap, and cooled to thermal equilibrium with the ambient temperature of the 
surrounding apparatus by electron cooling. Assuming 5 x 10^ antiprotons per 
pulse from the AD and a 1 % capture efficiency about 20 pulses would be 
needed to achieve the goal of collecting 1 xlO^ antiprotons. Allowing 3 minutes 
between pulses for electron cooling this process will take about one hour. 

For the accumulation of the positron plasma we plan to use a system based 
upon the positron accumulator presently operated at the University of California 
in San Diego, in which 10® low energy positrons are routinely accumulated in 
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a few minutes. Once the positrons have been accumulated in this set-up they 
can be transferred to the main system in preparation of recombination with 
antiprotons. 

Once an antiproton and positron have combined, electrical confinement forces 
cease and the antihydrogen atom will escape, hit an electrode, and annihilate. 
During the early stages of the experiment no attempt will be made to trap the 
produced antihydrogen and the annihilation signature will be one of the most 
important diagnostics tools. 

The detectors necessary to study the formation and subsequent annihilation 
of antihydrogen as a function of time after merging of positrons and antiprotons 
and as a function of various experimental parameters (well depths of antipro- 
ton/positron traps, density of charged particle clouds, etc.) will be mounted 
around the recombination trap in the space between the inner vacuum shell and 
the main magnet coils. This configuration minimizes multiple scattering of the 
annihilation products on their way from the trap to the detector and is necessary 
to achieve the high spatial resolution in vertex reconstruction which is desirable 
at least during the early stages of the experiment for proper identification of 
antihydrogen and for better back ground rejection. 

For future confinement of the produced antihydrogen atoms the interaction 
between the magnetic moment of the atoms and a magnetic field gradient can 
be used. This will require superimposing a strong magnetic field gradient onto 
the constant field necessary for the Penning trap. Typically a combination of 
quadrupole coils (Ioffe bars) for radial confinement and Helmholtz coils for the 
axial confinement is used m- Such a system would interfere with the current 
design of the annihilation detector and also may effect the confinement properties 




Si strip 
detectors 




Fig. 1. General lay-out of ATHENA experiment. Shown are the positron accumulator 
and the main magnet system holding the antiproton catching trap, the recombination 
trap, and the annihilation detector surrounding the recombination region 
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of the charged particle plasmas. For this reason the project has been separated 
in phase I - formation - and phase II - precision spectroscopy - of antihydrogen. 

3.1 The Charged Particle Traps in ATHENA 

The geometry of the ATHENA capture and cooling trap is similar to that used 
by PS200. It is housed in the original superconducting magnet system of exper- 
iment PS200, a large bore solenoid with a homogeneous magnetic field (Z\B/B 
< 10“^) of about 3 Tesla over a one meter long section. This magnet system has 
been modified to adapt to the requirements of the ATHENA experiment. The 
trap structure itself is contained within a separate vacuum enclosure, which also 
accommodates the recombination trap and the internal positron storage trap. 
This enclosure is completely separated from the magnet isolation vacuum and 
can be cooled to about 2 K using a continuous flow cryostat. Owing to the very 
good vacuum ( p < 10“^^ Torr) which can be reached with such a cryogenic 
system m, it is expected that the background from random annihilation of an- 
tiprotons and positrons by collisions with the residual gas is much smaller than 
the signal from antihydrogen annihilation on the trap walls. This background 
can be further reduced by requiring spatial and temporal coincidences between 
antiproton and positron events. 

A gas switch consisting of an additional space between the nitrogen bore 
and the inner region of the magnet bore has been added. By evacuating this 
region, the nitrogen dewar becomes separated from any radiated heat originating 
from the magnet bore, allowing access to the detector without disturbing the 
cryogenics of the magnet. 

The antiproton capture trap consists of 10 cylindrical electrodes made of 
gold-plated aluminum, with radius r = 1.25 cm and various lengths, as shown in 
figureEl This trap structure includes seven electrodes (Ring, CMPIL, CMP2L, 
CMP3LA, CMPIR, CMP2R, CMP3RA) used to create a harmonic field re- 
gion as in a Penning trap (the ring is split in four sectors for plasma compres- 
sion), a few electrodes on the left and right of the harmonic region (CMP3LB, 
CMP3RB,CMP3RC) used to shape the electric field during various phases of 
particle transfer and handling, and the two extreme electrodes (labelled as HVL 
and HVR) for applying the high voltage necessary to capture antiprotons. The 
antiproton entrance electrode (HVL) incorporates the final antiproton degrader 
foil. 

Around the trap two resonant circuits are mounted to detect and drive the 
electron and antiproton axial motion. The cables for routing the signals and 
the bias voltage back and forth to the cold nose are encapsulated inside a thin 
stainless steel tube. This tube can be evacuated independently from the rest of 
the system to prevent outgasing from these cables to deteriorate the cryogenic 
vacuum. The electrons for cooling the antiprotons are loaded into the harmonic 
region of the capture trap from an electron source (a filament) placed in the 
positron transfer region which is mounted on a movable support. Non-destructive 
diagnostics allows the measurement of particle numbers by driving a coherent 
motion of the particle cloud by an RE burst and then measuring the (decaying) 
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amplitude of the induced signal in the electrodes. It has also been shown that it 
is possible to temporarily remove the electron cloud from the central region to 
measure the characteristics of the antiproton cloud separately. 

The recombination trap structure consists of 19 cylindrical electrodes with a 
radius of 1.25 cm and a total length of 40.6 cm. It serves several purposes: (1) the 
capture, cooling and compression of positrons after transfer from the positron 
accumulator, (2) the storage of antiprotons transferred from the capture trap, 
and (3) the injection of antiprotons into the positron plasma. The trap electron- 
ics consists of tuned circuits for non-destructive diagnostic, fast high voltage 
(< 100 V) pulsers allowing the manipulation of the two plasmas, and wave form 
generators suitable for the compression and the alignment of the particle clouds. 
We currently envision recombination by sending antiprotons with energies below 
1 eV through a dense positron plasma (10® e+/cm®) of 5-10 cm length. Under 
these conditions, antiprotons experience an energy loss of about 100 meV /cm due 
to their Coulomb interaction, thus decelerating and eventually diffusing through 
the plasma. Based on the cross-section for spontaneous radiative recombination 
alone, an antihydrogen formation rate of about 20 sec“^ has been estimated. 
If antiprotons exiting the plasma can be collected and re-sent into the positron 
cloud, this rate will go up by a corresponding factor. Due to the highly modu- 
lar design, other options, like recycling the antiproton cloud through a shorter 
positron plasma, or overlapping the plasmas in a nested trap configuration are 
also accessible with this set-up. 

3.2 First Capture of Antiprotons in the ATHENA Catching Trap 

The ATHENA high voltage switching system allows the capture of antiprotons 
if their kinetic energy is less than 15 keV. Since the initial kinetic energy before 
degradation is 5.3 MeV, the amount and the geometry of the various materials in 
the beam trajectory (position monitors, windows, degrader, entrance electrode) 
must be optimized to obtain the greatest possible fraction of antiprotons at 
low energy. Previous studies HOI have shown that this is achieved when the 
degrading material is chosen to transmit just half of the incoming beam, with the 




Fig. 2. Electrode structure of the ATHENA catching trap 
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remaining particles annihilating in the degrader. We have used two independent 
program packages, SRIM2000 (a successor of the original TRIM code) m and 
GEANT3.0 @1], to simulate our experimental set-up ^3- Both codes use Monte 
Carlo routines to model the energy loss of particles in matter, with GEANT 
additionally being capable to generate trajectories of the particles outside the 
material, including effects of external electric and magnetic fields. Both codes 
rely on empirical data for cross sections of the different energy loss processes 
considered, which turns out to be a weakness especially at the lower energies 
of interest for trapping where such data are not readily available. Nevertheless, 
reliable results can be obtained by carefully monitoring the input characteristics 
and correcting for the known systematic uncertainties at lower energy. 

At the AD, an antiproton pulse is sent to the ATHENA experiment at a mo- 
mentum of 100 MeV/c, equivalent to a kinetic energy of 5.3 MeV. These particles 
traverse an initial rotatable aluminum foil for fine adjustment of the degrading 
stack, a 67 /rm Silicon beam monitor, a 25 /rm stainless steel vacuum isolation 
window, and the final degrader foil consisting of 70 ^m aluminum, which serves 
also as the high voltage entrance electrode of the capture trap. Both GEANT 
and SRIM were used to calculate the optimum thickness of the final degrader 
foil. Results obtained for the optimum thickness of the rotatable foil for the 
two codes were 40 /im and 65 /rm respectively. The difference between the two 
codes may most likely be attributed to the difference in the data sets for the 
energy loss cross sections used by the programs. SRIM does not contain any in- 
formation about the difference in stopping power for antiprotons vs. protons, the 
so-called Barkas effect m- Antiprotons appear to have a higher effective energy 
than protons, which was taken into account in our calculations by increasing 
the input value for the kinetic energy of the antiprotons from 5.3 MeV to 5.5 
MeV, following results obtained by the PS196 collaboration at LEAR ^T)- The 
version of GEANT used for our calculations has been extended to low energies 
(= 50 keV) to take into account measured antiproton cross sections on Al, Si, 
and other relevant materials, and no energy correction was applied in this case. 

In addition we performed a test experiment using a stack of 6 Si diodes of 
6 /im thickness. A test beam from the AD was degraded in an Al foil to stop in 
the Si diode stack before traversing all 6 diodes. Indeed, antiproton correlated 
signals were observed except for the last two diodes, which showed a much lower 
signal. These signals were consistent with a five times lower energy deposit due 
to minimum ionizing pions from annihilation. Results of these tests were in 
good agreement with the simulations mentioned above, but still left an overall 
uncertainty of 10 - 20 /im. 

To allow for the systematic shift between the different results we performed 
the initial test runs with the final degrading foil thickness of 70 /im and added 
a rotatable foil before the silicon detector, allowing a continuous variation of 
the total degrader thickness over the range of interest. In figure El the results 
of the first test runs are shown, giving the total thickness of aluminum needed 
for optimum degrading as 114 /im (the sum of the 70 /im degrader foil and the 
thickness of the rotatable foil at peak efficiency) . This result agrees slightly better 
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Fig. 3. Number of antiprotons trapped vs. thickness of additional degrader material 
in the particle path 



with the estimate from SRIM, indicating a possible mismatch of the GEANT 
input data set for ultra-low energies. 

Using the optimum setting for the degrading stack obtained from these tests 
we were able to capture up to 10,000 antiprotons from a single shot from the AD. 
These antiprotons were then cooled using electrons pre-loaded in the harmonic 
region of the capture trap. Figure 0 shows the antiproton annihilation signal 
obtained by releasing first any antiprotons remaining in the HV well of the 
capture trap and then with a short delay, opening the inner, harmonic, low 
voltage well of the trap. Increasing the interaction time between antiprotons 
and electrons by increasing the time delay between capture and release the signal 
resulting from opening the small trap was getting stronger and a large fraction 
of the captured antiprotons had been cooled to eV energies after 20 seconds. 
This allowed us now to re-open the HV switch of the capture trap before the 
next AD pulse would arrive to add more antiprotons to the small, central trap 
region. This stacking was successfully demonstrated for about 10 successive AD 
pulses during these test runs. 

3.3 The ATHENA Positron Accumulator 

Since antihydrogen formation rates increase at least linearly with the positron 
density, it is advantageous to use of a copious source of cold positrons. We 
have chosen a design based on a scheme developed by C. Surko et al. at the 
University of California at San Diego jlBl- This type of positron accumulator 
supplies (depending on the strength of the radioactive source) 10^-10® positrons 
with a repetition time of few minutes, well adapted to the AD cycle. 
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Fig. 4. First demonstration of electron cooling in the ATHENA test runs. The peak 
on the right side is produced by antiprotons which have been cooled to energies below 
10 eV and trapped in the central, harmonic region of the ATHENA catching trap 



The scheme is based on a nitrogen buffer gas for moderation and trapping 
of a continuous beam of positrons, which emanates from an encapsulated 9 mCi 
‘^‘^Na radioactive source. The source is mounted on a cryogenic cold-head. A 
solid neon moderator, grown directly on top of the source at T= 5.5 K, slows the 
positrons down to epi-thermal energies of a few eV, which are then guided into 
the trapping region by using an axial magnetic guiding field of 250-300 Gauss. A 
kink of 2 cm in the positron path removes the source from the direct line of sight 
with the remainder of the apparatus. The source-moderator configuration has 
been extensively tested and regularly delivers about 10® moderated positrons 
per second with an energy spread of about 2.5 eV m- 

The electrode array of the main trapping region consists of a set of eight sep- 
arate gold-plated aluminum electrodes. With the appropriate bias applied, the 
positrons are confined in axial direction after the initial trapping, and a 0.15 T 
axial magnetic field supplies the radial confinement. The physical dimensions of 
the electrodes (Fig. EJ allow a pressure gradient to develop along their length. 
Nitrogen gas flows in midway along electrode II and is pumped out at either 
end or through a set of three vents located at the end of the same electrode. 
The positrons are trapped and cooled within the electrode array through colli- 
sions with the buffer gas atoms. The nitrogen gas pressure is tuned such that on 
average a positron entering from the source region will experience one inelastic 
collision with a nitrogen molecule during one pass through the system. Now con- 
fined and unable to escape, subsequent collisions will finally confine the positron 
to electrodes V and VI in less than a second. 

The exact electric potentials and potential steps applied to the electrodes 
are crucial to maximize the number of trapped positrons eventually confined in 
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the last stage. The gas pressure here is much lower, reducing annihilation losses 
yet cooling the positrons to room temperature in less than 1 second, by either 
exciting nitrogen molecules or by direct momentum transfer. The accumulation 
cycle continues until an equilibrium state is reached between positron trapping 
and losses due to annihilations and plasma expansion. The goal is to reach an 
equilibrium at about 10® positrons. The buffer gas supply is then switched off 
and the buffer gas is pumped out using high performance cryopumps, reaching 
a pressure of approximately 10“^° mbar in about 20 seconds, corresponding to 
a positron life time of about 1 hour. 

The transfer section between the positron accumulator and the recombination 
trap region is a crucial component of the experiment. It must retain the vacuum 
integrity of the UHV region of the recombination section while permitting a 
high efficiency transfer of positrons. The two vacuum systems are separated by 
a valve - situated on the downstream side and only opened for about 1 sec during 
the transfer - and a thin cylindrical tube (r=l cm, 1 = 10 cm) yielding a low 
conductance (7 liters/sec). An extra solenoid surrounds the tube to avoid the 
deflecting effect of magnetic stray fields between the two magnetic fields. During 
a positron transfer, the solenoid produces a 1 Tesla magnetic field for about 1 
sec, thus reducing diameter of the positron beam to be lower than that of the 
low conductance tube. A differential pumping port is located at the center of 
the solenoid to maintain the pressure difference between the positron section and 
the recombination section. Two movable radial profilers monitor the alignment 
of the positron beam. The first profiler is mounted after the positron trap, while 
the second one is located just before entering the high magnetic field of the 
recombination magnet. 
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Fig. 5. The ATHENA positron accumulator. Positrons entering from the right are 
slowed down by collisions with the buffer gas in a single passage throngh electrodes I 
- VIII and thereby captured in the trap 
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3.4 Antihydrogen Detection 

The purpose of the detector surrounding the antihydrogen trap is to discrimi- 
nate between signals due to the annihilation of antihydrogen and those due to 
the trapped clouds of antiprotons and positrons. For this, one needs to provide 
temporal and spatial coincident detection of the annihilation of an antiproton 
and a positron. It should also allow reconstruction of the annihilation vertex 
with sufficient resolution to discriminate between annihilations on the wall of 
the charged particle traps and those resulting from possible collisions with resid- 
ual gas atoms. In addition it must have a sufficiently high rate capability to 
allow the study of the time evolution of the recombination process. 

The antihydrogen detector for ATHENA consists of two parts: (i) the de- 
tection of charged particles stemming from the annihilation of an antiproton 
with matter in or around the recombination trap, and (ii) the detection of the 
two back-to-back 511 keV y-rays from positron-electron annihilation. For the 
best detection efficiency, the detector must be positioned as close as possible 
to the recombination trap, and cover as large as possible a solid angle. This, 
together with the calculated energy loss and scattering in the material of a typ- 
ical superconducting magnet coil, leads to the requirement that the detector be 
placed inside the superconducting solenoid. In order to use commercially avail- 
able detector and electronics components, the detector should be held at liquid 
nitrogen temperature or above to assure that both types of detectors, as well 
as the read-out electronics to be used, will work with the required performance 

The lay-out of the detector is shown in Fig. El Two layers of 16 silicon strip 
detector modules each for charged particle tracking and vertex reconstruction 
are surrounded by a cylinder constructed of 16 rows of 12 Csl (pure) crystals for 
the detection of the two 511 keV y-rays. This arrangement gives a large solid 
angle coverage for both particle types and a sufficiently fine resolution for vertex 
reconstruction. 



Charged Particle Detection 

Antiproton-matter annihilation at rest produces on average 3 charged pions with 
momenta around 300 MeV/c. These particles must first traverse the trap elec- 
trodes, the wall of the surrounding vacuum vessel, the walls of the inner dewar, 
and finally the walls of the enclosure of the detectors. Multiple scattering in 
these layers leads to an uncertainty of the annihilation vertex position of about 
0.5 mm and the accuracy of the hit measurement in each of the two layers of 
the silicon strip detector should be matched to this extrapolation accuracy. 

The two layers of charged particle detectors each consist of sixteen double- 
sided silicon microstrip detector modules 162 mm long, 19 mm wide, and 380 
fim thick. These are constructed from two 81 mm long double sided detectors (n- 
bulk), produced by SINTEF, Norway. Each detector has 128 p+ readout strips 
with two floating intermediate strips (for the measurement of <P) and 128 n+ pads 
on the opposite side (for the measurement of z) . The floating intermediate strips 
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K 





Diameter: 14 cm 



Fig. 6. Cross sectional view of the annihilation detector showing the inner two layers 
of silicon strip detectors for charged particle detection and the outer cylinder of Csl 
crystals for 511 keV 7 detection 



provide an improved position resolution on the p+ side by capacitive coupling. 
The two layers are separated in the radial direction by 6 mm to give the necessary 
angular resolution. 

The 2 X 128 channels from each detector are connected to two self-triggering 
VA2-TA amplifiers developed in collaboration with IDE AS (Norway). The 
256 channels are readout sequentially with a frequency of 5 MHz and are fed 
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through a repeater card to ADC’s (CAEN modules). The hybrids carrying the 
VA2-TA chips, their associated electronics, and the repeater card were designed 
within the collaboration. 



511 keV 7 -ray Detection 

The 7 -ray detector is a cylindrical electromagnetic calorimeter 14 cm in length 
consisting of 16 rows of 12 crystals of pure Csl, each 17 xl7 x 13 mm^ in size, 
and individually wrapped in Teflon. 

To understand the scintillation behavior of crystals at low temperatures we 
performed some systematic R&D. A cryogenic test bench was built for measuring 
the light output and decay time of various crystals. Measuring the relative pulse 
height from a monochromatic 7 -source as a function of temperature we found 
the light output for pure Csl to increase by a factor of about 5 when cooled from 
room temperature down to 117 K, making it possible to detect the low energy 
511 keV photons with good energy resolution. At the same time the mean decay 
time increases to about 1 /rs, but this is still sufficiently fast for the detection 
of positron annihilation in ATHENA. Each crystal is read out by a segmented 
photo diode, thus reducing capacitive coupling and electronic noise, using the 
VA2-TA amplifiers. Since the maximum light emission in pure Csl at 77 K occurs 
at 345 nm the photodiodes had to be manufactured without protective windows 
and with a n+ implantation depth of as little as 150 nm to allow blue light to 
reach the depletion zone. 




Fig. 7. Energy spectrum of 662 keV photons detected in Csl at 77 K from the ^®^Cs 
emitter (left) showing the photo peak and the Compton plateau. The low energy peak 
is due to photons back-scattered from the container. A similar spectrum is obtained for 
1275 keV photons from the ^^Na /3^ emitter (middle). In this case one also observes 
the 511 keV line from positron annihilation and its corresponding Compton plateau. 
The resolution is better than 6 % at 511 keV. The right spectrum shows the response 
of the photodiode to 22 and 88 keV X-rays from ^°®Cd. A Csl light yield of 26,000 
photons/MeV at 511 keV is derived from this spectrum, assuming about 6000 electron- 
hole pairs for 22 keV X-rays. This is however a lower limit, as it assumes 100 % quantum 
efficiency for the photodiode 
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FigureQshows the photon spectrum from and sources. They were 
obtained with a 1 cm^ pure Csl crystal at 117 K coupled to the photodiode with 
optical silicon grease. The light output was 26,000 photons/MeV, leading to an 
r.m.s energy resolution of less than 6 % for 511 keV photons. To our knowledge 
such a performance as not been achieved so far. 



Performance of the Annihilation Detector 

Comprehensive Monte Carlo simulations have been used to study the perfor- 
mance of this detector arrangement. 

The single-track reconstruction efficiency is close to 85 % of 47 t. This corre- 
sponds approximately to the solid angle of the outer Si strip detector layer, since 
the efficiency of the strip detectors is close to 100 %. The annihilation vertex is 
reconstructed by extrapolating the (x,y,z) information derived from the Si strip 
detectors to their common origin. The vertex resolution is mainly limited by the 
extrapolation error stemming from the (unknown) curvature of the charged pion 
tracks in the 3 T magnetic field. In figureElwe included the tracks for one event. 
Using a series of such events GEANT simulations give a radial vertex resolution 
of (7 r = 1.5 mm. Along the z axis, the resolution is determined by the pad pitch 
on the backside of the strip detectors, and is dz ~ 3 mm. 

The solid angle for photon detection is 66 % of 47 t. However, the conversion 
probability for a 511 keV photon (’photopeak’) in a Csl crystal is only 15 %, 
yielding a detection efficiency of about 10 % per photon. For two collinear pho- 
tons, this gives a 2-photon detection efficiency of 1.5 %. A ’golden’ antihydrogen 
event (= 2 charged tracks and 2 back-to-back photons) has therefore a detection 
efficiency of about 1 %. 

The high granularity of the electromagnetic calorimeter is necessary to dis- 
tinguish 511 keV photons generated in antihydrogen annihilations from the ran- 
dom 511 keV background produced in antiproton- nucleon annihilations. The 
main mechanism responsible for this background is as follows: most antiproton- 
nucleon annihilations generate one or more neutral pions, which decay rapidly 
into two gammas in the 50-500 MeV energy range. These high-energy photons 
have a large conversion probability in the magnet coils and other material close 
to the central magnet bore, where they produce an electromagnetic shower with 
many electron-positron pairs. These positrons annihilate within a few mm radius 
from their production point, each giving rise to two 511 keV photons, which may 
then convert in one of the crystals and fake a coincidence with the antiproton 
annihilation. By using the high granularity of the detector, it is possible to iden- 
tify true back-to-back coincidences. Using the charged vertex information, the 
angle between two 511 keV photons as seen from this vertex can be calculated. 
While antihydrogen events produce a peak at cos a = -1 (180 deg), the random 
background yields a flat distribution. 
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3.5 Outlook 

The first antiproton beam from the AD for physics experiments was available 
early 2000. We have used this initial beam to optimize antiproton capture, 
demonstrate electron cooling, and confirm the ability to stack successive pulses 
into the Penning trap. The positron accumulator has been set up and the beam 
line connecting it to the main system is now active. This gives us all the ingredi- 
ents to start with the first phase of the experiment. In this phase I, we will study 
the recombination of antiprotons and positrons as a function of plasma temper- 
atures and densities. Different ways of bringing the two plasmas into contact will 
be tested, and the effect on the recombination rate and the energy distribution 
of antihydrogen studied. Also, for the first time, the interaction of antihydrogen 
with the residual gas - in particular with hydrogen atoms and molecules - will 
be measured. For this no attempt to capture the formed antihydrogen atoms 
will be made. This decision allowed us to use the maximum space in the appa- 
ratus for the detector, which enabled us to achieve the high granularity and the 
good vertex resolution, which are are crucial ingredients to understanding the 
dynamics of antihydrogen formation, as our simulations have shown. 

The second phase will be designed and constructed based on the results 
of Phase 1. While the focus is on 2-photon laser spectroscopy of magnetically 
trapped antihydrogen atoms, other measurements (e.g. a measurement of the 
hyperfine structure using an atomic antihydrogen beam) are being explored for 
this program. 

In order to confine the atoms once produced, the force exerted by a magnetic 
field gradient onto its magnetic moment may be used. Atoms in the so-called 
’low field seeking’ states can be trapped in a magnetic field minimum as long as 
the difference between their total magnetic energy at the ‘edge’ of the trap to the 
energy at the center is higher than the kinetic energy of the atoms at the center. 
In order to avoid transitions from the ’low field seeking states’ to the ’high field 
seeking states’ the central field value must be non-zero since otherwise spin- 
depolarizing Majorana transitions would occur through mixing of the different 
magnetic substates at zero field. 

The trap configuration used to confine low-field seeking hydrogen atoms nor- 
mally consists of an arrangement of coils known as loffe-Pritchard trap 14115 II . 
designed to produce a magnetic minimum at the center of the trap without hav- 
ing a zero field location. Axial confinement is achieved through coaxial solenoids 
at either end of the trapping volume, which provide a barrier against axial leak- 
age and also the non-zero field value in the center. Radial confinement is effected 
by superimposing a quadrupole (or higher multipole) field over the entire length 
of the axial well. loffe-Pritchard magnetic traps have been successfully used by 
the groups at MIT and Amsterdam |S3|. Typically trap depths of 1 K were 
achieved. 

A number of open questions arise in this context, like the stability of the 
charged plasmas in such a magnetic field, or the achievable well depth in relation 
to the energy distribution of the produced antihydrogen atoms using different 
recombination scenarios. An active R&D program will be necessary to clarify 
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some of these issues before a proper design of the phase II apparatus can be 
attempted and has been initiated in our collaboration. 
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Abstract. Lyman and Balmer transitions of antiprotonic hydrogen and deuterium 
have been measured at the Low-Energy Antiproton Ring LEAR at GERN in order to 
determine the strong-interaction effects. In LEAR experiment PS207, the X-rays were 
detected using Gharge-Goupled Devices (GGDs) and a reflection-type crystal spectrom- 
eter. A complete set of strong-interaction parameters for the Is and the 2p levels is 
now available for both pH and pD after evidence was found for the pD Ka transition. 



1 Introduction 



The hadronic shifts and broadenings of the atomic s and p levels in an antipro- 
tonic atom are directly related to the complex scattering lengths and volumes 
of the antiproton-nucleus system m- Therefore, the spectroscopy of the low- 
lying X-ray transitions is equivalent to a scattering experiment at relative energy 
zero (Fig.Q. The measurement of antiprotonic hydrogen explicitly tests the long 
range part of the NN interaction j,H4l5l6j . The results have to be consistent with 
the values obtained from extrapolation to threshold of the low-energy scatter- 
ing experiments m and also have to show a normal threshold behavior if no 
nearby resonances exist 0 . 

In a first generation of LEAR experiments, K transitions from pH were de- 
tected by using conventional solid-state and gas-filled devices. The weighted 
average of results from the experiments PS174 nnim and PS175[ia reached an 
accuracy of 3% and 6% for the spin-averaged shift eis and broadening Tig, re- 
spectively. The knowledge from individual hyperfine states strongly enhances the 
sensitivity to the various theoretical approaches for the hadronic interaction, but 
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spin-dependent information - for the (PS171 and the ^Si (PS175 |T^ i 
states - could be only obtained with additional assumptions. 



Stark mixing 

[=0 1 2 : 




observable hadronic 
shifts and broadenings 



capture 



Coulomb deexc. 
ext. Augereftect 
chem, deexc. 




Fig. 1. Atomic cascade in antiprotonic hydrogen. The hadronic interaction is observed 
by a level shift and a broadening of the low-lying atomic levels as compared to the 
calculated binding energies and radiative decay widths assuming a pure electromagnetic 
interaction 



The spin-averaged 2p-level broadening F 2 p in pH was determined indirectly 
from the intensity balance between the total Balmer series and the Lyman a 
transition nuni . a method which is, however, only strictly valid in the limit 
of equal widths for all 2p hyperfine levels mm- No hadronic effects were 
observed in antiprotonic deuterium because of the weakness of the K transitions 
due to the enhanced absorption from the pD I — 1 states. 

The goal of LEAR experiment PS207 was to extend the information on 
the NN interaction 

• by a direct measurement of the 2p level strong-interaction shift and broad- 
ening both in antiprotonic hydrogen and deuterium with a crystal spectrom- 
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eter, which is necessary to achieve an accuracy of a few 10“® for the energy 
measurement of the Balmer a transitions (Table^) together with an energy 
resolution of 10“"^, and 

• to improve the results derived from the np — Is ground-state transitions by 
using Charge-Coupled Devices (CCDs), which were applied for the first time 
to measurements of antiprotonic X-rays. 

2 Experiment 

For the use of high-resolution crystal spectrometers and semiconductor detectors, 
both a concentrated stop volume and - to obtain sufficiently high line yields - 
dilute gas targets are mandatory | l 111 2H tij . Such conditions can be achieved 
with the cyclotron trap IE!. Almost the full beam extracted from LEAR of up 
to 10® antiprotons per second with 105MeV/c momentum was stopped, forming 
a concentrated source of antiprotonic X-rays with a diameter of 20 mm at a 
pressure of 20mbar H 2 . Under these conditions, the line yield of the Balmer a 
transitions in the hydrogen isotopes reaches almost 50%. Owing to the strong 
p-wave annihilation, the Lyman a yield is only of the order of 1% for pH [12) . 

To use the LEAR beam efficiently, the crystal spectrometer was set up as a 
twin system for the pH experiment. Three independent spherically-bent quartz 
crystals of 100 mm (Fig.EI) were used. Each of the crystals was directed to its own 
CCD detector in order to avoid any reduction of resolution from the matching 
of reflections. About 30 Balmer a events per hour were recorded per crystal- 
detector system in the case of hydrogen. For antiprotonic deuterium with a 
single crystal-detector system a count rate of about 60 per hour was achieved 
in spite of the smaller sensitive area of the detector (Table|2|) because of less 
absorption. 



Table 1. Calculated electromagnetic energies and line widths of the antiprotonic 
transitions measured with the crystal spectrometer. The energy resolution AE^^p of 
the Bragg spectrometer was determined from narrow transitions of antiprotonic noble 
gases. 0B stands for the Bragg angle 
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The energy calibration was obtained with Si and S Ka fluorescence X-rays 
excited by means of an X-ray tube. Because the natural widths of the fluores- 
cence X-rays exceed the experimental resolution at least by a factor of two, the 
response function of the spectrometer was determined from the narrow antipro- 
tonic transitions pHe{5g — 4f) and pNe{13p— 12o), lines which are not affected 
by the strong interaction. For the 1.7 keV Balmer a transition from pH, quartz 
crystals are the only possible choice for the Bragg crystal. The theoretical limit 
for the resolution of 180 meV was missed by a factor of 1.7 (Tabled). In the 
case of pD, a silicon crystal was used because of its higher reflectivity. Here, the 
theoretical limit for the resolution of 360 meV was reached m 

The CCDs for the direct measurement of the antiprotonic X-rays were in- 
stalled in the second bore hole of the cyclotron trap close to the stop volume. 
Thus, a few per mille of the full solid angle were covered. The relative efficiency 
and the in-beam resolution function were obtained in a separate measurement 
from the saturated X-ray transitions in pN. Two different types of CCDs were 
used: (i) MOS CCDs with a typical depletion depth of about 30 pm and 

(ii) the prototype of a high-rate X-ray detector based on a fully depleted (290 pm) 
pn-CCD [124) . 



Table 2. CCD parameters. In the pH {3d — 2p) measurement, one CCD detector was 
used for each of the three crystals (see Fig.|3 



transition CCD type pixel size no. of pixels energy resolution 
pH{np—ls) MOS 22pm 3 x 385 x 576 320eV@8keV direct measurement 
pn-CCD 150 pm lx 64 x 64 240eV@8keV direct measurement 
pD{np — Is) MOS 22 pm 3 x 385 x 576 320eV@8keV direct measurement 

pH{3d — 2p) MOS 22.5 pm 4 x 770 x 576 160eV@1.7keV crystal spectrometer 

MOS 27 pm 1 X 820 x 1024 130eV@1.7keV crystal spectrometer 

pD{3d — 2p) MOS 22.5 pm 2 x 770 x 576 140eV@2.3keV crystal spectrometer 



3 Results 

3.1 Spin-averaged shifts and widths 
Is ground-state 

The results using CCDs for the direct measurement of X-rays from pH m 
were consistent with the values obtained from the earlier experiments mentioned 
above. The superior background-suppression capabilities of the pixel devices led 
to an improvement of the peak-to-background ratio (Fig. El . The new world- 
average values for the strong-interaction effects are listed in TableEl together 
with typical results from model calculations. 
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Fig. 2. Set-up of cyclotron trap, crystal spectrometer, and CCD detectors in LEAR 
experiment PS207. For the pH measurement, the two-arm crystal spectrometer was 
equipped in total with 3 spherically-bent quartz crystals each reflecting to a separate 
X-ray detector. Further CCD detectors installed in the second bore hole of the cyclotron 
trap were used for direct measurements of antiprotonic X-rays 



For the first time, evidence was found for the pD Lyman a transition |Z3|. 
The low yield (Fig.|3|) and the width of the transition are in line with the strong 
annihilation from the 2p levels in hydrogen and deuterium as observed in the 
experiment using the crystal spectrometer. A simple scaling relation, based on 
the geometrical overlap of wave functions, yields = 2.3±0.3 meV a value 
which is consistent with the direct measurement. 
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Fig. 3. X-ray spectrum in the energy range of the pH{np — Is) transitions as mea- 
sured with MOS CCDs. The pure electromagnetic transition energies for the 2p — Is 
transitions of the hydrogen isotopes are 9405.7 keV and 12.505 keV 



2p state 

For pH, the new world average of the 2p— level width, derived from the intensity 
balance, is = 32.5±2.1 meV. The small error achieved for this quantity com- 
bined with the width of the 2^Pq hyperfine state as measured with the crystal 
spectrometer allows to correct for the different annihilation widths from the 2p 
sublevels. The corrected value l 2 p (see Table0) deviates significantly from 
due to the large width of the 2^Pq state |23 and is now in good agreement with 
low-energy scattering experiments 0 • 

In the case of pD, the spin-averaged hadronic broadening is derived from 
a fit to the line shape using a single Lorentzian and taking into account the 
spectrometer response function as measured with pNe. The broadening found 
is in agreement with results from a multiple-scattering ansatz, whereas the shift 
is underestimated by this model . No evidence was found for a hyperfine 
splitting (see below). 

3.2 Hyperfine structure 
Is ground state in pH 

About 20000 Ka events were recorded, which did not allow to determine unbiased 
the individual hyperfine components with an accuracy comparable to the one of 
the spin-averaged values. The errors for the hyperfine state are of the order 
of 10% for the shift and 15% for the broadening and are consistent with the 
values given in ^21 (TableEJ. Parameters for the less intense ^Sq state could 
be obtained if the ^Si/^Sq intensity ratio was fixed for the fit in accordance 
with reasonable assumptions for the different 2p-level widths An unbiased 
fit yields errors of the order of at least 50%. 
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Fig. 4. Position spectra of silicon and sulphur Kq fluorescence lines, the transitions 
p^He and pNe used to determine the crystal spectrometer response function, and the 
Balmer a lines from the hydrogen isotopes. For p^He, the parallel transition (5/ — 4d) 
is well resolved from the circular transitions {5g — 4/) 



2p states in pH and pD 



Hadronic effects for I > 2 states are negligibly small pj. Therefore, the 2p hyper- 
fine levels are assumed to be populated according to their statistical weight. 

The determination of the hadronic effects relies on the knowledge of the elec- 
tromagnetic energy levels, especially if not all components are resolved (Fig.^. 
However, the results of the various calculations both for hydrogen and deu- 
terium ^HESE3 differ considerably. Here, only the values from the most recent 
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Table 3. World averages of experimental results for the spin-averaged hadronic shifts 
and broadenings in antiprotonic hydrogen and deuterium in comparison with predic- 
tions. The -I- (-) sign for the shift stands for an attractive (repulsive) interaction. The 
errors for £ 2 p include the uncertainties of the Ka energies of Si and S. The calcula- 
tions labeled DRl and KW use the same parametrization for the real part of the NN 
potential, but different approaches for the absorptive part 







ei. (eV) 


Pis (eV) 




t2p (meV) P2p (meV) 




pH experiment 




-714 ±14 


1097 ± 42 


|22] ±15 ±20 


38.0 ±2.8 |Zq 


theory 


DRl 


-707 


933 


n 


±6 


33.5 


13 




KW 


-698 


1062 


13 


±7 


35 


13 




eff. range 


-600 


1080 




±9 


39 


13 


pD experiment 




-1050 ±250 1100 ±750 


- 243 ± 26 


489 ± 30 


El 


theory 


mult, scatt. 


« -4000 


« 5500 


[2S] 


-52 


422 


123 




3-body cal. 


« - 1600 


« 1000 


m 










potential cal. 


« -4000 


« 2000 











Table 4. Hadronic parameters of individual hyperfine states in pH 

28 Fs); ¥To 

e -440±75eV - 740 ± 150 eV - 785 ± 35 eV -850±42eV -hl39±38meV 
r 1200 ± 250 eV 1600 ± 400 eV 940±80eV 770±150eV 120±25meV 

S ^ 0 El 



calculation (labeled new in Fig.EJ were used for the reason discussed below 
and in HEEH- To illustrate the size of the strong-interaction shifts Chad, results 
from model calculations for pH and pD j2S) are also shown in Fig.0 

In the case of pD, the line shape could not be understood if the analysis is 
based on the prediction of m for the electromagnetic level splitting. Accord- 
ing to this calculation, the electromagnetic interaction dominates the splitting 
in a way that the 3d — 2p line shape is approximately a ’’doublet” structure 
formed by the groups {^P 3 / 2 ,‘^Pij 2 ,'^Pi/ 2 ) and {'^P 5 / 2 ,‘^P 3 / 2 ,‘^Pi/ 2 ) (Fig.|3old). 
The measured line shape, however, does not show any evidence for such a ’’dou- 
blet” structure on (Fig.gl asymmetric fit to the line shape using the 5 displayed 
hyperfine components). 

The discrepancy between observed and expected line shape actually provoked 
a recalculation for the level splitting both in hydrogen and deuterium, which 
yields much smaller splittings PH] (Fig. El new). Hence, the strong-interaction 
parameters are then found from a single-line fit as mentioned above (Fig.0 
symmetric fit). 

In hydrogen, the 2^Pq hyperfine state plays a particular role. Its electro- 
magnetic splitting of more than 200 meV is predicted to be increased by an- 
other 100 meV by the long-range pp potential. In fact, the line profile of the 
3d — 2p transition exhibits a shoulder at the high energy side (Fig.EJ, which is 
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Fig. 5. Comparison of (former and recent) calculations for the electromagnetic hyper- 
fine splittings. The calculations include vacuum polarization ABvp, electromagnetic 
fine ABfs and hyperfine structure Z\Bhfs 



interpreted as the 2^Pq state (Tabled] and Fig.|3). The close-lying components 
23P2, 2^Pi, and 2^Pi are not resolved . The large value for the hadronic shift 
e{2^Po) even exceeds the results obtained from most of the theoretical calcula- 
tions. The broadening P{2^Po) - much larger than the spin-averaged value - is 
in the range of the predictions as are the measured mean shift and width of the 
group (23p2,23Pi,2iPi). 

4 Summary and outlook 

The spin-averaged hadronic shifts and widths of the Is and the 2p state have 
been measured both for antiprotonic hydrogen and deuterium. Furthermore, 
information on individual hyperfine states was obtained for pH . Here, the strong- 
interaction parameters of the 2 ^Pq hyperfine state could be determined using a 
crystal spectrometer. The hadronic effects in the and hyperfine ground 
states were derived with the help of a few assumptions. 

The experimental results support the meson-exchange model, which is used 
to derive the real part of the long- and medium-range NN potential. There is no 
need for exotic pp bound states close to threshold. The poor accuracy concerning 
the individual hyperfine states l^S'o and of pH in an unbiased analysis 
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remains unsatisfactory, because this limits a sensible discrimination between 
various approaches in the framework of the meson-exchange model. 

A remeasurement of the Lyman transitions from pH and the search in pD 
with the forthcoming generation of CCD detectors is desirable. Such a measure- 
ment requires a continuous antiproton beam of the order of lO^p/s, which at 
present is not available directly from the Antiproton Decelerator facility (AD) 
at CERN . Installing either a slow extraction scheme for the AD or forming 
a beam by reaccelerating antiprotons at the exit of a catcher trap, as foreseen 
e. g. in the ASACUSA experiment EH, may offer a chance to continue on the 
NN strong-interaction studies terminated by the shut-down of LEAR. Such an 
experiment should be able to improve on the accuracy by a factor of at least 5 
for pH and to confirm the existence of the pD ground-state transition. 
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Abstract. Recent experiments are aiming at an accuracy of 1 ppm for the mass of the 
charged pion using the characteristic X-rays from exotic atoms. Once the pion mass is 
established with that precision, the narrow lines from medium Z pionic atoms can be 
used as a calibration standard in the few keV range. The precision of this new standard 
is not limited by the large natural line width of fluorescence X-rays and their complex 
structure due to multi-hole excitations. 



1 Introduction 

For X-rays in the few keV range, the energy determination to the ppm level 
or better is difficult because of the absence of calibration standards. Narrow 
and intense 7 lines from nuclear decay are not available and fluorescence X- 
rays have a large natural line width owing to fast Auger transitions. Multiple- 
hole excitation leads to a complex line shape which does, in general, make it 
complicated to unambiguously relate the center of gravity of the diagram line to 
a wave length. Furthermore, the creation of vacancies depends on the excitation 
mechanism itself and strong chemical shifts have to be considered even for K 
X-rays in low Z elements. 

Most of the tabulated values for the X-ray energies trace back to measure- 
ments older than 40 years or are, in several cases, obtained from interpolation 
of neighboring elements ■ The errors given for the K-transition energies range 
from a few ppm up to about 50 ppm. For this reason, a redetermination is going 
on with various methods |2I3| . 

* corresponding author 
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Precise values for the X-ray energies are obtained by diffraction methods 
using Bragg’s law nX = 2d ■ sinOs, where the distance d of lattice planes of a 
crystal is compared to a wave length A by measuring the Bragg angle Ob- n 
is the order of reflection. Both absolute measurements of the Bragg angle and 
relative measurements to known standards were performed. 

Several problems arise - besides geometrical aberration - when calibration 
standards used at higher energies are related to the low-energy range. Differ- 
ent orders of reflection and, therefore, different crystal planes are involved, and 
for reflection-type spectrometers the correction due to the wave-length depen- 
dent index of refraction is the subject of a controversy discussion. Finally, the 
measured wave length has to be converted to energy by if = hc/X. The conver- 
sion constant he was readjusted recently and its precision is now reported to be 
0.04 ppm P). 

Crystal lattice spacings are less well known than usually believed. In addition, 
large variations occur for naturally grown crystals like quartz {Ad/d « 5 • 10“®), 
which is the only choice for precision spectroscopy at energies below 2.3 keV. 
Great progress has been made by a method that combines optical and X-ray 
interferometry. At present, high-precision results are available only for silicon. 
The accuracy reached is Ad/d = 3 • 10“® |S|. Detailed investigations relating the 
optical standard to X-ray lines are rare except for copper K radiation jOj . 

2 Calibration using exotic atom X-rays 

A different method became available with modern meson factories, where the 
characteristic X-radiation from exotic atoms can be studied under optimized 
conditions and with reasonable count rates. Such experiments require the use of 
high-intensity external beam lines together with a particle concentrator like the 
cyclotron trap and a high-resolution low-energy crystal spectrometer. 

Exotic atoms are produced by stopping a beam of negatively charged particles 
like muons, pions, or antiprotons in a target, where they are captured in the 
Coulomb potential of the atoms at high principal quantum numbers n. These 
systems deexcite mainly by fast Auger emission of electrons in the upper part 
of the atomic cascade and more and more by X-radiation for lower-lying states. 

Studies during the last 20 years proved that exotic atoms become hydrogen- 
like systems, i. e. without any remaining electrons, when prepared under suitable 
conditions P] . Light and medium Z atoms completely emit their electron shell 
and, when produced in dilute targets, do not capture electrons from the envi- 
ronment during their life time. Consequently, no satellite transitions occur. 

For neon it has been found that at pressures below 500mbar all electrons 
are emitted when a muon reaches the n < 8 state |B|. In the case of antiprotons, 
because of their larger mass, complete ionization has been demonstrated also in 
argon and in krypton for at least n < 1 4 [H]. 

In the range Z « 2 — 10 and n ~ 4 — 8, there is a window where in pionic 
and muonic atoms electrons are completely stripped off and the transition ener- 
gies are accessible by X-ray spectroscopy. For the atomic states with maximum 
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angular momentum I = n — 1, where most of the intensity is collected in iso- 
lated exotic systems, finite-size effects can be neglected. Therefore, in the case 
of pions, the level energies are not affected by the strong interaction and hence, 
binding energies can be calculated with a precision of 1 ppm or better including 
all relevant QED contributions m- In addition, the natural line widths - given 
exclusively by the radiative transitions - are of the order of 10 meV or less, i. e. 
much smaller than the resolution achievable by experiment. 

Modern reflection-type crystal spectrometers reach resolutions of « 10“^ in 
the few keV range, i. e., the center of gravity can be determined to a preci- 
sion of 10“® immi . The energies are obtained from the change of the Bragg 
angle relative to a calibration transition that lies as close as possible. The de- 
termination of the energy difference - again - needs the lattice spacing and the 
conversion constant, but their uncertainties do not contribute significantly to the 
error for small angle differences. Furthermore, corrections owing to aberration, 
penetration depth into the crystal, and index of refraction cancel out in leading 
order. 

3 Experimental set-up 

The drawback of a high-resolution crystal spectrometer is a rather low efficiency. 
Therefore, a suitable preparation of the X-ray source is mandatory as are high 
line yields of the exotic atom transitions by using gas targets with pressures as 
low as possible. 

In order to produce a bright but concentrated X-ray source in dilute targets, 
beams have to be stopped in a special device - the cyclotron trap . The 
basic idea of the cyclotron trap is to wind up the range curve in a weakly- 
focusing magnetic field B (Fig.^. In the case of pions, deceleration has to be 
fast because of the short life time. In such experiments, the energy loss of the 
particles is achieved by degraders and a gas-filled target container made of thin 
Kapton foils. 

At the ttE5 beam of the Paul-Scherrer-Institut (PSI), about 2% of the incom- 
ing pions (> 10®/s) are stopped in the gas cell with a degrader set-up optimized 
for pionic atoms. Muons originating from pions decaying shortly before capture 
are slow enough to be stopped in the gas cell as well. With a set-up optimized 
for muons, the count rate for muonic atoms is about 4% of the one for pions. 

Johann- type crystal spectrometers record an energy interval according to 
the size of the source simultaneously, if a position-sensitive X-ray detector of 
corresponding extension is available. The use of spherically-bent crystals allows 
partial vertical focusing, which increases the count rate by a factor of almost 
two for Bragg angles around 55°. 

For X-ray detection, Charge-Coupled Devices (CCDs) are used. Being pixel 
detectors, they have a built-in two-dimensional position resolution and an energy 
resolution even better than conventional semiconductor detectors. They allow an 
efficient background reduction by analyzing the hit pattern and simultaneously 
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applying a narrow cut on the deposited charge. Such an analysis is essential for 
low-rate experiments in accelerator environments m- 




Fig. 1. Principle of the set-up for the pion mass experiment consisting of the cyclotron 
trap with a gas cell and a curved-crystal spectrometer equipped with a two-dimensional 
position-sensitive X-ray detector. The focusing condition for a wave length A reflected 
under the Bragg angle 0_g is R-sinOs, where R is the (horizontal) radius of curvature. 
Typical values for R and the diameter of the spherically bent crystals are 3 m and 
100 mm 



In a set-up optimized for pions, up to 450 events per hour were recorded from 
the TrN{5g — 4/) transition of 4keV at an accelerator current of 1.5 mA. In the 
muon set-up, 15-20 events per hour were achieved for the fj,0 (5(7—4/) transition. 
The gas pressure was 1.4 bar for both N 2 and O 2 . Length and diameter of the 
gas cell were up to 220 mm and 60 mm. 



4 Charged Pion Mass 

The experiments aiming at the determination of the charged pion mass use X-ray 
transitions from the intermediate part of the atomic cascade, where the influence 
of the hadronic interaction can be neglected. The two most recent experiments 
both measured the (5(7 — 4/) transitions, but from different elements. In one case, 
a solid state Mg target was ta.ken pT>ll (ij . whereas the most recent experiment 
used an N 2 gas target [T^illYj . 

The recent high-precision measurement of the pion mass was performed in 
two steps: 

• For a high-statistics measurement of the TrN{5g — 4/) transition, the energy 
calibration was obtained from Cu Kai X-rays. With a description of the Cu 
Kq! line shape, adopted from ^S], an accuracy of 4 ppm was reached [T^ . The 
result resolved a 16 ppm ambiguity from the former precision experiment of 
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the TrMg{5g — 4/) tra,nsitinn (l iill oj . which stemmed from the unknown K- 
electron population. The error of the present world average for is close 
to 3 ppm 0 , a value which is consistent with a lower limit for the pion 
mass derived from an experiments measuring the mass limit for the muon 
neutrino m- 

• In a second step, the energy calibration is taken from the gO(5g — 4/) tran- 
sition using the fact that the mass of the positively charged muon is known 
to an accuracy of 0.32 ppm ^ together with CPT invariance. To avoid any 
systematic errors from a change of the set-up, pionic and muonic transi- 
tions were measured simultaneously with a new large-area CCD array to- 
gether with the new cyclotron trap in spring 2000. An O 2 /N 2 gas mixture 
of 90%/10% at 1.4 bar was used in order to achieve equal count rates for the 
pionic and muonic lines (about 15 per hour each) (Fig.EI). The total statis- 
tics accumulated is sufficient to reach the 1 ppm level. The analysis is going 
on. 



5 Energy calibration of flnorescence X-rays 

As a first application of narrow exotic-atom transitions to the energy calibra- 
tion of fluorescence X-rays, preliminary results for scandium and titanium are 
presented. 

• The calibration for the Ka line from metallic scandium was obtained from 
the 7T^"‘iV(5g-4/) transition (Fig.0). The accuracy for the transition energy 
could be improved from 48 ppm Q to about 5 ppm. The pronounced satellite 
structure requires a detailed investigation of the line shape m- 

• In the case of titanium, the tt ^^Ne{6h — 5g) transition energy exactly meets 
the gap between the Koi and Ka 2 transition (Fig.^andlSJ. The remaining 
uncertainty for the energy stems mostly from the systematic errors due to 
the models for the Ti line shape. The accuracy for the transition energy was 
improved from 11 ppm to 4 ppm. 

The 7T^°iVe(6/i — Sg) transition is an ideal case for a calibration line, because 
no Doppler broadening occurs from Coulomb deexcitation for the noble gas 
Ne as is the case for diatomic molecules like N 2 . Therefore, the line shape 
reflects exclusively the response of the spectrometer. The resolution achieved 
is 26” (seconds of arc), which is close to the theoretical limit of 22” for the 
chosen geometry. The line width of the irN^bg — Af) transition, measured to 
50” , is dominated by Coulomb deexcitation m- 



6 Outlook 

Having once established a precise value for the pion mass, the X-ray transitions 
from pionic atoms can be used to produce a set of calibration lines in the few 
keV range. 
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Fig. 2. Reflections of the nN and pO (5 — 4) transitions recorded simultaneously with 
a large-area CCD array. (The horizontal and vertical extensions of the CCD array are 
not in scale for the scatter plot) 



A possibility to extend this set comes from the use of an Electron-Cyclotron- 
Resonance-Ion-Trap (ECRIT), which will be realized using the cyclotron trap 
itself . Here, hydrogen- like electronic atoms will be produced to obtain narrow 
calibration lines independent of an accelerator’s pion beam. The radiative widths 
of light elements with Z « 15 are of the order of a few 10 meV because of the 
absence of non-radiative inner-shell transitions. 

The two sets may be combined by a relative measurement of pairs of tran- 
sitions belonging to one set each. A first application of this new calibration 
method will be a precision determination of the hadronic shift and broadening 
of the ground state in pionic hydrogen |23j. Further possibilities are studies of 
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Fig. 3. Scandium Ko? doublet 




ENERGY (eV) 



Fig. 4. Titanium Ka doublet 



one- and few-electron systems 122] and of the properties of the plasma in the 
ECRIT itself. 
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Abstract. The measurement of the strong interaction shift and width of the ground 
state in the pionic hydrogen atom determines two different linear combinations of 
the two isospin separated s-wave scattering lengths of the pion nucleon system. If 
both quantities are measured with a precision of about 1% a stringent test of chiral 
perturbation theory and a determination of the pion nucleon coupling constant can be 
obtained. Past measurements determined the shift with an accuracy better than 1%, 
and the width with an accuracy of 9%. Additional information from pionic deuterium 
measurements has been used in order to extract isospin separated scattering lengths 
with sufficient accuracy. Future measurements plan to directly measure the width of 
pionic hydrogen with an accuracy on the level on 1 %. 

1 Introduction 

The pion-nucleon interaction has been subject both to experimental and theo- 
retical studies since the very beginning of the development of particle physics. 
On the theoretical side the description of the pion-nucleon system with QGD 
is considered to be a fundamental issue in the development of this theory. The 
understanding of strong interaction in the confinement regime has advanced re- 
cently, as chiral perturbation theory was developed to perform calculations at 
low energies m 
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Its extension to heavy baryon chiral perturbation theory (HBCHPT) [3| al- 
lows to calculate many of the experimentally accessible processes in the meson 
nucleon sector. The check of the soundness of this approach requires high pre- 
cision experiments. This resembles the situation in the development of QED 
during the last 50 years, where the measurement of the Lamb shift contributed 
much to the development of QED. In a comparable way the measurement of 
strong interaction shift and width in pionic hydrogen may be a key experiment 
in strong interaction physics at low energies. 

Pionic hydrogen atoms are produced by stopping negatively charged pions 
in hydrogen gas. At energies of some eV pions ionize the hydrogen molecule and 
form an electromagnetically bound system, the so-called pionic hydrogen atom. 
This atom is dominated by the electromagnetic interaction of its constituents. 
Their strong interaction is only effective if the wave functions of pions and the 
proton significantly overlap. In the ground state it results in a broadening of 
« 1 eV and a shift of ~ 7 eP, which has to be compared to an electromagnetic 
binding energy of E\s = 3238 eV. The relations of the measured quantities to the 
hadronic scattering lengths describing the tt~p tt~p and the Tr~p —> ir^n 
process, respectively, are given by the Deser-type formulae m- 

= + ( 1 ) 
^ = 8^(1 + + Sr)r ■ ( 2 ) 

rB f 

Here tb is the Bohr radius of the pionic hydrogen atom with tb = 222.56 fm, 
Qo = 0.142 fm~^ is a kinematical factor and P=1.546±0.009 is the Panofsky 
ratio |S|. Se and Sr are electromagnetic corrections, which have recently been 
calculated with a potential model with an accuracy of about 0.5% [Zj. In a 
recent study the problem of the electromagnetic corrections is discussed and the 
potential model ansatz is critizised 0 . 

The relations of the measured quantities with the isospin separated scattering 
lengths bo (isoscalar) and 6i (isovector) are given by: 

= bo-bi (3) 



and 

a^-p^^op = V2bi . 

The unique features in using exotic atoms should be recalled: 



( 4 ) 



• Pionic hydrogen is one of the simplest hadronic systems bound electromag- 
netically. Its electromagnetic binding energies are known with an accuracy 
of 3 • 10“®, which is the precision in the mass of the pion [0(. Any deviation 
caused by strong interaction can therefore be studied with high precision. 

• Conventional scattering experiments are restricted to energies higher than 
«10 MeV and have to rely on an extrapolation to zero energy in order to 
extract the scattering lengths. With exotic atoms, however, linear combina- 
tions of the isospin separated scattering lengths are directly measured with 
extremely high intrinsic accuracy. 
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The shift and the width of the ground state in pionic hydrogen and deuterium 
have been determined in a series of experiments of the ETHZ-Neuchatel-PSI 
collaboration by measuring the 3-1 transition at 2886 eV with a reflection type 
crystal spectrometer m- An array of 6 cylindrically bent quartz crystals had 
been used in order to increase the statistics of the experiment. The pions were 
stopped in a cryogenic target inside a superconducting magnet (cyclotron trap 
I) and the X-rays were detected with CCD detectors developed at the University 
of Neuchatel. 




Fig. 1. Information on bo and 6i from scattering experiments and exotic atom data 



The results improved the value for the strong interaction shift by almost two 
orders of magnitude compared to earlier work. In addition first results for the 
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width of the ground state were obtained. The error in the width, however, is still 
almost an order of magnitude bigger than the one in the shift. This excludes the 
extraction of the isospin separated scattering lengths with errors on the %-level 
from the hydrogen experiment alone. The measurement can be useful, however, 
to put constraints on the different work in phase shift analysis of the scattering 
experiments in the pion nucleon system. 

An illustration of the most recent evaluations for 6 q and bi from atomic data 
as well as from scattering data is shown in Figure^ The data from scattering 
experiments lead to the bands limited by full lines. They have been obtained 
by critically investigating the different cross sections for the Tr~^p (proportional 
to 6o + 6i), and tt~p (proportional to bg — bi) and charge exchange processes 
sex (proportional to bi ) and extrapolating them to zero energy ^1] . All three 
bands from the different linear combinations of bg and bi coincide in a narrow 
region in the (bg, bi) plane with corresponding values of about bi = —0.082 m~^ 
and bg = 0.003 m~^ each with errors of about ±0.001 m~^ . As the three differ- 
ent constrains originate from many different sets of experiments, the common 
intersection can be considered as a quite impressive result. Some criticism was 
expressed, however, concerning the validity of the model used P2|. It should be 
mentioned that earlier evaluations of scattering data lead to quite different re- 
sults pam. Especially the value of bg+bi extracted from the Karlsruhe-Helsinki 
evaluation with a value of —0.101 m~^ contradicts the evaluation mentioned 
above which assumes bg + bi = —0.077 ± 0.002 m~^ 

The data from pionic atoms lead to the regions limited by the dashed lines. As 
stated before the large error in the width measurement precludes an extraction 
of bg and b\ with sufficient precision. Moreover the band resulting from the shift 
measurement alone is at variance with the corresponding tt~p scattering data. A 
recent evaluation of pionic deuterium shift data results in a a small overlapping 
area if combined with the pionic hydrogen shift data [SI The results in terms of 
scattering lengths are bg = —0.0017 ± 0.001 m~^ and b\ = —0.09 ± 0.0012 m~^. 
An evaluation of the ETHZ-PSI-Neuchatel group using earlier theoretical input 
for the evaluation of the deuterium data resulted in almost the same value for 
bg but gave a somewhat different value of bi = —0.0868 ± 0.0014 m~ 1 m- 

For sake of illustration the dot at bg = 0.0 and bi = —0.079 
shows the early current algebra work of Weinberg and Tomozawa dsesj. A 
recent HBCHPT calculation to third order expresses the two scattering lengths 
as a sum of directly calculated values plus terms which are functions of low 
energy constants 1.201 . In an evaluation of the low energy constants different 
authors extract values between —.01 and .006 m~^ for bg and between —0.083 
and —0.093 m~^ for b\ [ 2 ]|. A consistent set of experimental data is needed to 
fix the values for the low energy constants and to check the predictive power of 
the theory. 

A precise measurement of the width is important from a different viewpoint 
also: it determines the isovector scattering length directly from which a value 
of the pion nucleon coupling constant can be extracted via the Goldberger- 
Miyazawa-Oehme sum rule. 
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In conclusion it can be stated that the results from scattering data and atom 
experiments are still contradictory and therefore need further investigation. From 
the side of the atom experiments it should be clarified whether the shift and the 
width values of pionic hydrogen and deuterium are true strong interaction effects 
and are not spoiled by the interaction of the pionic atom with the surrounding 
molecules. In other words the shift and the width measurements for pionic hy- 
drogen and deuterium should be extrapolated to zero pressure. In a second step 
state of the art electromagnetic corrections should be applied. 

2 Proposed Measurements of the Strong Interaction Shift 
and Width in Pionic Hydrogen 

In a recent proposal to PSI it is planned to determine the ground state width 
(and shift) from the 2-1 (2433 eV) and the 3-1 (2886 eV) as well as the 4-1 (3042 
eV) transitions at 3 different pressures between 3 and 15bar ^7|- The planned 
set-up is shown in FigureEl 




Fig. 2. Set-up 



At the basis of the experiment are a newly designed cyclotron trap (cyclotron 
trap II), a single spherically bent crystal (silicon or quartz) and a new CCD 
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detector array. This will result in an improved luminosity for the detection of 
X-rays together with a better resolution. In addition a much improved shielding 
is foreseen, which together with the background reduction features of the CCD 
detector, should lead to a much lower background. Low background is important 
to extract reliable data for the Lorentzian width of a transition. First experiments 
with pionic deuterium showed the correctness of the proposed approach |22| . An 
enhancement in intensity by more than an order of magnitude and a further 
reduction of background compared to earlier experiments (Figure^) could be 
established in spite of the fact that the newly developed CCD detector was not 
yet in place. 




energy/ch 



Fig. 3. The 2-1 transition in pionic deuterium measured with the Jiilich spectrometer 
and cyclotron trap II 



The planned measurements will be able to accumulate an intensity of more 
than 10000 events per transition enabling a determination of the transition en- 
ergy with a statistical accuracy of better than 3 meV. For the 3-1 and 4-1 
transitions in pionic hydrogen pionic oxygen and carbon transitions adjacent in 
energy are available as calibration lines, thus avoiding the systematic errors in 
the former experiment. In a first step the experiment will establish a result for 
the shift independent of pressure. In order to achieve this the position of the 3-1 
and 4-1 lines will be measured as a function of pressure in the region between 
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1 and 40 bar. In case of a pressure shift an extrapolation to zero pressure will 
lead to a reliable value for the strong interaction shift. 

The limitation in the determination of the strong interaction width is mainly 
given by the Doppler effect caused by the so-called Coulomb deexcitation accel- 
eration. 

In the first step of the experiment (with the 3-1 and the 4-1 transitions being 
measured at at least 3 different pressures) the width can be extracted from a 
simultaneous fit of all transitions, which keeps the different Doppler broadenings 
free, but leaves the resolution for the different transitions fixed at its known 
value. In addition the strong interaction width is assumed to be the same for 
all transitions. With this procedure a common value for the strong interaction 
width can be extracted with an accuracy of about 2.5%. 

The still necessary increase in accuracy requires an additional effort. A si- 
multaneous spectroscopy of pionic and muonic hydrogen atoms is planned as 
the muonic X-rays do not show any strong interaction broadening, but exhibit 
Doppler broadening similar to pionic atoms. A method was found to measure 
pionic and muonic X-rays simultaneously. The reduced masses of pionic and 
muonic hydrogen exhibit almost the same ratio as two lattice plane differences 
of quartz. With a two crystal set up the pionic and muonic X-rays can be Bragg 
reflected to the same CCD detector. 

1400 
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counts 
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Fig. 4. A simulation of the 2-1 transition in muonic hydrogen. The structure of the 
line reflects the different contributions from Coulomb deexcitation processes 
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A computer simulation of the muonic 2-1 transition is shown in Figure^ 
It comprises 20000 measured muonic X-rays which corresponds to a measuring 
time of 2 weeks at a pressure of 15 bar. The line is broadened by Doppler effect 
gained from converting the transition energies of the 4-3 and the 3-2 transitions 
into kinetic energies via the Coulomb deexcitation process. The corresponding 
distribution of the kinetic energies had been calculated with a modern cascade 
program. A resolution of 220 meV is assumed for a quartz crystal and a statisti- 
cally populated hyperfine splitting of 180 meV is taken into account. The peak 
to background ratio corresponds to recent experience. 

Recent experiments determined the velocity state of the pionic hydrogen 
atom at the moment of the charge exchange reaction I23J. These results constrain 
the input parameters for the cascade calculations as well as the direct X-ray 
measurements from muonic hydrogen. The results of the cascade calculations 
can then be used to correct for the influence of the Doppler broadening. 

2.1 Calibration Procedures 

A successful X-ray spectroscopy of the quality required for the pionic hydro- 
gen experiment is based on a narrow and well understood response function of 
the crystals. An energy calibration or an optimization can not be achieved with 
fluorescence X-rays produced with X-ray tubes. Their width is an order of mag- 
nitude broader than the resolution of the crystals. The line shape is moreover 
influenced by poorly determined satellite lines. 

There are about 10 useful pionic X-ray transitions in the energy region be- 
tween 2 and 3 keV available from low Z gases. Their rates, however, are not 
sufficient to do a time consuming optimization of the crystal resolution. A solu- 
tion of this problem is the production of X-rays from one- or two-electron atoms. 
They can be delivered copiously by electron cyclotron resonance (ECR) sources, 
which have been developed as ion sources for accelerators. The line width of the 
X-rays is determined almost exclusively by a very much reduced Doppler effect 
which leads to negligible broadenings compared to the intrinsic resolution of the 
crystals. Presently such a source is being set up at PSI. It is planned to test it 
first with Si crystals which have been studied extensively during recent years. 
In a second step the response function of quartz crystals will be optimized and 
fluorescence sources will be calibrated. During the measurement with pions and 
muons the crystals can then be routinely surveyed with pionic X-rays which in 
turn can be used to energy calibrate the ECR measurement on the ppm level. 
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Abstract. We present theoretical calculations for the (36,35) ^ (34,33) transition 
between metastable states in the antiprotonic helium ^Ke^p, which is supposed to be 
measured in the two-photon high-precision spectroscopy experiment at CERN. 



1 Introduction 

Metastable states of an exotic atom He~'’p, where one of the electrons of the 
usual helium atom is replaced by an antiproton, were of considerable interest in 
the last few years. After first observation at KEK of the delayed annihilation 
phenomena, when about 3.6% of antiprotons injected into the helium target ^ 
survived as long as a few microseconds, a series of spectroscopic measurements of 
some transition lines both in ^He and ^He atoms has been performed at CERN 
m It was expected that such longevity could be explained by the stability 
model suggested by Condo According to this hypothesis antiprotons that 
occupy nearly circular orbits (with n ~ 40) decay by slow radiative transitions 
only. Further theoretical calculations of the transition energies jHj that brought 
agreement between theory and experiment to about 5-10 ppm have rigorously 
confirmed the Condo model. 

It is convenient to compare the life-time of these states that is about ~ 

2 X 10“® s with the life-time of those which are more familiar and are known 
from textbooks, such as the helium 2^P state, 9.9 x 10“® s, and the hydrogen 
2P state, 1.6 x 10“® s. 

2 Relativistic corrections. Radiative corrections. 
Asymptotic expansion in terms of cx. 

The simplest and the most common way to evaluate relativistic corrections is to 
calculate the lowest order corrections which are given by the expectation values 
of the Breit interaction 0. However, this approach is limited by the accuracy of 
about a'^ « 0.3 • 10“®, which is insufficient for our final goal. 

To get relativistic corrections of higher order in a we can consider generaliza- 
tion of the Grotch-Yennie equation [7| to the three-body case. Velocity of heavy 
particles is several orders of magnitude smaller <C fg), thus the o? order 
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relativistic corrections for heavy particles would be enough for the theoretical 
consideration. 

« (a/40)^ « 1.1 • IQ-i^ 

On the other hand, inclusion of the first order relativistic correction to the wave 
function provides the accuracy of a® « 1.5-10“^^. The numerical implementation 
of the Grotch-Yennie approach is in progress. 

The displacement of energy due to the one-loop QED corrections for the 
bound electron is |8|h] (r^, i = 1,2 are position vectors of electron with respect 
to helium nucleus and antiproton) 




(one- loop) = 



(n|(5(rj)|n)2Ry-^ 



' 1 fco(n) 5 

In — - In — — -b - 
Ky D 



+(Z.o)3» 1 - I 1 .. 2 ) - ^ 



( 1 ) 



-5+(Z.o)>r^ 



[*Mo(/?«'E)„j2Ry-bO(a®lna). 



Here ln[fco(n)/Ry] is the nonrelativistic Bethe logarithm [H3 and is the only 
quantity in Eq. (1) that depends on the whole wave function and requires signif- 
icant computational efforts. Recently, following Schwartz (see CD) a new method 
has been elaborated that is applicable to both one- and two-electron systems of 
an arbitrary angular momentum na. The final accuracy of expansion (1) is 

« 1.0 • 10"i°. 

Eventually, we included the corrections for the finite size of nuclei 






E 2'KZi{Ri/ ao)"^ IT, 



where R is the root-mean-square radius of the nuclear charge distribution. The 
RMS radius for the helium nucleus and antiproton were taken, respectively, 
i?(^He) = 1.673(1) fm, and R{p) = 0.862(12) fm. 



3 Results 

In Fig. 1 a schematic diagram of a two-photon Doppler-free experiment is shown. 
It is taken from the ASACUSA proposal m for the higher precision measure- 
ments of the transition lines between (36, 35) and (34, 33) metastable states, 
which are expected to be carried out in the nearest future. In what follows re- 
sults of theoretical consideration for this particular transition are presented. 

The Bethe logarithm values for the parent and daughter states were obtained 
with sufficiently high accuracy. 



ln[/co(36,35)/Ry] = 4.48962(3) , ln[/co(34, 33)/Ry] = 4.52396(3) . 
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Fig. 1. Schematic diagram of an experiment for the two photon high precision mea- 
surement of transition energy between two metastable states 



Table 1. Different contributions to the transition energy between metastable states 
(36, 35) and (34, 33) of the “^He^p atom 



-^nonrelativistic — 


1527955 769 


MHz 


.^relativistic corrections — 


-50 659 


MHz 


^seli energy — 


7517 


MHz 


.S^vacuum polarization — 


-242 


MHz 


.E^finite nuclear size — 


5 


MHz 


r 

-^uncalculated order corrections 


5(5) MHz 



-Ftotal 



= 1527912 390(5) MHz 



Contributions to the spin-independent part of the transition energy (36, 35) — *■ 
(34,33) are summarized below in Table 1. 

However, at this level of precision in experiment two distinct lines of the HFS 
should be observed H3!> 

E{L -b i) = 1 527 912 624 MHz, E{L - 5 ) = 1 527 912 137 MHz 

In calculations presented here the following ratios of heavy particle masses 
to the electron mass have been adopted: rup = 1836.152667(4) me, rriue = 
7294.299508(16) me- It is obvious now that the uncertainty of 2 ppb in masses 
will become the main limitation in theoretical predictions in the nearest future. 

This work has been partially supported by INTAS Grant No. 97-11032, which 
is gratefully acknowledged. 
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Abstract. Cold antihydrogen atoms in a magnetic trap will open exciting prospects 
for challenging CPT tests with nltrahigh-resolution laser spectroscopy. Equally exciting 
is the prospect for experiments on the gravitational acceleration of antimatter. For both 
types of experiment it is of great importance to have antihydrogen as cold as possible. 
Laser cooling of antihydrogen can be done on the strong 1S-2P transition at Lyman-a 
(121.56 nm). We describe the first source for continuous coherent radiation at Lyman-a 
and possible applications in experiments with antihydrogen. 



1 Introduction 

The theory of the hydrogen atom and experiments keep challenging each other at 
ever increasing levels of precision ■ That interplay stimulated the development 
of ultrahigh precision laser spectroscopy of the hydrogen atom which has recently 
been employed to measure fundamental constants, to establish stringent tests of 
quantum electrodynamics and even to investigate hadronic structure |‘JMI4j . It 
would be fascinating to use these advanced tools for the investigation of anti- 
matter. High resolution laser spectroscopy of antihydrogen could then open a 
new field for precise tests of the fundamental CPT symmetry j^. Furthermore, 
laser cooling and laser spectroscopy techniques are essential for a possible mea- 
surement of the gravitational force on antihydrogen |7]. 

The recent production of a few fast antihydrogen atoms |8I9| has attracted 
considerable interest and has also given prospect to a new field of experiments 
with cold antihydrogen atoms. Simultaneous trapping of cold positrons and an- 
tiprotons has already been demonstrated m at the Low Energy Antiproton 
Ring (LEAR) at CERN which is no longer available for antiprotons ^3- The 
new Antiproton Decelerator (AD) at CERN has recently been commissioned 
m- Two collaborations have been formed to use the slow antiprotons from the 
AD with the goal of precision measurements on magnetically trapped antihydro- 
gen. 

Initially the focus will be upon producing cold antihydrogen atoms. The rate 
for spontaneous radiative recombination of antiprotons and positrons is rather 
low because the emission of photons is a slow process on the time scale of colli- 
sions. Laser-stimulated recombination can increase the antihydrogen formation 
rate by orders of magnitude IH- Other avenues towards antihydrogen produc- 
tion at low energies are pulsed-field recombination uni or collisions of antiprotons 
with positronium m- 
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The wavelength dependence of laser-stimulated recombination could be used 
to perform spectroscopy. The recombination rate is closely related to the distri- 
bution of positrons in energy and also to the population of bound levels close 
to the ionization threshold m The spectral resolution for the first step of 
laser-stimulated recombination is thus limited by the energy distribution of the 
positrons. Laser-induced two-step recombination, first into a high-lying state 
with the subsequent stimulation of a bound-bound transition into a lower lying 
state, offers a first possibility for precise laser spectroscopy m- 

Precision experiments will most likely make use of magnetically trapped an- 
tihydrogen atoms m- The narrow 1S-2S transition is an especially intriguing 
candidate for ultimate precision experiments. The excitation rate for this two- 
photon transition, however, is typically rather small. Previous experiments on 
ordinary hydrogen compensated that by using many atoms atoms/s 

in a beam [21^2 Ij . atoms in a trap j22f2.Sj ). Given that the AD deliv- 

ers about 10^ antiprotons/minute at lOOMeV/c, it is clear, that new techniques 
need to be developed for experiments with antihydrogen. 

The strongest transition of the antihydrogen atom, IS ^ 2P, is situated in the 
vacuum ultraviolet (VUV) spectral region at 121.56 nm (Lyman-a). Narrowband 
continuous radiation at this wavelength is important for efficient laser cooling 
of antihydrogen atoms in a magnetic trap. Further, continuous radiation opens 
a possibility for ultrahigh resolution spectroscopy of the weak 1S-2S transition 
employing a “shelving” scheme that requires just a few antihydrogen atoms. In 
this contribution we describe the first source for continuous coherent radiation 
at Lyman-a and its possible application for experiments with antihydrogen. 



2 Source for Continuous Coherent Radiation at Lyman-o: 



Producing coherent radiation at 121.56 nm (Lyman-a) is still a technological 
challenge as there are no tunable lasers and nonlinear crystals available for 
that spectral region. Sum-frequency generation of several incident laser beams 
utilizing the nonlinear susceptibility of atomic vapors and gases is commonly 
used to produce coherent radiation in the VUV. Four-wave mixing (FWM) can 
produce the sum-frequency of three fundamental colors. Many pulsed Lyman-a 
sources based on FWM with high-power lasers have been build over the years 
^412512612712^ . Several FWM schemes have been described in the literature 
which demonstrate the feasibility to produce continuous radiation in the VUV 
(down to 133 nm, where 11 pW has been obtained) 

The yield of near-resonant four-wave mixing scales as 






Pi -P2- Ps 



density 



dipole-moments 



resonances 



phasematch-integral 



where Pi, P2, and P3 denote the powers of the fundamental beams m- For 
FWM with continuous wave beams the incident power levels are rather low. 
Tight focusing is therefore used to obtain high intensities. Especially important 
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for continuous FWM is the resonant enhancement of the nonlinear suscepti- 
bility. An exact two-photon resonance is essential. Near resonances at one and 
three photon heights are chosen to give maximum enhancement without too 
much absorption. It is necessary to select a medium with strong dipole moments 
on transitions with convenient wavelengths so that powerful fundamental laser 
beams are possible. Note that the requirements for efficient continuous wave 
FWM are rather different from pulsed FWM: Tight focusing and resonances are 
generally avoided for pulsed FWM with high-power lasers as they would lead to 
rapid saturation due to multi-photon ionization. 

E [cm-i ] 




Fig. 1. Four-wave mixing scheme to produce radiation at Lyman-a in mercury vapor 



Our Lyman-o: source is based on FWM in mercury vapor. The scheme in 
Fig. □ shows relevant energy levels of mercury and the wavelengths that are 
used. The first fundamental beam at 257 nm is on the long wavelength side of 
the transition 6s ^Sq — *■ 6p ^Pi in mercury at 253.7 nm. This beam is obtained by 
frequency doubling the radiation from a single-mode Ar~''-laser. A nonlinear op- 
tical crystal (/3-barium borate, BBO) placed in an enhancement cavity produces 
up to 900 mW of power at 257 nm. The second fundamental beam at 399 nm 
establishes an exact two-photon resonance with the 7 ^Sq state. This beam is 
obtained by frequency-doubling the radiation from a titanium-sapphire laser. A 
nonlinear optical crystal (lithium borate, LBO) placed in an enhancement cavity 
produces up to 920 mW of power at 399 nm. The third fundamental light field at 
545 nm comes from a dye-laser which operates on rhodamine 110 and produces 
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up to 1.7W. The wavelength of this third fundamental beam is chosen such that 
the sum-frequency is at Lyman-a. Bound states in mercury such as lip ^Pi and 
12p ^Pi contribute significantly to the non-linear susceptibility m- 

The mode profile and the overlap of the fundamental beams is very critical. 
The frequency-doubled beams have an elliptical profile and are astigmatic. This 
is compensated for by cylindrical lenses. Telescopes with spatial filtering enlarge 
the beams to match focussing parameters. The three fundamental beams of 
parallel and linear polarization are then focussed to a beam waist of 30|4m in 
the middle of a 15 mm long zone of mercury vapour at 20-30 Torr. The overlap 
is preadjusted with a pinhole and alignment beams obtained from a reflection 
of the entrance window. The 257 nm and the 399 nm foci are aligned further 
by maximizing fluorescence at l.Oldpm which originates from the decay of the 
two-photon resonant 7s ^Sq to the 6p ^Pi level. The 545 nm focus is then aligned 
by maxinizing the generated radiation in the vacuum ultraviolet. 

The generated radiation at Lyman-a is separated from the fundamental 
beams with the help of the dispersion of a MgF 2 lens. The focal length for 
the fundamental beams is several centimeters longer than the focal length for 
the generated beam in the vacuum ultraviolet. Most of the radiation produced 
at Lyman-a can thus pass a small mirror which reflects the fundamental beams 
being placed at their focus. A set of up to three narrowband VUV interference 
filters provides additional separation of the Lyman-a beam. The setup has been 
described in detail elsewhere Several refinements of the four-wave mixing 
setup allow now for a VUV yield at Lyman-a of up to 20 nW. 

The Lyman-a beam has been used recently for spectroscopy of atomic hydro- 
gen. The IS — > 2P transition has been driven for the first time with continuous 
coherent radiation. Results and a detailed description of the atomic hydrogen 
beam apparatus will be described elsewhere m- 

3 Laser Cooling and Shelving Spectroscopy 

Let us now turn to possible applications of the continuous source for radiation 
at Lyman-a. Laser cooling of antihydrogen with pulsed Lyman-a radiation has 
been discussed by some authors UTtnm . A continuous source has clearly sig- 
nificant advantages over pulsed sources. Typical pulsed sources for radiation at 
Lyman-a have pulse lengths of nanoseconds. The lifetime of the 2P states is 
1.6 ns. Hence sources with nanosecond pulses cause at most a few excitations 
per pulse. Laser cooling is effectively limited by the pulse repetition rate. There- 
fore a continuous source can provide a larger rate for laser cooling. Furthermore, 
the spectral bandwidth of a continuous source can be much lower. This provides 
higher selectivity for magnetic substates of atoms in a trap thereby reducing 
losses due to spurious optical pumping to untrapped magnetic sublevels. 

The resonant absorption cross section for radiation at Lyman-a can be as 
high as 3 A^/ 27 t |ES). Consider a volume of 1 mm diameter being illuminated with 
1 nW resonant radiation at Lyman-a. The excitation rate for an atom is then 
5s“^. Suppose that we would like to cool antihydrogen atoms in a magnetic 
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Fig. 2. Excitation scheme for shelving spectroscopy of antihydrogen 



trap starting with an initial temperature of 1 K which corresponds to an aver- 
age velocity of 150 m/s. The average velocity change per excitation is 3.3 m/s. 
Cooling could thus be done in about 10 s with only InW of resonant radiation 
at Lyman-a available from our source at its early stage. 

A continuous coherent Lyman-a source opens also a possibility for high- 
resolution spectroscopy with only a few antihydrogen atoms m- Consider the 
excitation scheme shown in Fig. Q Radiation at Lyman-a excites a single atom 
in a magnetic trap from the 1 ^Si /2 ground state to the 2 ^P 3/2 excited state. 
The 2 ^P 3/2 has a very short natural lifetime of 1.6 ns. Thus intense resonance 
fluorescence can be emitted by the decay of the 2 ^P 3/2 state back into the ground 
state. Excitation on the strong Lyman-a transition is alternated with irradiation 
of the atom by ultraviolet light at 243 nm. Simultaneous Doppler-free absorption 
of two photons leaves the atom in the 2 ^Si /2 state. This state is metastable and 
decays by two-photon emission to the ground state with a natural lifetime of 
122 ms. Observation of resonance fluorescence at Lyman-a in the following cycle 
is used to determine whether the weak two-photon excitation into the metastable 
state was successful or not. The absence of resonance fluorescence indicates that 
the atom has been excited (“shelved”) into the metastable state. In that case 
the atom can be “reset” into the ground state by applying a microwave held to 
couple the long-lived 2 ^Si /2 state with the rapidly decaying 2 ^Ps /2 state. The 
fraction of cycles with no resonance scattering represents the probability of the 
two-photon excitation. An absorption spectrum is obtained by stepwise scanning 
the 243 nm laser frequency while measuring the probability of excitation. 

Shelving spectroscopy thus involves many decisions whether the antihydro- 
gen atom has been excited to the metastable 2 ^Si /2 state or not. These decisions 
have to be made somewhat quicker than the natural lifetime of the metastable 
state and are based on the observation or the non-observation of fluorescent 
light at Lyman-a. The detection efficiency for fluorescent light from an antihy- 
drogen sample in a magnetic trap with superconducting coils is probably rather 
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low. Shelving spectroscopy requires thus far more power at Lyman-a than laser 
cooling. 

To conclude, the photon flux from our source for continuous Lyman-a radia- 
tion at its early stage is promising for laser cooling of antihydrogen in a magnetic 
trap. It is expected that the yield can be increased by several orders of magni- 
tude. It would also be very interesting to replace one of the continuous beams 
in the FWM scheme by a pulse-amplified beam with a long duration, say ps to 
ms. Combining the advantages of narrow bandwidth and high intensity, such a 
hybrid Lyman-a source could be ideal for laser cooling, Zeeman slowing, and 
shelving spectroscopy of antihydrogen. 
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Abstract. This paper describes measurements of the hyperfine structure of two an- 
tiprotonic atoms that are planned at the Antiproton Decelerator (AD) at CERN. The 
first part deals with antiprotonic helium, a three-body system of a-particle, antiproton 
and electron that was previously studied at LEAR. A measurement will test existing 
three-body calculations and may - through comparison with these theories - determine 
the magnetic moment of the antiproton more precisely than currently available, thus 
providing a test of CPT invariance. The second system, antihydrogen, consisting of an 
antiproton and a positron, is planned to be produced at thermal energies at the AD. 
A measurement of the ground-state hyperfine splitting z/hf(H), which for hydrogen is 
one of the most accurately measured physical quantities, will directly yield a precise 
value for /r-, and also compare the internal structure of proton and antiproton through 
the contribution of the magnetic size of the p to !/hf(H). 



1 Introduction 

The upcoming Antiproton Decelerator (AD) Q at CERN allows the formation 
and precision spectroscopy of antiprotonic atoms. Among the three approved ex- 
periments, the ABACUS A collaboration will as part of its program continue 
experiments with antiprotonic helium that were previously performed by the 
PS205 collaboration |B| at the now closed Low Energy Antiproton Ring (LEAR) 
of CERN. Antiprotonic helium consisting of an alpha particle, an antiproton, 
and an electron (He’*'’*' —p — e~ = pHe’*'), was found to have lifetimes in the 
microsecond range, thus enabling its examination with spectroscopy techniques. 
This unusual 3-body system has both the properties of an atom and - due to 
the large mass of he p - a molecule and is therefore often called “atomcule” . An 
overview on measurements on antiprotonic helium is given in the talk by T. Ya- 
mazaki ^ . The laser spectroscopy experiments of PS205 have proved that the 
antiproton occupies highly excited metastable states with principal and angular 
quantum numbers (n, L) = 30. . .39 (cf. Fig.^). A major experiment at the AD 
will be the measurement of level splittings caused by the magnetic interaction of 
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its constituents. Due to the large angular momentum of the antiproton, the dom- 
inant splitting comes from the interaction of the antiproton angular momentum 
and the electron spin. Since it is caused by the interaction of different particles, 
it is called a hyperfine structure (HFS). Its magnitude is about 10. . .15 GHz. 
The antiproton spin leads to a further, by two orders of magnitude smaller split- 
ting (called super hyperfine structure, SHFS). We describe an already installed 
two-laser microwave triple resonance experiment to determine this unique level 
splitting accurately. A measurement of the HF splitting will constitute a test 
of existing three-body calculations and, through comparison with these calcu- 
lations, has the potential to become a CPT test by extracting a value of the 
antiproton magnetic moment with possibly higher accuracy than it is currently 
known. 

The formation and spectroscopy of antihydrogen, the simplest form of neutral 
antimatter consisting of an antiproton and a positron, is one of the central topics 
at the AD. Complementary to the ls-2s laser spectroscopy pursued by the two 
other experiments at the AD, ATHENA 0 and ATRAP [0|, the ASACUSA col- 
laboration is developing a measurement of the antihydrogen ground-state hyper- 
fine structure. This quantity is of great interest for CPT studies in the hadronic 
sector, since this value for hydrogen is one of the most accurately measured phys- 
ical quantities, but the theoretical precision is limited by the much less accurately 
known electric and magnetic form factors of the proton. By measuring the HFS 
of antihydrogen, the value of the magnetic moment of the antiproton and its 
form factor, i.e. its spatial distribution, can be compared to the ones of the pro- 
ton. Preliminary studies of a possible experimental layout using an atomic beam 
method as employed in the early stages of the hydrogen HFS measurements are 
presented. 

2 Hyperfine Structure of pHe+ 

Fig.12 shows the level diagram of antiprotonic helium which was experimentally 
established by observing several laser-induced transitions of the antiproton (see 
talk by T. Yamazaki ^). Each level in Fig.^is split due to the presence of three 
angular momenta: the orbital angular momentum L (mainly carried by the p), 
and the spins of the electron Se and the antiproton Sp. These momenta couple 
according to the following scheme: 

F = L + S,, (1) 

j =L + Sp, (2) 

J =F+Sp = j + S^ = L + Sp + S^. (3) 

Due to the large orbital angular momentum of the p (L ^ 30 . . . 35) occupying 
metastable states, the dominant splitting is caused by the interaction of the 
spin-averaged p magnetic moment and the electron spin, giving rise to a doublet 
with F+ = L-|- 1/2 and F~ = L — 1/2 and the associated energy splitting 
(cf. Fig. 13). This splitting is called the Hyperfine (HF) Structure. The p spin 
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I = 30 31 32 33 34 35 36 37 38 39 40 41 

Fig. 1. Energy levels of the antiproton in pHe”*". The p is captured by replacing one of 
the Is electrons, which corresponds for the p to a state with principal quantum number 
no ~ yiF /m, where M* is the reduced mass of the atomcule, and m the electron 
mass. About 3% of antiprotons are captured in metastable states (black lines) at high 
angular momenta L ~ n — 1, for which deexcitation by Auger transitions is much 
slower than radiative transitions. The lifetimes of these states is in the order of /rs. The 
antiprotons follow predominantly cascades with constant vibration quantum number 
V = n — L — 1 (black arrows) until they reach an auger-dominated short-lived state. 
The atomcule then ionizes within < 10 ns and the pHe^’'" is immediately destroyed 
in the surrounding helium medium. The overall average lifetime of atomcules is about 
3 — 4 /is 



causes an additional, smaller splitting for each of the HF states, which is called 
here the Super Hyperfine (SHF) Structure. 

The HF and SHF structure has been calculated by Bakalov and Korobov 
m using the best three-body wavefunctions of Korobov Pj, and recently by 
Yamanaka et al. mg using wavefunctions calculated by Kino et al. by the coupled 
rearrangement-channel method m- They present the HF and SHF energies in 
terms of the angular momentum operators as 



SE = Ei{L ■ S^) + E2{L ■ Sp) (4) 

+Es{S^ ■ Sp) + Ei{2L{L + l)(S'e • Sp) - 6(i • S^) ■ (L ■ Sp)} 

The first term gives the dominant HF splitting. 

The lower and the upper states of a HF doublet have E~^ and E~ , respec- 
tively. The SHF structure is a combined effect of i) (the second term) the one- 
body spin-orbit interaction (called historically Fine Structure, but small in the 
present case, because of the very large (n,L)), ii) (the third term) the contact 
term of the Sp — Se interaction and iii) (the fourth term) the tensor term of the 
Sp — Se interaction. According to the calculation, the contact and the tensor 
terms almost cancel and the SHF splitting is nearly equal to the one-body spin- 
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Fig. 2. Laser (/*), microwave (i'hf)’ (^^hf) transitions in pHe”*". (^hf is a 

transition between the SHF states of same total angular momentum J = L that is 
suppressed by a factor ~ Ij L compared to the allowed AL — 1 transitions i^^f- The 
right-hand side shows the splitting of the parent state of a laser transition into a 
quadruplet, while on the left-hand side only the dominant doublet splitting for the 
daughter state is shown 



orbit splitting as given by the second term. Thus, its level order (the j = L— 1/2 
level is lower than the j~^ = L + 1/2 level) is therefore retained. 

2.1 Observation of a Line Splitting in a Laser Transition 

According to the previous chapter, one should observe several lines in a single 
laser transition. Due to the large L, the electric dipole transitions induced by 
the laser pulses are subject to the selection rule ASe = ASp = 0, which results 
in a quadruplet structure of each transition line, where the distance between the 
sub- lines is equal to the difference in splittings of the parent and daughter states. 
But from theoretical calculations 0 it follows that the splitting arising from the 
SHF structure is too small (« 10 ... 50 MHz) to be resolved in our experimental 
conditions (the p of momentum 100 MeV/c (5.3 MeV kinetic energy) are stopped 
in rather dense helium gas of temperature ~ 6 K and pressure ~ 250 — 600 mbar) 
where the Doppler broadening amounts to ~ 400 MHz. The splitting due to the 
HF coupling, however, is in the order of 1.6 .. . 1.9 GHz for so-called “unfavoured” 
transitions of type Av = 2 (transitions between different cascades, see Fig. ^ 
which is slightly larger than the bandwidth of ^ 1 GHz of our laser system. 

In the last beamtime at LEAR in 1996 we therefore scanned the previously 
discovered (n, L) = (37, 35) — > (38, 34) transition at A = 726.1 nm by tuning our 
laser system to the minimum achievable bandwidth of 1.2 GHz. Fig. 0 shows 
the result of the high resolution scan ini: a doublet structure with a separation 
of Ai/^y = 1.70 ± 0.05 GHz, in accordance with the theoretical prediction of 
Bakalov and Korobov of 1.77 GHz |^. 
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Fig. 3. Observed hyperfine splitting in the (n, L) = (37, 35) — > (38, 34) transition of 
antiprotonic helium. Plotted here is the area under the laser-induced annihilation peak 
normalized to the total delayed annihilations vs. the laser wavelength 



2.2 Planned Two-Laser Microwave Triple Resonance Experiment 

Due to Doppler broadening and the limited bandwidth of pulsed laser systems, 
the achievable accuracy in measuring the HF splitting in a laser transition is 
rather small. Moreover, only the difference of the splittings of parent and daugh- 
ter state can be measured. A more promising way is to directly induce transitions 
between the HF and SHF levels within a state (e.g. the transitions labeled 
and izyp in Fig. [3 by applying microwave radiation. According to |8I1[)| . the HF 
splitting for the (37,35) state amounts to ~ 12.91 GHz. 

In order to detect a microwave induced transition between the F~^ and F~ 
states, first a population asymmetry has to be induced. As described in Fig. 2] 
this can be done by a laser pulse tuned to only the /“*■ or f~ transition. Fig. EK) 




Fig. 4. Two-laser microwave triple resonance experiment explained at the example of 
the already observed {n,L) = (37,35) ^ (38,34) transition. Left: Simulated delayed 
annihilation time spectra of the laser/microwave triple resonance method. Right: Sim- 
ulated laser and microwave resonance profiles 
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shows a resonance profile of the (n, L) = (37, 35) ^ (38, 34) laser transition 
assuming a realistic laser bandwidth of ^ 0.9 GHz, with which the doublet can 
be sufficiently separated. Nevertheless, a laser pulse tuned to /“ will still partly 
depopulate also the states. 

Fig. EK)-c) show time spectra when two successive laser pulses are applied. 
In Fig. EK), the two pulses have different frequencies, and therefore the pulse 
height is determined by the population of the HF levels at times ti and t 2 when 
the pulses are applied. In Fig. 0(3) two pulses of the same frequency are applied. 
In this case the laser peak at ^2 is much smaller than the one at ti, its height 
being determined by the deexcitation efficiency of the first pulse, plus feeding 
from upper states during the period between the two pulses. 

If between t\ and t 2 a microwave pulse is applied on resonance with one for 
the possible transitions between the F+ and F~ states (e.g. see Fig. EJ, 
the population of these levels can be equalized, and the second laser pulse at 
t 2 will detect a larger population and thus the peak at t 2 will be larger. If 
the ratio of the peak areas at t 2 and ti is plotted against the microwave 
frequency, two resonances should be observed for the two allowed transitions 
and as shown in Fig. EC), with the center at 12.91 GHz and a splitting 

^SHF ~ ^SHF = 28 MHz as predicted by piO] . 

In this way, the HF splitting of pHe’*' atomcules can be determined. The 
ultimate precision is limited by the natural width of the metastable states (~ 
0.2 MHz) There might, however, be distortions of the resonance line due to 
influences of collisions with the surrounding medium that have so far only been 
roughly estimated theoretically to yield only a negligible shift and a broadening 
of ^ 10 MHz ^|. In this case the line center could be measured to ^ 100 
kHz corresponding to ^ 10 ppm. The accuracy of the theoretical predictions are 
10“^ (100 ppm) 0 and 50 ppm EDI, and agree within 200 ppm (2 x 10“"'^). The 
measurement will therefore test the three-body calculations and QED corrections 
to this accuracy. 

The SHF frequencies provide information on the one-body spin-orbit and 
spin-spin terms. If a doublet structure with a small splitting is indeed observed in 
the two-laser microwave triple resonance experiment, it confirms the cancellation 
of the scalar and tensor spin-spin terms as predicted by theory. The observed 
difference of JZgjjp — izgjjp is then rather insensitive to the magnetic moment /ip- of 
the antiproton. An observation of the suppressed transition i^gHP fi§- 13) or 
a direct measurement of J^gjjF or ^shf> however, could reveal information on 
which is so far only known to 3 x 10“^ from X-ray measurements of antiprotonic 
Pb [Hj. 

3 Ground-State Hyperfine Structure of Antihydrogen 

3.1 General Remarks 

The production and spectroscopy of antihydrogen (p-e“*" = H) is one of the 
central topics at the Antiproton Decelerator (AD) of GERN. The two other ap- 
proved experiments, ATHENA 0 and ATRAP |S| are dedicated to antihydrogen 
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studies, and plan to precisely measure the optical ls-2s transition in H using 
Doppler-free two-photon spectroscopy. Tests of CPT symmetry performed by 
comparing hydrogen and antihydrogen can yield unprecedented accuracy since 
the ground state of antihydrogen has in principle an infinite lifetime, if the H can 
be separated from ordinary matter. Those experiments therefore plan to capture 
the antihydrogen atoms in neutral atom trap as it has been done for hydrogen 
by the group of D . Kleppner it™ . Since the 2s state has a natural linewidth 
of 1.3 Hz, they hope to reach an ultimate relative precision of 1 x 10“^®. 

The Is- 2s transition energy is primarily due to the (electron) Rydberg con- 
stant, where the antiproton mass contributes via the reduced mass only of the 
order of 10“®. For the theoretical calculations an uncertainty exists at the level 
of 5 X 10“^^ P2] (finite size corrections) due to the experimental error in the 
determination of the proton radius, even if only the more reliable Mainz value 
of J< r 2 > = 0.862 ± 0.012 fm ^ is used (for a detailed discussion of the pro- 



ton radius and its implications of precision spectroscopy in hydrogen see m)- 
It should be noted that the recent determination of the hydrogen ground-state 
Lamb shift from the ls-2s transition energy m favour an even slightly larger 
value of the proton radius than stated above. In this sense the hydrogen and an- 
tihydrogen ls-2s energies yield primarily information on the proton and antipro- 
ton charge distributions, respectively, once the experimental accuracy exceeds 
the level of 5 x 10“^^. 

The hyperfine structure of the ground state of the hydrogen atom is also 
among the best known quantities in physics, which has had a large impact on 
quantum physics at every stage of its development, as described in a review by 
Ramsey m The first measurements were done 60 years ^2] ago with Stern- 
Gerlach type inhomogeneous magnets where the hydrogen atoms were deflected 
by the force of the magnetic field gradients onto the magnetic moment of the 
electron. 

With the advent of the magnetic resonance method the hyperfine splitting 
of the hydrogen ground state was successfully determined from microwave reso- 
nance transitions by Nafe and Nelson and later by Prodell and Kusch m- 
The precision attained by the first resonance experiment was already impres- 
sively high: j/hf(H) = 1420.410 ± 0.002 MHz, which supersedes the uncertainty 
in the theoretical prediction of the present day, as shown below. In the early 
stages, room temperature hydrogen atoms were transported through inhomoge- 
neous magnetic field and the transit time in the resonance cavity set an intrinsic 
limit on the resonance width. As hydrogen atoms became confined, the precision 
increased accordingly, and even a maser oscillation was finally observed |2S| • The 
best value to the present ' ^Z I VZinrz'/] is 



^hf(H) = 1 420 405 751.7667 ± 0.0009 Hz. (5) 

In the case of antihydrogen we can trace a similar historical development, 
starting from a Stern-Gerlach type experiment and proceeding to microwave 
resonance experiments. At each stage a meaningful value of the antihydrogen hy- 
perfine structure constant can be obtained. The possible results and the achiev- 
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able precision are discussed in the next section. Section [i.3l describes a possible 
experimental scenario to measure i^hf(H). 



3.2 Hydrogen Hyperfine Structure and Related CPT Invariant 
Quantities 

The hyperfine coupling frequency in the hydrogen ground state is given to the 
leading term by the Fermi contact interaction, yielding 
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( 6 ) 



which is a direct product of the electron magnetic moment and the anomalous 
proton magnetic moment (here h = c = 1). Using the known proton magnetic 
moment, this formula yields = 1418.83 MHz, which is significantly differ- 
ent from the experimental value and subsequently led to the discovery of the 
anomalous electron ^-factor. 

Even after higher-order QED corrections im still a significant difference 
between theory and experiment remained, as 



D) = -(QED) - UExp) ^ 

^(Exp) 

This discrepancy was largely accounted for by the non-relativistic magnetic size 
correction (Zemach correction) 1 1 7] : 



Au(Zemach) = up 
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where up is the Fermi contact term defined in (6), Ge{p^) and Gm{p^) are the 
electric and magnetic form factor of the proton, and n its anomalous magnetic 
moment. The Zemach corrections therefore contain both the magnetic and charge 
distribution of the proton. 

A detailed treatment of the Zemach corrections can be found in [2E|- As- 
suming the validity of the dipole approximation, the two form factors can be 
correlated 



Ge{p^) = 



Gm{p^) 

1 + E 






A2 _|_ p2 



( 9 ) 



where the A is related to the proton charge radius by Vp = -\/T2/A. Whether 
the dipole approximation is indeed a good approximation, however, is not really 
clear. Integration by separation of low and high-momentum regions with various 
separation values, and the use of different values for Vp gives a value for the 
Zemach corrections of Azz(Zemach) = —41.07(75) ppm With this correction, 
and some more recently calculated ones, the theoretical value deviates from the 
experimental one by 1281 



j^(exp) — :/(th) 
^(exp) 



3.5 ± 0.9 ppm. 



( 10 ) 
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A further structure effect, the proton polarizability, is only estimated to be 
< 4 ppm j^, of the same order than the value above. The “agreement” between 
theory and experiment is therefore only valid on a level of ^ 4 ppm. Thus, we 
can say that the uncertainty in the hyperfine structure reflects dominantly the 
electric and magnetic distribution of the proton, which is related to the origin of 
the proton anomalous moment, being a current topics of particle-nuclear physics. 

The hyperfine structure of antihydrogen gives unique information, which is 
qualitatively different from those from the binding energies of antihydrogen. As 
the hyperfine coupling constants of hydrogen and deuterium provided surpris- 
ingly anomalous values of the proton and deuteron magnetic moments in the his- 
tory of physics, the measurement of antihydrogen hyperfine structure will, first of 
all, give a value of the antiproton magnetic moment (/r^), which is poorly known 
to date (0.3 % relative accuracy) from the fine structure of a heavy antiprotonic 
atoms P). Furthermore, a precise value of i/hf(H) will yield information on the 
magnetic and charge radius of antiproton. 

3.3 Proposed Experimental Scenario to Measure the Ground-state 
Hyperfine Structure of Antihydrogen 

First it is important to remember the basics of the ground state of hydrogen in 
a magnetic field. The two spin 1/2 particles proton and electron (or antiproton 




Fig. 5. a) Breit-Rabi diagram of the hydrogen ground state in a magnetic field, b) 
dependence of the magnetic moment of he four states on the magnetic field 
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and positron) can combine to states according to F — Sp + Se with total spin 
= 0 or 1. The F = 1 state has three possible projections to a magnetic field 
axis described by the quantum number Mp = 1,0,— 1. At zero external field 
these three states are degenerate, but at non-zero magnetic field their energy 
evolves according to the well-known Breit-Rabi diagram Fig.l^L). The two states 
{F, Mp) = (0, 0) and (1, 0) have no resulting magnetic moment at zero external 
field, but develop one with increasing magnetic field due to the decoupling of 
the two spins (Fig. 0 d). 

In the following the different steps of the experiment are described. 



Antihydrogen Formation 

The first step towards a measurement of j^hf(H) is the formation of Antihydro- 
gen. Here we assume the formation scheme and parameters of the ATHENA |S2j 
experiment at CERN/AD. 

• H is formed form clouds of antiprotons and positrons trapped in Penning 
traps. 

• The formation will be done by pushing antiprotons through a rotating positron 
plasma. The rotation is an unavoidable result of the E x B drift of the 
positrons in the magnetic field. The rotation frequency depends on the spa- 
tial density of the plasma m- 

• The antiprotons will stop in the e~'"-plasma and begin thermal diffusion until 
they form H. 

• The H atoms will not be confined by the constant solenoid field and therefore 
leave the trap region with an energy distribution given by the temperature 
of the e“''-plasma and its rotation speed. 




Fig. 6. Cross section of a sextupole magnet with magnetic field lines (red). The di- 
rection of the atoms is perpendicular to the cross section 
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Transport and Spin Selection by Inhomogeneous Magnetic Fields 

Since the H atoms will leave the solenoid not as a collimated beam, it is straight 
forward to use sextupole magnets to focus them as it was commonly done it 
atomic beam experiments m The sextupole magnet will at the same time act 
as a filter to select one of the two hyperfine states. This can bee seen from 
writing the potential energy F of a magnetic moment of a spin- 1/2 particle in a 
magnetic field and the resulting force K: 

V=-tiH{x), (11) 

K = -VF = ±/r VH, 



where the sign of K depends on whether p and H are parallel or antiparallel. 
From Fig. 03) it is clear that the states {F,Mp) = (1, 1) and (1,0) prefer lower 
magnetic fields since this minimizes their energy (“low- field seekers”), while the 
opposite is true for the other two states. 

For a sextupole, the magnetic field is proportional to the square of the radius, 
and the force therefore becomes proportional to r (cf. Fig. El): 



C n 

rr ^2 

-^sextupole — 2 ' 



-^sextupole — dzC7|Xr. 



( 12 ) 



For the (1,1) and (1,0) states this force points towards the center of the sex- 
tupole and acts like the restoring force of a harmonic oscillator for atoms leav- 
ing the center line. This leads to a harmonic oscillation in r, perpendicular to 






‘ mesh electrode 



solid material In 
central part to 
block trajectory 
In too small field 



Sextupole t 
length 2.5 m 
(nottoscalel) 



Fig. 7. Layout of the split solenoid magnet for antihydrogen production and extraction 
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the propagation direction. Atoms with the same velocity will therefore undergo 
point-to-point focusing, where the focal length depends on the velocity. 

Fig.0 shows a realistic layout of a Penning trap in a split solenoid magnet, 
where a sextupole magnet is placed under 90 degrees to the solenoid magnetic 
field axis. The splitting of the solenoid as well as a split electrode or one made 
out of a mesh are necessary to let the H atoms pass without destroying them. 

The further layout of the experiment consists of a first sextupole SI as a 
spin selector, a microwave cavity, and a second sextupole S2 as a spin analyzer 
(cf. Fig. O. Since the magnetic field in SI is higher on the outside, the “low- 
field seekers” (1,1) and (1,0) will be focused, while the “high-held seekers” will 
move towards the magnet poles and annihilate there. We further assume that 
the states with Mp = 0 that have no permanent magnetic moment will loose 
their orientation in the held- free region before SI, so that after SI only atoms 
in the state (1,1) will remain. 



Microwave Induced Spin-Flip Transition and Detection 

A microwave cavity placed between SI and S2 can induce spin-hip transitions 
(F,Mp) = (1, 1) ^ (1,-1) if tuned to ^hf(H). In order to produce a positive 
signal, i.e. an increase in counting rate after S2 under resonance condition, S2 
will be rotated by 180 degrees with respect to SI. Therefore, the (1,-1) state 
where Mp = —1 is dehned with respect to the magnetic held direction in SI 
will be a (1,1) state in S2, while the (1,1) state of SI without spin hip would 
correspond to a (1, —1) state in S2. As a result, if the microwave frequency is off 
resonance, no H atoms will reach behind S2, while on resonance an increase in 
the number of atoms should be detected after S2. 

The achievable resolution for ^hf (H) in this type of experiment is determined 
by the hight-time of the atoms through the cavity. Taking the average velocity 
of the atoms of 650 m/s (determined by the assumptions given in Tabled) and 



Table 1. List of parameter used in the simulation of H trajectories 



Source parameters 


value 


comment 


internal temperature of particle clouds 


10 K 




rotation frequency of e^ plasma 


100 kHz 


for 10® e"*'/cm® 


diameter of e”*" plasma 


2 mm 


FWHM gaussian 


length of e+ plasma 


5 cm 




Sextupole parameters 


max. field at pole 


1 T 




outer diameter sextupole 


40 cm 




inner diameter sextupole 


5 cm 


blocked to reduce background 
of H atoms hitting directly 
the counter 


Microwave cavity 


typical dimensions 


21 cm 


wavelength for v = lA GHz 
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x(m) 

- 0.2 0 0.2 




F,M = 0,0 

Sextupole I 
spin selection 

shield for annihilation products 
microwave cavity 

F,M = 1,1 no spin flip 

Sextupole II 
spin analysis 

F,M = 1,1 with spin flip 
antihydrogen detector 



Fig. 8. Trajectories of antihydrogen atoms through two sextupole magnets as calcu- 
lated by a Monte-Carlo method. Please not the the X and Z axis do not have he same 
scale 



a typical cavity length of 10 cm, a width of the resonance line of ~ 7 kHz results 
corresponding to a fraction of 5 x 10“® relative to t^HF(H) = 1.4 GHz. Using a 
cavity of 50 cm length the width of the resonance line will be reduced to 1 ppm. 
With enough statistics the center of the line can be determined to about 1/100 
yielding an ultimate precision of ^ 10“®. 



Monte-Carlo Simulation of Proposed Experiment 

In order to estimate the efficiency of the setup as described above, a Monte Carlo 
simulation was performed for the whole experiment by numerically integrating 
the equation of motion 



K = m— = -fi^s{H{x)) , (13) 

with X = (x, y, z) being the position of the atoms. 

The magnetic field of the split solenoid was calculated by numerically solving 
the Biot-Savart law for the geometry as described in Fig. Hand a field of about 
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3 T at the center. Inside the sextupole magnet the magnetic field was calculated 

according to the analytical formula H(r) oc with + y^, assuming a 

maximum field of i?(rmax) = 1 Tesla (rmax being the radius of the sextupole 
magnets) . The main assumptions are summarized in Table ^ 

Typical trajectories calculated by this Monte Carlo method are shown in 
Fig. 0 The overall result is that about 7 x 10“® of all antihydrogen atoms 
initially formed in the trap region can be transported to the H detector after S2. 
At expected formation rates of about 200/s this would result in a count rate 
of 1 event per 2 minutes on resonance. This seems rather small, but is feasible 
since the antihydrogen atoms can be easily detected with unity efficiency from 
the annihilation of their constituents. 

4 Conclusion and Summary 

The experiments with antiprotonic atoms discussed in this paper have different 
main topics. The measurement of the hyperfine structure of antiprotonic he- 
lium, which is already in progress at the AD at CERN, will primarily test the 
accuracy of 3-body calculations in the extreme situation of one particle having 
an angular momentum quantum number of ^ 35. This makes it a very difficult 
and challenging problem to few-body theory. If the experimental accuracy could 
become high enough, we would be able to perform a test of CPT theory for 
the magnetic moment of proton and antiproton by comparing the experimental 
result to the calculations that use the much better known value of the magnetic 
moment of the proton. The equality of proton and antiproton magnetic moment 
is experimentally only know to an accuracy of 0.3%. 

A measurement of the ground-state hyperfine structure of antihydrogen would 
primarily be a CPT test in the hadronic sector, since the leading term is directly 
proportional to the magnetic moment of the antiproton. It is therefore a comple- 
mentary measurement to the proposed Is- 2s spectroscopy of antihydrogen, since 
the optical spectrum of antihydrogen is dominated by the positron mass. The 
experimental value for the hyperfine structure of hydrogen has been one of the 
most precisely measured values in physics (uncertainty < 10“^^) and has only 
recently been surpassed by the ls-2s two-photon laser spectroscopy. On the other 
hand there exists an uncertainty in the theoretical calculations on the level of ~ 4 
ppm due to the finite size of the proton, i.e. its electric and magnetic structure 
and polarizability. A determination of the hyperfine splitting of antihydrogen 
with higher precision will therefore give insight into the internal structure of 
the antiproton in comparison to the proton, which is an actual topic in nuclear 
and high energy physics in relation to the origin of the anomalous magnetic 
moment of the proton. The experiment sketched in this paper seems feasible 
provided the assumptions on the circumstances of antihydrogen production are 
reasonable. More will be known about these when the first cold antihydrogen 
atoms will be produced at the AD, hopefully this year or in the year 2001. With 
enough statistics a resolution well below the ppm level can be easily reached for 
the hyperfine splitting and therefore the antiproton magnetic moment. 
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Abstract. We are investigating the 5s^ ^So 5s5p^Po transition of a single trapped 
laser-cooled ^^®In+ ion as a candidate for an optical frequency standard. This line 
with a natural linewidth of only 0.8 Hz is highly immune to systematic frequency 
shifts. For sideband laser cooling and fluorescence detection of the indium ion the 
5s^ — > 5s5p®Pi transition at 230.6 nm is excited. Temperatures below 100 and 

a mean vibrational quantum number (n) < 1 of the ion in the trap have been reached. 
For the clock transition a resolution of 1.3- 10“^® (linewidth 170 Hz) has been obtained 
so far, limited by the short term frequency fluctuations of the clock laser. The absolute 
frequency of the ^So —> ^Po transition was measured by making a link to the reference 
frequency of the methane-stabilised HeNe laser using a frequency chain. 



1 Introduction 

A single laser-cooled ion in a radiofrequency trap represents a good approxima- 
tion to the spectroscopic ideal of a motionless point-like absorber in a perturba- 
tion-free environment. It is consequently regarded as a perfect system for an opti- 
cal atomic clock of very high accuracy m- With a frequency-stable laser locked 
to a narrow absorption resonance of a trapped ion a stability <Jy{l s) = 10“^^ and 
an accuracy of a few times 10“^® seem possible. High-resolution spectroscopy of 
forbidden optical transitions has yielded sub-kHz linewidths in Hg"^ PI, Ba+ 
P), Sr+ |Sj, Yb+ jOj and In+. In the first four alkali-like ions, quadrupole tran- 
sitions between S and D states are investigated. We are studying the earth- 
alkali-like spectrum of In+ jZ|, where the lowest two levels 5s^ and 5s5p 
are connected by a hyperfine-induced electric dipole transition at a wavelength 
of 236.5 nm which has a natural linewidth of only 0.8 Hz. Figure 1 shows the 
relevant energy levels of In+ . 

As a candidate for a primary optical frequency standard In'*" has three main 
advantages: 

(i) Since the electronic angular momenta in both states of the clock transition 

^ vanish, the shifts of the transition frequency due to external electric 
or magnetic fields are very small. In fact, the state is not a pure J = 0 
state but contains small hyperfine admixtures of the 5s5p levels and ^Pi. 
These perturbations are responsible for the non- vanishing electric dipole moment 
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5s5p ^Pj 




Fig. 1. The lowest energy levels of the ion 



between this state and the ground state 0 ■ Possible systematic shifts of the clock 
transition frequency will be discussed in Section 3. 

(ii) To excite the clock transition a reliable and frequency-stable laser source 
is required - a problem that becomes especially demanding as shorter wavelength 
in the ultraviolet are required. The In'*' transition has the advantage that it 
coincides with the fourth harmonic of the 946 nm laser line of Nd:YAG. The 
availability of this diode-laser-pumped solid-state laser is of significance for long- 
term operation of the optical frequency standard. The measurements described 
here are done with a conventional setup made from discrete optical elements 
but we have recently completed the construction of a second clock laser 

HI 



system based on a monolithic ring-laser |1 (11 1| . This compact laser design offers 
very high intrinsic stability, which facilitates the lock onto an external reference 
cavity. 

(iii) Laser cooling of In'*" is performed by using the narrow intercombination 
line 5s^ ^Sq 5s5p ^P\. With a natural linewidth of 360 kHz, the photon 
scattering rate on this transition is sufficiently high to detect a single ion via 
the resonance fluorescence. At the same time the line is narrow enough to allow 
resolution of the « 1 MHz vibrational frequencies of the ion in the trap. In this 
parameter regime, sideband cooling 111 121 131 allows the ion to be cooled to the 
motional ground state of the trap. We have used a bichromatic sideband cooling 
method to increase the cooling efficiency at higher temperatures. Ground state 
cooling has been demonstrated for single In'*" ions as well as for two-ion Goulomb 
crystals. The temperatures that we have reached are below 100 /rK PI- 



2 High-Resolution Spectroscopy and Absolute Frequency 
Measnrement of the Clock Transition 

The ion is trapped in a quadrupole radiofrequency trap that is a geometrical 
variant of the original Paul trap and basically consists of only a ring electrode 
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(Paul-Straubel trap |l,'Tllt)j 'l. This type of trap is relatively simple to fabricate 
in miniature size (1 mm diameter of the ring), making it easy to confine the ion 
to a region in space that is smaller than the optical wavelength (Lamb-Dicke 
regime) . It is also a geometrically quite open structure that allows good optical 
access to the trapped ion. The trap is driven with a RF field at 10 MHz; the 
oscillation frequencies in the time-averaged pseudopotential are 1.4 MHz in the 
axial and 0.9 MHz in the radial direction. 

Spectroscopy of the narrow ^ line is performed in optical-optical 
double resonance using Dehmelt’s idea of electron shelving [J' An excitation of 
the metastable ^Pq level leads to a dark period in the single-ion fluorescence 
signal on the cooling transition until the state decays or the valence electron is 
brought back to the ground state by a stimulated process. This method leads 
to strong quantum amplification (absorption of one photon prevents subsequent 
scattering of some 10® to 10® photons) and allows detection of transitions to the 
metastable state with practically 100% efficiency. 

The laser system used for excitation of the ^Sq — > resonance is described 

in |0|. It consists of a diode-pumped Nd:YAG laser emitting at 946 nm. This 
laser contains all the necessary tuning elements and is frequency-stabilised to 
a passive resonator of high finesse. A second diode-pumped Nd:YAG laser is 
used for power amplification and efficient generation of the second harmonic at 
a wavelength of 473 nm. It is a ring laser, containing only a Nd:YAG crystal and 
a KNbOa crystal for frequency doubling. Infrared light from the stable master 
laser is coupled into this laser to transfer the frequency stability via injection 
locking. The blue light is coupled into an enhancement cavity to generate the 
UV radiation at 236.5 nm with a BBO crystal. 

In order to obtain high-resolution spectra of the clock transition any light 
shift and line broadening by the cooling laser have to be avoided. Both laser 
beams are applied alternately and blocked by means of mechanical shutters. 
After a clock-laser pulse of 20 ms duration the cooling laser is turned on and 
the fluorescence photons are counted in a 40 ms time interval. If the count rate 
corresponds to the single-ion fluorescence level, the excitation attempt of the 
clock transition is regarded as unsuccessful and repeated either at the same or at 
a different frequency of the clock laser. If the ion is not fluorescing one excitation 
of the clock transition is registered and the cooling laser is kept switched on 
to wait for the decay of the metastable state (lifetime 195 ms). Typically, the 
frequency of the clock-laser radiation is changed in steps of 8 Hz. 

A high-resolution spectrum of the clock transition is shown in Fig. 2. The 
clock-laser power was reduced to 30 nW to avoid saturation broadening. The fit 
with a lorentzian curve results in a linewidth of 170 Hz (FWHM), corresponding 
to a fractional resolution Sv/i' of 1.3 • 10“^®. A spectral window of 200 Hz width 
contains 50% of all excitations. According to our present experimental control of 
the ion temperature, electromagnetic fields and vacuum conditions, no significant 
Doppler, Zeeman, Stark or collisional broadening of the absorption spectrum of 
the ion is expected beyond the level of 1 Hz. The linewidth is determined by 
the frequency instability of the laser and the lineshape is not exactly lorentzian 
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Fig. 2. Excitation spectrum of the — > ^Po resonance of a single indium ion obtained 

in optical-optical double resonance using electron shelving. The linewidth of the fitted 
lorentzian is 170 Hz FWHM. The average excitation probability in the peak is about 
10% and the total measuring time was 30 minutes 



but reflects the fluctuations of the laser frequency, that arise mainly at low 
modulation frequencies in the range 1-15 Hz. A measurement of the frequency 
stability of the laser using a second independent high-flnesse optical cavity gives 
a consistent result. Improvements of the vibrational isolation of the reference 
cavity that is used for the frequency stabilization will probably enable us to 
resolve the natural linewidth of the ion (0.82 Hz), leading to a resolution of 
6 • 10 - 1 ®. 

Realisation of an optical clock requires first of all a narrow and stable reso- 
nance - as is the case for a trapped indium ion - and, secondly, precise frequency 
determination in comparison with the cesium clock. We have performed two 
measurements of the absolute frequency of the n®In+ 5s^ ^ 5s5p ^Pq clock 

transition. Anally reaching an accuracy of 1.8 parts in 10 . In the last 

measurement the frequency of the indium clock transition has been compared 
to a methane-stabilized He-Ne laser at 3.39 p,m m which has been calibrated 
against an atomic cesium fountain clock izp. A frequency gap of 37 THz at the 
fourth harmonic of the He-Ne standard was bridged by a frequency comb gen- 
erated by a mode locked femtosecond laser |22j. The frequency of the In+ clock 
transition was determined to 1 267 402 452 899.92 (0.23) kHz where the accuracy 
is limited by the uncertainty of the He-Ne laser reference. This result represents 
now the most accurate measurement of an optical transition in a single ion. We 
are planning to perform a direct measurement against a cesium clock using the 
new femtosecond laser frequency comb m- An interesting prospect afforded by 
this work is the possibility of linking the clock transition of the indium ion with 
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the narrow 15' — > 25 resonance of atomic hydrogen m and using the high pre- 
cision of this frequency comparison in a search for temporal variations of the 
fine-structure constant |24l2.^l26| . 

3 Uncertainties of the Indium Standard 

In this section we want to estimate the foreseeable systematic line shifts of the 
atomic reference in an indium frequency standard and compare indium to the 
alkali-like candidate ions like mercury, ytterbium, barium or strontium that rely 
on electric quadrupole transitions of the type S 1/2 —>■ £* 5 / 2 - Line shifts may be 
caused by the motion of the ion, by electric and magnetic fields, by radiation 
or by collisions. Values for the shifts will be given as Siy/iy, relative to the In+ 
transition frequency of ^ = 1267 THz. 

3.1 Doppler Effect 

The motion of the ion in the RF trap can be decomposed into sinusoidal oscil- 
lations at (up to three) secular frequencies u>i and the driving frequency of the 
trap 17 (micromotion). Usually uji ^ Q holds; in our case lo/2tt « 1 MHz and 
Qj^-K = 10 MHz. The motion of the ion leads to frequency modulation sidebands 
in the absorption and emission spectra. However, since the natural linewidth of 
the clock transition 7 and the recoil frequency w^ec = Kk^ /2m (where k = 27t/A) 
are much smaller than oji, the sidebands are well resolved, and the carrier is 
recoil-free and free from the first order Doppler effect. The relativistic second 
order Doppler effect leads to a shift of the carrier of 5v/v = {v^) /2c^ where {v^) 
is the mean squared velocity of the ion. The squared velocity at temperature T 
is (f^) = ^ksT/m and for In+ at T = 100 /rK we find 5v jv = 1.2 • 10“^®. In the 
quantum ground state of motion 5v/v = twj/mc^ = 4 • 10“^° for uj/2tt = 1 MHz. 
In the ideal RF trap the time averaged kinetic energies of the secular and of the 
micromotion are equal. Static electric stray fields may, however, displace the ion 
from the center of the trap and in this case the kinetic energy of the micromotion 
can be higher than ksT where T is the temperature of the secular motion. By 
applying static compensation voltages, this additional micromotion can be min- 
imised and amplitudes below Ax = A/20 are routinely achieved m. In this case 
the contribution to the second order Doppler effect is Z\x^f 7 ^/ 87 r^c^ = 7 • 10“^'^. 
The temperature limits for Doppler cooling of the alkali-like ions are not as low 
as the temperature achievable with sideband cooling in indium, but the motional 
line shifts should be well below 10 “^^ in all of these ions. 

3.2 Electric Fields 

In the RF trap the ion is exposed to an inhomogeneous and time dependent 
electric field. At each point in the trap the time average of the field vanishes, 
but the time averaged square of the field is proportional to the squared dis- 
tance from the trap center. For an ion oscillating around the trap center the 
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quadratic Stark effect will consequently lead to frequency modulation sidebands 
and also to a shift of the resonance frequency. Presently, precise data on the 
polarisabilities of the In+ levels are not available, but an order of magnitude 
estimate of the effect is possible: both levels of the clock transition have elec- 
tronic angular momentum J = 0 and are subject to a scalar quadratic Stark 
shift. The ground state polarisability of the cadmium atom, which is isoelec- 
tronic to In"^, is a = 8 • 10 J/(V/m)^ |77) . leading to a quadratic Stark shift 

of the ground state of a/2h = 6 mHz/(V/cm)^. The polarisability of In+ will 
be smaller than in Cd because the valence electrons are more tightly bound. In 
helium-like systems the polarisabilites are reduced by a factor 5.5 in going from 
nuclear charge Z = 2 to Z = 3 m- The polarisability of the In+ 5s5p level 
will be comparable to that of ^Sq since both states practically are ground states 
of the singlet and the triplet system respectively and have strong electric dipole 
matrix elements only with levels that lie energetically significantly higher: the 
ground state with the 5s5p ^Pi level (at 63033 cm“^) and with the 5s5p ^P\ 
level (at 43349 cm“^), the 5s5p level mainly with the 5s6s ^Si level (51644 
cm“^ higher). The quadratic Stark shift of the ^ ^Pq resonance should 
consequently be well below 1 mHz/(V/cm)^. Confinement of the ion in the RF 
trap relies on the pseudopotential that is proportional to the square of the elec- 
tric field amplitude. An ion with thermal energy ksT experiences an average 
quadratic field strength (P^) = 2mQ^kBT / . With typical parameters for In+ 
(T = 100 ^K, 1? = 27 t • 10 MHz) we find that the quadratic Stark shift caused 
by the trap should be smaller than 8 /iHz or 8v jv < 6 • 10“^^. Static stray fields 
that displace the ion in the pseudopotential can lead to an extra contribution of 
(P^) that is proportional to the square of the displacement (the contribution of 
the static field is negligible). For a displacement of less than A/4 (equivalent to a 
micromotion amplitude of A/20) this additional Stark shift is less than 4 • 10“^*^ 
for our typical trap parameters. 

For the alkali-like ions the conditions concerning the Stark shift are slightly 
less favourable. The metastable J = 5/2 level is split into three components 
by the electric field. Since the energy levels lie energetically closer together, the 
polarisabilites are higher. A measurement has been performed in the case of 
Ba'*" and shifts of the three components of the S' 1/2 resonance between 

6 mHz/(V/cm)^ and 12 mHz/(V/cm)^ have been found 

Besides the quadratic Stark shift the alkali-like ions will also show a shift 
due to the coupling of the quadrupole moment of the D state with electric field 
gradients. Energy levels with J > 1/2 will be split depending on the modulus of 
the mj quantum number. In the case of mercury in a linear RF trap quadrupole 
shifts between -1-12 Hz and -27 Hz have been measured |3j. In a spherical trap no 
static field gradients are needed for trapping, but gradients of stray fields might 
be difficult to control. It is thus a considerable advantage of In+ that both J = 0 
levels of the clock transition are not influenced by this effect. 
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3.3 Magnetic Fields 

In hyperfine mixing between the 5s5p levels ^Pq, ^Pi and is responsible 
for the non zero electric dipole transition matrix element between ^Sq and ^Pq. 
For the same reason there is a small difference between the g-factors of ^S'o and 
^Po 0. This leads to a symmetric linear Zeeman splitting of the clock transition 
which we measured to be ±224 Hz/G for the two mp = ±1/2 ^ mp = ±1/2 
Zeeman components. There are two possible strategies to deal with this problem: 
(i) to apply a static field of about 20 mG to split the two lines, to determine both 
resonances and to interpolate the position of the field free resonance as the mean 
value of the two frequencies. In this procedure, uncertainties will be introduced 
by drifts of the magnetic field or of the laser frequency during the time it takes 
to scan over both resonances, (ii) To eliminate all magnetic fields as precisely 
as possible and to use the then overlapping resonances. Any uncertainty in the 
magnetic field will lead to a broadening or an asymmetric line shape. If the field 
can be controlled to B = 0 ± 10 pG, as is it possible with a three-layer /r-metal 
shield, the resulting frequency uncertainty will be 1.8 • 10“^®. This will be the 
dominant source of uncertainty in the indium frequency standard. 

In the alkali-like ions the mj = ±1/2 ^ mj = ±1/2 components of the 
S D transitions in even isotopes without nuclear spin show a linear Zeeman 
shift of the order of 500 kHz/G. It is therefore advisable to work with an isotope 
with half-integer nuclear spin, so that a linearly field independent transition 
mp = 0 mp = 0 becomes available, as has been done in mercury 0 and 
ytterbium [^. In this case, however, it is more complicated to obtain cycling 
transitions for laser cooling and to avoid optical pumping into dark Zeeman or 
hyperfine states. In these experiments so far a small magnetic guiding field Bq 
was applied, which then leads to a linear sensitivity of the resonance frequency 
to changes of the magnetic field: Sv cx BqSB. In the ytterbium experiment the 
slope was 5v/5B — 2.6 kHz/G |^. 

3.4 Light Shifts 

The cooling laser is close to saturating the > ^Pi transition and can cause 
a light shift of several hundred kHz. During the interogation of the clock reso- 
nance it has to be blocked with a mechanical shutter and care must be taken to 
avoid stray light from reaching the trap. Since the trap and the vacuum chamber 
are held at room temperature, the ion is exposed to blackbody radiation with 
an average quadratic electric field strength of (if^) = 69.2 (V/cm)^ (T/300 K)^. 
At 300 K the spectrum of black-body radiation has its peak spectral density at 
a wavelength of 9 /rm, whereas both, the ground state and the metastable 
level of In^ have strong electric-dipole-allowed transitions to the next-higher- 
lying states only at VUV wavelengths (159 nm and 194 nm, respectively). Gon- 
sequently, the influence of the thermal radiation can be estimated by using the 
static polarisabilities. While the total blackbody AG Stark shift might be of the 
order of 5 • 10“^^, control of the temperature to 300 ± 1 K will be found sufficient 
to reduce the uncertainty in the shift to 7 • 10“^®. Again, the level scheme of 
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In’*" turns out to be more favourable than the alkali-like spectra, for the reasons 
already mentioned in Section 3.2. 

Precise data on the collisional shifts in In+ are presently not available and an 
estimate can only be based on data from comparable atomic systems. Assuming 
a shift coefficient of 10“^° cm^/s and ultrahigh vacuum conditions (5 • 10“® Pa), 
the collisional frequency shift would be 1 • 10“^®. 

Table 1 presents the summary of the estimated uncertainties, showing that 
the indium frequency standard should be able to provide an accuray of a few 
parts in 10^®, making this system a most promising candidate for a future pri- 
mary optical clock. 



Table 1. Estimated shifts and uncertainties of the indium frequency standard. All val- 
ues are given relative to the frequency 1267 THz. For the small effects the uncertainties 
may be comparable to the total shift, with the exception of the blackbody AC stark 
shift. All Stark shifts are based on an estimated upper bound for the polarisability. 
The collisional shift is an estimate based on data in comparable atomic systems. The 
assumed conditions are: Tion = 100 /rK; uncompensated stray fields, leading to micro- 
motion amplitude < A/20 = 12 nm; AB = 10 /rG; P = 5 • 10“® Pa; Ttrap ~ 300 K 
±1 K 



effect 


shift 


uncertainty 


quadratic Doppler effect (thermal) 


1.2 • 10“i® 




” (through stray fields) 


7- 10“^° 




quadratic Stark shift of trap (thermal) 


6 • 10“^^ 




” (through stray fields) 


4- 10“^° 




linear Zeeman effect 


1.8 • 10“^® 




blackbody AC Stark shift 


5- 10"^’’ 


7- 10"^® 


collisions 


1 • 10“^® 
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Abstract. Nentrality of atoms and neutrons is already well established, with upper 
limits on the residnal charge close to 10~^^|ge| where is the electron charge. The 
present paper proves that the sensitivity of atom interferometry is snfhcient to compete 
with these previous measurements, with the additional advantage of dealing with single 
isolated particles. An experiment involving a three grating Mach-Zehnder atom inter- 
ferometer using Bragg diffraction on laser standing waves and a slow lithinm atomic 
beam is discussed with some details. Its sensitivity and the systematic effects due to 
atomic polarisability are evaluated carefully. 



1 Introduction 

In this paper, we propose an experiment to test neutrality of isolated lithium 
atoms. Atom interferometry has been shown to be the ideal technique to measure 
weak interactions of an atom with its environment m In particular, in 1991, 
Kasevich and Chu have mentionned the test of neutrality of atoms as a possible 
utilisation of their atomic interferometer 0. As far as we know, no further details 
have been published. The experimental set-up we propose is based on a Mach- 
Zehnder atom interferometer like the ones developped by the research groups of 
D. Pritchard 0, Siu Au Lee A. Zeilinger jS] and the one under construction 
in our group jO] ■ If the same uniform electric field E is applied on both arms of 
the interferometer, a phase shift of the interferometric signal will appear. This 
phase shift will be proportional to the residual charge of lithium atom and to 
the electric field E. 

The expected advantages of the proposed experiment are of three kinds. First, 
this experiment will operate on isolated atoms, thus avoiding all possible para- 
sitic effects related to macroscopic samples. Second, its sensitivity is expected to 
be at least comparable and hopefully larger than the one achieved by the best 
previous experiments reported below. Third, one can perform the experiment 
with the two natural isotopes of lithium, ®Li and ^Li and comparing these two 
results will lead to an independent measurement of neutron charge. 

In the proposed configuration, a large modification of atomic propagation 
will be due to electric polarisability of lithium, but no phase shift should result 
if the apparatus is symmetric. Because this symmetry cannot be perfect, this 
will be the main systematic effect. Another possible arrangement, which also 
takes advantage of the Aharanov-Bohm effect [7|, will be considered: in this 
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arrangement, the two arms of the interferometer propagate inside equipotential 
volumes held at different potentials Vl and 1 ^ 2 , so that the resulting phase-shift 
will be proportional to the residual lithium charge and to the potential difference 
{V\ — ¥ 2 ). Because propagation occurs almost everywhere in a vanishing electric 
field, this arrangement will not suffer in principle from the systematic effect due 
to atomic polarisability. 

In a first paragraph (part II), we recall the present knowledge concerning neu- 
trality of atoms. Then (part III) we describe the proposed experimental method, 
its sensitivity, its main systematic errors and some possible refinements. Other 
possible experiments are briefly discussed (part IV) before the conclusion. 

2 Neutrality of matter: present knowledge 

Neutrality of atoms comes from two fundamental properties of their elementary 
constituents: equivalence of the absolute values of proton charge qp and electron 
charge Qe, and neutrality of neutron. Both are essentially based on experimental 
data. An upper limit on the neutron charge has been directly obtained by 
looking at the deflection of a neutron beam in an electric field jS| . The resulting 
limit is given by |(?„| < 1.1 x 10“^^ x \q^\ |B|. As reported by the Particle Data 
Group, the accepted value for the hydrogen atom charge qn — qp + 9e is {qnl < 
1 X 10-21 X \qe\ 0. This limit is derived from a 1973 experiment which tested 
electrical neutrality of a gas of SFe An alternating electric field was applied 
to an acoustic cavity containing the molecular gas. If the SFe molecules had 
a residual charge, this would have generated a sound wave at the electric field 
frequency. A suitably calibrated microphone in the cavity measured the sound 
pressure. The resulting limit on the net charge of a SFe molecule was 1.9 x 
IQ-i® X |( 7 e|. In the general case of an atom or molecule with an atomic mass A 
and atomic number Z , charge conservation during nuclear and chemical reactions 
implies that the total charge qA,z of the atom or molecule is 



qA,Z — Z{qf, -|- qp) + {A — Z)qn — Zqn -|- (A — Z)qn- (1) 

To derive their limit on {qnl, the authors of ref. mu assumed that neutron charge 
qn is equal to hydrogen charge qn, so that the limit on \qH\ is simply the limit on 
the molecular charge divided by the total number A of nucleons of the molecule. 
The assumption qn = qn comes from the assumption of charge conservation in 
neutron beta decay: 

n ^ p + e + U^, (2) 

with the additional assumption that the charge of electronic antineutrino IV is 
exactly zero. This additional assumption looks questionable since the accepted 
limit [0| on the absolute value of the neutrino charge q^ is very poor compared 
with the accepted limit on qn'- \qr 7 ^\ < 2. x 10“^® x |ge|. However, the limit 
on the SFe residual charge can still give a very good limit on {qnl without 
this assumption by using the experimental limit on |g„| obtained in 1988. From 
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equation ( 1 ) one gets: 



^ 1 

Qe Z 



<lSFt 

qe 



+ {A-Z) 




( 3 ) 



In the case of SFg, A = 146 and Z = 70. The resulting limit on \qH\ is thus 
\qH/qe\ < 3.8x10“^^. On the other hand, charge conservation applied to neutron 
beta decay proves that qn = Qh + Qv, from which we can deduce an interesting 
limit on neutrino charge. Equation (1) can then be written: 



qA,z = Aqn - Zqjy^ 



( 4 ) 



and as far as limits are concerned 
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qe 
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qe 



Qn 

Qe 



( 5 ) 



The corresponding upper bound for neutrino charge is \qi 7 ^/qe\ < 5.2 x 10“^^. 

In the past 27 years, only one experiment, aimed at searching for free frac- 
tional charges, gave also a limit on qn El- The authors studied the motion 
induced by an electric field on several steel spheres kept in magnetic levitation. 
The experimental limit on the residual charge of a 0.2 mm diameter sphere 
was around 1.6 x 10“^|ge|. To derive the published limit on \qH\, \qH/qe\ < 
0.8 X 10“^^, the authors divided this residual charge by the nucleon number of 
the steel sphere equal to 1.97 x 10^®, implicitly assuming that neutrino charge 
exactly vanishes, as done in reference EDI- 



3 Experimental method 

In the last years atom interferometry, and especially separated arms atomic in- 
terferometry, has proven to be a very sensitive tool for measuring atomic prop- 
erties. Several configurations have been used. For example, the Ramsey-Borde 
configuration has allowed precise measurement of the atomic polarisability 
difference between the ground state and an excited long-lived state of magne- 
sium m and calcium m The three-grating Mach-Zehnder configuration has 
allowed the most precise measurement of electric polarisability of sodium atom 
in its ground state p. 

In figure P we show a scheme of the proposed experiment. A lithium atomic 
beam is optically pumped to one hyperfine level of its ^S' 1/2 ground state and 
slowed down: its final mean velocity is noted v. The laser frequency is chosen to 
select a transition of one lithium isotope (natural abundances are 92.6% for ^Li 
and 7.4% for ®Li, but almost pure ®Li is also available). After passing through 
two collimating slits and a chopper, the atomic beam is sent through three laser 
standing waves Gi, G 2 , G 3 equally spaced by a distance L. Their frequency, 
intensities and thicknesses must satisfy the Bragg condition so that they behave 
like diffraction gratings for the atomic wave mm- The grating period a is 
simply related to the laser wavelength Al by a = Al/ 2. Finally, in order to get 
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the maximum signal and fringe contrast, the parameters of the three standing 
waves are adjusted so that Gi and G 3 act as beam splitters with a 50% trans- 
mission and 50% reflexion coefficients, while grating G 2 behaves like completely 
reflecting mirrors, in order to form a symmetrical, diamond shaped, separated 
arms interferometer (see figure ^ . The angle between the direct and diffracted 
beams will be noted 6 d- Assuming first order diffraction, this angle is simply 
(^d = ^ds/a where XdB = h/mv denotes the de Broglie wavelength of the atoms. 
The outcoming beam is detected by collecting the laser induced fluorescence in a 
resonant light plane. The reader is referred to for a more detailed description 
of the experimental setup. 

As shown in figure ^ lithium residual charge q^i will be measured by placing 
a parallel plate capacitor of length Lc between two gratings so that the two 
arms propagate symmetrically inside the held region. The semi-classical phase 
accumulated by a particle along the classical path in a potential V can be 
evaluated in the following way inCHl: 



(f> = 




a 



(6) 



The relevant potential here will be the electric potential expansion 



V = Vo-bVi-bV2-b... (7) 

= qL^V-d■E-^aE^ + ... ( 8 ) 



L 



L 




0 Zi„ 



Zout 



Z 



Fig. 1. The experimental set-up proposed to test neutrality of lithium atom is based 
on a Mach-Zehnder atom interferometer working in the Bragg configuration. Gi, G 2 , 
G 3 are the three diffraction gratings and the detector is placed in front of one of the 
two complementary exits. The capacitor of length Lc extends from 2 = Zin to z = Zout- 
Some plates defining the zero potential in a symmetrical way are not represented 
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where V and E respectively stand for the electric potential and field, d is a 
possible permanent electric dipole moment induced by the existence of a resid- 
ual charge and a is the ground state static polarisability. Nevertheless, if the 
atomic charge qli does not vanish, the permanent electric dipole moment can 
be cancelled by an appropriate choice of the spatial origin and we will forget the 
corresponding energy term. 

If d is the mean separation between the two trajectories inside the capacitor, 
the phase shift Acj) induced between the two waves can be written as 

Acj) = \qL^Ed^ . (9) 

h V 



The mean separation between the two trajectories d is proportional to diffraction 
angle Od'- 

d= 9d{Zout+ Zin)/‘^ (10) 

where and Zout represent the distances from the first grating to both ends of 
the capacitor (see figure 0 . Then 



A(j) 



1 Zout ^in 

■rqLiE Od T 

a V 2 



(11) 



To be sensitive to the smallest atomic charge, the interferometer must be 
designed such as to give the largest possible phase shift. The electric field is ob- 
viously limited by the maximum field which can be achieved in the laboratory, 
but this limit is not very severe: fields as large as 20 — 30 MV/m can be achieved 
in a few millimeters wide gaps m- Another condition is that the polarisability 
energy term should remain small when compared to the atom kinetic energy 
tou^/ 2, otherwise the velocity inside the electric field would be markedly modi- 
fied. Besides an optimization of the geometrical dimensions Lc and (zout + Zin), 
the largest gain will be obtained by increasing the kinematic ratio 9d/v which is 
given by: 



^ _ h 

V mv^a 



( 12 ) 



Because A(f> oc 1/u^, this expression clearly shows that the sensitivity of the 
experiment to an atomic charge can be greatly enhanced by the use of a slow 
atomic beam. For our numerical estimates, we have assumed the following values. 
The lithium beam mean velocity is u = 10 m/s and the grating period a is equal 
to 335 nm, corresponding to the atomic first resonance line at 671 nm. The 
resulting first order diffraction angle 9d = 17 mrad is quite large. The separation 
between consecutive gratings is equal to L = 0.6 m with a capacitor of length 
Lc = 0.5 m located at mid-distance between the first and second gratings so that 
{zout + Zin)j2 = L/2 = 0.3 m. The applied electric field E is assumed equal to 
10® V/m, a value for which the polarisability term (a' = a/Aireo = 24.3 x 10“®® 
m® pn]) is about 10“® of the atom kinetic energy. With these values, the phase 
shift is calculated to be: 



A(f> = qLi X 2.4 X 10®® rad. 



(13) 
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To reach a limit on the value of \qLi\ of the order of 10“^^ x |ge| (i.e. the existing 
limit on \qn\ limit), we must be able to measure a phase shift as small 

as 3.8 X 10“^ rad. The smallest measurable phase shift depends on the signal- 
to-noise ratio r of the interferometer. If C is the contrast of the signal, N the 
number of atoms detected per second, t the duration of the measurement and if 
we observe the linear part of the interference pattern, then 

A<j)CVm 

r=-^ • (14) 

With a Bragg diffraction interferometer, the theoretical contrast is C = 
100%. If the atomic beam is slowed down to 10 m/s and transversely cooled 
before collimation, the incoming rate can easily reach 10^ atoms/s. The detec- 
tion probability can be taken equal to 1 because with realistic values, we estimate 
possible to detect about 100 fluorescence photons per atom. The smallest mea- 
surable phase shift with a signal-to-noise ratio equal to one is then on the order 
of 6. X 10“^ rad/-\/Hz. An acquisition time on the order of 2 seconds should 
be enough to detect an atomic charge as small as the present limit on neutron 
charge, thus establishing the metrological potential of the proposed set-up. 

We would now like to focus on some systematic effects that could alter the 
experiment. It has to be stressed that the present equations assume an exact 
cancellation of the polarisability term, while this energy term is many orders of 
magnitude greater than the term due to residual charge. So, special attention 
should be paid first on the capacitor construction to minimize held gradients, 
and second, on the symmetry of the design to make the lengths of the two paths 
inside the capacitor as equal as possible. Finally, the acquisition procedure should 
be devised to eliminate the systematic effect due to atomic polarisability. This 
effect depends indeed quadratically on the electric held while an effect due to 
residual lithium charge would depend linearly on the electric held. One can thus 
change the polarity of the voltage applied to the capacitor and subtract the value 
measured with one polarity from the value measured with the opposite polarity. 
The quadratic part in E will cancel out while the part linear with E will remain. 
As a consequence, two measurements are requested to get the final limit and the 
integration time will be four times longer i.e. about 8 seconds for a 10“^^ x |ge| 
limit . 

In order to get rid of the fringe held of the capacitor, one could work with 
a pulsed atomic beam and a pulsed voltage on the capacitor, using the scalar 
Aharonov-Bohm effect. If the voltage is applied when an atomic cloud is com- 
pletely inside the held region and switched off before any atom has left this 
region, all atoms are in the electric held for the same amount of time. If the 
atoms spend a time r inside the capacitor when the held is applied, 

Acj) = ^quEdr . (15) 

If this sequence is repeated with a period equal to T, the net atomic rate is 
reduced from N to 



(16) 
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if the time ts during which the source is open is such that ts < t (if not, r 
must replace tg in equation 16). To get the best signal-to-noise ratio and the 
largest phase shift, one must choose r and tg as large as possible and T as small 
as possible. The period T is limited by the entry of the fastest atoms (velocity 
v + Av/2) into the capacitor and the exit of the slowest ones (velocity v — Av/2), 
whereas r is limited by the entry of the slowest atoms and the exit of the fastest 
ones. In the best condition, when the atomic beam is chopped just before the 
first grating, and if the velocity dispersion Av is small {Av/v <C 1), 



Tmax = Lc/V - ^ (Av/v) - tg , (17) 

2v 

Tmin = Ldv+ ^ {Av/v) + tg . (18) 

2v 



For a lithium beam slowed down to 10 m/s and cooled down close to the Doppler 
limit {Av/v ~ 0.1), a capacitor 0.5 m long and for tg = Tmax, then tg = 23.5 ms 
and Tmin=7&-5 ms. With the parameters already mentioned one could measure 
a charge qLi as small as the existing limit on the neutron charge qn in about 16 
seconds. 

This pulsed mode induces a transient magnetic field that interacts with the 
magnetic moment of lithium. Thanks to the symmetry of our design, the resulting 
effect should be equal for both beams and therefore it should cancel out, if we 
can neglect small symmetry defects. In order to completely cancel this magnetic 
effect, one can optically pump the lithium atoms in an = 0 sublevel which 
is insensitive to weak magnetic fields. However, this trick is possible only with 
bosonic ^Li. 

Finally, a modification of the present geometry can be considered which gives 
roughly the same sensitivity to atomic charge but for which the sensitivity to 
atomic polarisability is hopefully considerably reduced. If, for example, the two 
arms of the interferometer propagate inside equipotential volumes held at differ- 
ent potentials Vi and V 2 (see figure 0 during a time r, the resulting phase shift 
is simply given by: 



Acj) 



qLtjVi -V2 )t 
h 



(19) 



This expression is very similar to equation (9) where the term (Vi — V 2 ) replaces 
E d. One can hope to produce a phase shift of the same order of magnitude if 
(Vi — V 2 ) « Ed, while the phase associated to the polarisability term will be 
considerably reduced. Moreover, if the construction is well symmetric and if the 
potentials Vi and V 2 are opposite, with additional entrance and exit electrodes 
held at H = 0, phases associated to the polarisability term should cancel as 
a result of symmetry. However, these phases are not very easy to evaluate as 
the electric field is nonzero at the entrance and exit of the equipotential vol- 
umes and the geometry of this field is not simple. This arrangement is very nice 
from a theoretical point of view, but its alignment is more difficult than for the 
configuration using only one capacitor. 
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4 Discussion 

A Mach-Zehnder atom interferometer is not the only atom interferometer that 
could be used. One could also use a Ramsey-Borde interferometer to test 
neutrality of atoms. The capacitor should then be set where trajectories are 
parallel and atoms are in the same internal state in both paths, so that the 
phase shift depends only on atomic charge. A possible disadvantage of these 
interferometers is that the observed contrast is around 20 % according to m 
and that many atoms of the source are lost in extra interferometers also present 
in the apparatus. 

In reference [3, S. Chu et al. mentioned that their accelerometer, based on 
a cold atom interferometer and used to measure local acceleration of gravity 
g, could also be used to measure residual atomic charge. One may think that 
the method would consist of measuring the acceleration Og = qA,zE/m instead 
of the phase due to the electrostatic potential. If the whole interferometer can 
be placed inside a homogeneous electric field (this may be an oversimplification 
as Stark splittings will probably perturb the Raman transitions used as beam 
splitters), the phase shift due to atom polarisability cancels and the phase shift 
of the interferometric signal due to the electric field should give a measurement 
of gA.zl'm. Using cesium, this group managed to measure g with a sensitivity of 
2 X lo-VViu I2EI]- With an electric field E = 10® V/m, this sensitivity on 
acceleration leads to a sensitivity on atomic charge of 

\qAA < 4 X 2.1 • 10-21g,/VlR (20) 




Fig. 2. The same experimental set-up as in figure [Q slightly modified to observe the 
scalar Aharonov-Bohm effect. The conducting cylinders are held at potentials Vi and 
V 2 , so that most of propagation occurs in a zero electric field 
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where the factor 4 comes from the substraction of two measurements (with and 
without field). This would thus allow to reach the present limiting value on |g„| 
with an acquisition time of about 1 minute. 

Finally, as far as we know, the only attempt to measure an electric field 
induced phase shift with such an interferometer is due to Shimizu, Shimizu and 
Takuma |22| . The electric field was simply provided by a tinned copper wire. 
This configuration is however very far from the ones we have considered in the 
present paper and should provide only a moderate sensitivity. 

5 Conclusion 

In this paper, we have investigated the possibility to measure, with atom inter- 
ferometry, a limit on hydrogen atom charge smaller than the existing one. Our 
experimental proposal is based on a Mach-Zehnder atom interferometer using 
Bragg diffraction and offers a very good precision in the measurement of residual 
electric charge of isolated lithium atoms. The main experimental challenge is to 
obtain a very precise cancellation of the polarisability effect. 

An interesting feature of our experimental scheme is that it could also be used 
for the ®Li isotope. Since the resonance spectra of both isotopes of lithium are 
not very different, one would only need a small change in the tuning of lasers. 
Comparison between ^Li and ®Li results would then provide an independent 
limit on neutron charge. 

To derive a limit on \qH\^ one is anyway limited by the value of neutron 
charge. If our limit on residual charge of lithium will be eventually smaller than 
the existing limit on neutron charge, we should arrive at a limit for {gnl of about 
1.4 X 10“^^ X \qe\ (see formulas (1) and (5)) without any particular assumption 
and of about 2.3xl0“^^x|ge| for neutrino charge assuming charge conservation 
in neutron beta decay. 

A direct limit on {qnl would require an experiment working with hydrogen 
atoms or molecules. As far as we know, no interferometry with separated arms 
using an hydrogen beam has been realized up-to-now but such an experiment 
could be eventually realized using material gratings EH . 

6 Acknowledgement 

We thank J. Dalibard for his very interesting suggestion about the scalar Aharonov- 
Bohm effect. We acknowledge financial support from Region Midi-Pyrenees, Uni- 
versite Paul Sabatier (BQR) and IRSAMC. 

References 

1. C. Ekstrom, J. Schmiedmayer, M. Chapman, T. Hammond and D. Pritchard: 
Phys. Rev. A 51 , 3883 (1995) 



Matter neutrality test by atomic interferometry 563 



2. B. Young, M. Kasevich and S. Chu: “Precision atom interferometry with light 
pulses”, in Atom Interferometry, edited by P. Berman (Academic Press, 1997), 
pp. 363-406 

3. D. Keith, C. Ekstrom, Q. Turchette and D. Pritchard: Phys. Rev. Lett. 66 , 2693 
(1991) 

4. D. Giltner, R. McGowan and S. A. Lee: Phys. Rev. A 52, 3966 (1995) 

5. E. Rasel, M. Oberthaler, H. Batelaan, J. Schmiedmayer and A. Zeilinger: Phys. 
Rev. Lett. 75, 2633 (1995) 

6. C. Champenois, M. Buchner and J. Vigue: Eur. Phys. J. D 5, 363 (1999); C. Cham- 
penois, These de I’Universite Paul Sabatier, Toulouse (1999), unpublished 

7. Y. Aharonov and D. Bohm: Phys. Rev. 115, 485 (1959) 

8. J. Baumann, R. Gahler, J. Kalus and W. Mampe: Phys. Rev. D 37, 3107 (1988) 

9. C. Caso et al.: Eur. Phys. J. C 3, 1 (1998) 

10. H. Dylla and J. King: Phys. Rev. A 7, 1224 (1973) 

11. M. Marinelli and G. Morpurgo, Phys. Lett. B 137, 439 (1984) 

12. U. Sterr, K. Sengstock, W. Ertmer, F. Riehle and J. Helmcke: “Atom interferome- 
try based on separated light fields”, in Atom Interferometry, edited by P. Berman 
(Academic Press, 1997), pp. 293-362 

13. V. Rieger, K. Sengstock, U. Sterr, J. Muller and W. Ertmer: Optics Comm. 99, 
172 (1993) 

14. A. Morinaga, N. Nakamura, T. Kuroso and N. Ito: Phys. Rev. A 54, R21 (1996) 

15. D. Giltner, R. McGowan and S. A. Lee: Phys. Rev. Lett. 75, 2638 (1995) 

16. C. Borde: in “Matter-wave interferometers: a synthetic approach”, in Atom Inter- 
ferometry, edited by P. Berman (Academic Press, 1997), pp. 257-297 

17. R. P. Feynman and H. G. Hibbs: Quantum meehanies and the path integrals, 

McGraw-Hill (1965) 

18. P. Storey and C. Cohen-Tannoudji: J. Phys. II France 4, 1999 (1994) 

19. R. Latham: High voltage vaeuum insulation, Academic Press (1981) 

20. R. W. Molof, H. L. Schwartz, T. M. Miller and B. Bederson: Phys. Rev. A 10, 
1131 (1974) 

21. A. Peters, K Y. Chu and S. Chu: Nature 400, 849 (1999) 

22. F. Shimizu, K. Shimizu and H. Takuma: Jpn. J. Appl. Phys 31, L436 (1992) 

23. W. Schollkopf and J. Toennies: Science 266, 1345 (1994) 




Relativistic Corrections in Atoms 

and Space-Time Variation of the Fine Structure 

Constant 



Vladimir A. Dzuba, Victor V. Flambaum, Michael T. Murphy, and 
John K. Webb 

School of Physics, University of New South Wales, UNSW Sydney NSW 2052, 
Australia 



Abstract. Comparison of quasar absorption line spectra with laboratory spectra pro- 
vides the best probe for variability of the fine structure constant, a = Ihc, over 
cosmological time-scales. We have demonstrated Q that high sensitivity to the varia- 
tion of Q can be obtained from a comparison of the spectra of heavy and light atoms 
and have obtained an order of magnitude gain in precision over previous methods j2|. 
Our new data 0 hint that a was smaller at earlier epochs. Careful searches have so 
far not revealed any spurious effect that can explain the observations. 



1 Introduction 

Theories unifying gravity and other interactions suggest the possibility of spa- 
tial and temporal variation of physical “constants” in the Universe (see, e.g. 
P)). Current interest is high because in superstring theories - which have addi- 
tional dimensions compactified on tiny scales - any variation of the size of the 
extra dimensions results in changes in the 3-dimensional coupling constants. At 
present no mechanism for keeping the internal spatial scale static has been found 
(for example, our three “large” spatial dimensions increase in size). Therefore, 
unified theories applied to cosmology suffer generically from a problem of pre- 
dicting time-dependent coupling constants. Moreover, there exists a mechanism 
for making all coupling constants and masses of elementary particles both space 
and time dependent, and influenced by local circumstances pj. The variation of 
coupling constants can be non- monotonic (for example, damped oscillations). 

Astrophysical measurements enable us to probe the variation of the funda- 
mental constants. The energy scale of atomic spectra is given by the atomic unit 
me'^ jf? . In the non-relativistic limit, all atomic spectra are proportional to this 
constant and analyses of quasar spectra cannot detect any change of the funda- 
mental constants. Indeed, any change in the atomic unit will be absorbed in the 
determination of the redshift parameter z (1 + z = uju' , u>' is the redshifted 
frequency of the atomic transition and uj is the laboratory value). However, any 
change in the fundamental constants can be found by measuring the relative size 
of relativistic corrections, which are proportional to . 

It is natural to search for any changes in a using measurements of the spin- 
orbit splitting within a specific fine structure multiplet. Indeed, this method has 
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been applied to quasar spectra by several groups. The ratio of fine structure 
splitting of an alkali-type doublet to the mean transition frequency is propor- 
tional to c? . A comparison of these ratios in cosmic spectra with laboratory 
values provides powerful constraints on variability. This method was proposed 
by J. Bachall and M. Schmidt in 1967 0. Varshalovich, Panchuk & Ivanchik 
[7j have obtained very stringent upper limits on any variation at redshifts z ~ 
2.8-3. 1 at the fractional level of Aaja = (Oz — ao)/c«o = 0.2 ± 0.7 x 10“^. Here, 
ao is the present day value of a and Oz is the value at the redshift, z, of the 
absorbing gas cloud. See 0 for a review of other works. 

Recently we developed a new approach which improves the sensitivity to a 
variation of a by more than an order of magnitude P2|. The relative value of 
any relativistic corrections to atomic transition frequencies is proportional to 
c? . These corrections can exceed the fine structure interval between the excited 
levels by an order of magnitude (for example, an s-wave electron does not have 
the spin-orbit splitting but it has the maximal relativistic correction to energy) . 
The relativistic corrections vary very strongly from atom to atom and can have 
opposite signs in different transitions (for example, in s-p and d-p transitions). 
Thus, any variation of a could be revealed by comparing different transitions in 
different atoms in cosmic and laboratory spectra. 

This method provides an order of magnitude precision gain compared to 
measurements of the fine structure interval. Relativistic many-body calculations 
are used to reveal the dependence of atomic frequencies on a for a range of 
atomic species observed in quasar absorption spectra Q. It is convenient to 
present results for the transition frequencies as functions of o?' in the form 



io = ujQ + qiX + q2V, 



( 1 ) 



where x = (^)^ — 1, y = (^)^ — 1 and ojq is a laboratory frequency of a particular 
transition. New and accurate laboratory measurements of ujq have been carried 
out specifically for this work by Imperial College (London), Lund and NIST 
groups (see also accurate measurements in 1911(1121131141151 II16I17I18ITT?1 L We 
stress that the second and third terms contribute only if a deviates from the 
laboratory value ag. The initial observational results |5| for two Mgii lines and 
five Fell lines suggest that a may have been smaller in the past. 

This work has been continued in Ref. (3|. A large set of data consists of 49 
quasar absorption systems located between 4 and 11 billion light years from us 
(starting from 10% of the age of the Universe after Big Bang). Many lines of 
Mgi, Mgii, Alii, Aim, Sill, Cm, Fell, Niii and Znii have been included and a 
study of both temporal and spatial dependence of a has been performed. For 
the whole sample, Aaja = (—7.5 ± 1.8) x 10“®. We should stress that only 
statistical errors are presented here. This error is now small and the main efforts 
are directed towards the study of various systematic effects m- 

Note that the data have already passed one crucial test. The relativistic 
corrections vary very strongly from atom to atom and can have opposite signs 
in different transitions (for example, in s-p and d-p transitions). It is hard to 
imagine that the spurious effects “know” about this. Therefore, we measured a 




566 



Vladimir A. Dzuba et al. 



variation separately for positive shifters (positive coefficient q\ in eq. (1)) com- 
bined with anchor lines (small qi) and negative shifters combined with anchor 
lines. Startlingly, the results for Aa are the same in both cases! Spurious shifts 
of the lines would give the opposite signs for “Z\a” in these two cases. 

This cosmic spectroscopy method has been extended to study variation of 
other fundamental parameters. The ratio of the hydrogen atom hyperfine tran- 
sition frequency to a molecular (CO, CN, CS, HCO+, HCN etc.) rotational 
frequency is proportional to y = a^gp where gp is the proton magnetic g-factor 
EH. A new preliminary result here is Ay/y = (— 2.4± 1.8) x 10 ® about 4 billion 
light years from us (the average z=0A7). Altogether, we now have 3 indepen- 
dent samples of data: two optical samples (see 031) and one radio sample. All 
3 samples hint that Aa is negative. 

Another possibility is to use optical atomic frequency standards. Any evolu- 
tion of a in time would lead to a frequency shift. To establish the connection 
between a and tu, relativistic calculations of the a dependence of the relevant 
frequencies for Cai, Srii, Ban, Ybii, Hgii, Inii, Tin and Ran have been performed 
0. The a dependence of the microwave frequency standards (Cs, Hg+) has also 
been accurately calculated. 



2 Atomic Theory 

2.1 Semi-Empirical Estimations and Advantages of the New 
Method to Search for Variation of a 



To explain the advantages of our proposals let us start from simple analytical 
estimates of the relativistic effects in transition frequencies. The contribution of 
the relativistic correction to the energy can be obtained as an expectation value 
(y) of the relativistic perturbation V , which is large in the vicinity of the nucleus 
only. The wave function of an external electron near the nucleus is presented in, 
for example, Eg. A simple calculation of the relativistic correction to the energy 
of external electron gives the following result: 



Z\ 



n 



{ZaY 

2h? ~ 



1 

J + 1/2 



C{j,l) 



EnjZaf 

V 



1 

J + 1/2 



cyi) 



(2) 



where Z is the nuclear charge, I and j are the orbital and total electron an- 
gular momenta, Za is the charge “seen” by the external electron outside the 
atom, i.e. Za = t for neutral atoms, Za = 2 for singly charged ions, etc.; v is 
the effective principal quantum number, defined by En = where 

is the energy of the electron. For hydrogen-like ions v = n, Za = Z, where n 
is the principal quantum number. To describe the contribution of many-body 
effects to the relativistic correction, Z\„, we introduce the parameter C{j,l). 
Indeed, the single-particle relativistic correction increases the attraction of an 
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electron to the nucleus and makes the radius of the electron cloud smaller. As a 
result, the atomic potential, which is the nuclear potential screened by the core 
electrons, becomes weaker. This decreases the binding energy of the external 
electron. Therefore, the many body effect has the opposite sign to the direct 
single-particle relativistic effect. Accurate many-body calculations described be- 
low give C(j, 1) ~ 0.6 for s and p orbitals. We see that the relativistic correction 
is largest for the Si /2 and pi /2 states, where j = 1/2. The fine structure splitting 
is given by Ais = - £^(^ 1 / 2 )- 

In quasar absorption spectra, transitions from the ground state are most 
commonly seen. Therefore, it is important to understand how the frequencies 
of these transitions are affected by the relativistic effects. The fine splitting 
in excited states is smaller than the relativistic correction in the ground state 
since the density of the excited electron near the nucleus is smaller. As a re- 
sult, the fine splitting of the £l-transition from the ground state (e.g., s-p) is 
substantially smaller than the absolute shift of the frequency of the s-p transi- 
tion. At C{j,l) = 0.6 the relativistic shift of the mean energy of the p-electron 
(E{p) = 2/3£(p3/2) + 1/3£(pi/ 2)) is small. Therefore, the average relativistic 
shift of the s-p transition frequency is mostly given by the energy shift of the 
s-state: A{p-s) ~ — Z\(s). 

The relative size of the relativistic corrections is proportional to so they 
are small in light atoms. Therefore, we can find the change of a by comparing 
transition frequencies in heavy and light atoms or by comparing s-p and d-p 
transitions in heavy atoms (like Fell and Cm) where the relativistic frequency 
shifts have opposite signs. 

We stress that the most accurate and effective procedure to search for the 
change of a must include the analysis of all available lines (rather than the fine 
splitting in the excited states within one multiplet only). This new method has 
the following advantages: 

• The total relativistic shift of frequencies (e.g. the largest s-electron shift) is 
included. 

• The largest relativistic shift in the ground state is included. 

• Very large statistics - all available atomic and ionic lines, different frequency 
ranges, different redshifts (epoch/distances). 

• Many possibilities to search for systematic errors. For example, we can ex- 
clude any line or atom to avoid possible effects of unknown line blending, 
calibration errors, etc. The opposite signs and different values of the rela- 
tivistic shifts for different lines give us a very efficient method to control the 
systematic effects. 

As a result we can measure the effect which is ~10 times larger than that in 
the alkali doublet method, have ~100 larger statistics, cover a large range of 
red-shifts/cosmological time and have better control of the systematic errors. 

2.2 Relativistic Many-Body Calculations 

Accurate calculations of relativistic effects in atoms have been done using many- 
body theory which includes electron-electron correlations. We used a correlation- 
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Table 1. Dependence on a of the frequencies of the El atomic transitions of astronomic 

interest; Z = 6 - 13 (units: cm“^). Here uj = loq + qix + q^y where x = — 1, y = 

(JL)4 _ 1 
V a, 
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Atom/Ion 
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Upper states 


too 


qi 


92 


6 


C I 


2s^2p^ 


"Po 


2s^2p3s 


®Pi 


60352.642 [El 


9 


0 
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potential (self-energy operator) method | 23 | for atoms with one external electron 
above closed shells and a combined configuration interaction and many-body 
perturbation theory method m for atoms with several valence electrons. These 
ab initio methods allow us to obtain an accuracy of ~ 0.1% for energy levels 
in atoms and ions with one external electron above closed shells and a few 
per cent in atoms with several valence electrons. The accuracy was controlled by 
comparison between the calculated and observed energy levels and fine structure 
intervals. The values of the relativistic corrections and coefficients {qi and ( 72 ) 
were obtained by repeating the calculations for different values of a (see eq. (1)). 

The numerical procedure is the following: 

• A relativistic Hartree-Fock (RHF) Hamiltonian was used to generate a com- 
plete set of single-electron orbitals, energy levels and Green’s functions. 

• Many-body perturbation theory in difference between the exact and Hartree- 
Fock Hamiltonians (perturbation U = H — Hhf) is used to calculate the 
effective Hamiltonian for valence electrons. This effective Hamiltonian in- 
cludes correlations between the valence and core electrons which result in 



Relativistic Corrections in Atoms 



569 



Table 2. Same as Table I; Z = 14 - 25 



Z Atom/Ion 


Ground state Upper states 


Wo qi 


Q2 


14 Si II 


3s"3p "P ?/2 


3s3p" ^Pi /2 


42824.297 IH 437 


10 






3s3p2 


42932.625 HHI 543 


13 






3s3p^ ^Ds /2 


55309.3365(4) HS| 547 


-6 






3s=4s 2 Si /2 


65500.4492(7) [T^ 24 


22 






3s3p2 2 s^/2 


76665.352 |TH| 558 


-22 






Ss^Sd ^D 3/2 


79338.501 IISI 298 


-3 






3s3p2 2Pi/2 


83801.947 |TH| 505 


13 






3s3p^ ^Pa /2 


84004.261 m 724 


3 


14 Si IV 


2/3s =Si /2 


2p®3p 


71287.523 |TH| 362 


-8 






2p®3p ^Pa /2 


71748.625 |TS| 766 


48 


20 Ca I 


4s^ ^So 


4s4p ^Pi 


23652.305 |T^ 300 


0 


20 Ca II 


3/4s 


3p®4p 2pj/2 


25191.512 Hg 192 


16 






3p®4p 2p3/2 


25414.427 HS| 420 


16 


24 Cr II 


3d® ®Ss /2 


SdHp ®F 3/2 


46905.17 [TZ| -1624 


-25 






3dHp ®Fs /2 


47040.35 [TZ| -1493 


-21 






3dHp ®F 7/2 


47227.24 -1309 


-18 






3dHp ®P 3/2 


48398.868(2) [lEl -1267 


-9 






3dHp ®Ps /2 


48491.053(2) [HI -1168 


-16 






3dHp ®P7/2 


48632.055(2) [HI -1030 


-13 


25 Mn II 


3d® 4s '^Ss 


3d®4p ’■Pa 


38366.184 [HI 918 


34 






3d®4p ’'P 3 


38543.086 [HI IHO 


19 






3d®4p ’'P 4 


38806.664 {HI 1366 


27 



Table 3. Same as Tables 1 and 2; Z = 26 


Z Atom/Ion 


Ground state Upper states 


Wo 


91 


92 


26 Fe II 


3d® 4s a ®D 9/2 3d®4p ®D °/2 


38458.9871(2) [H] 


1449 


2 




3d®4p 2 ®D ?/2 


38660.0494(2) [in] 


1687 


-36 




3d®4p 2 ®Fn /2 


41968.0642(2) [HI 


1580 


29 




3d®4p 2 ®Fg /2 


42114.8329(2) [HI 


1730 


26 




3d®4p 2 ®F 7/2 


42237.0500 |H| 


1852 


26 




3d®4p 2 ®P 7/2 


42658.2404(2) [HI 


1325 


47 




3d®4p 2 ^Fg /2 


44232.512 El 


936 


278 




3d®4p 2 ^D 7/2 


44446.878 E3 


1616 


3 




3d®4p 2 ^F 7/2 


44753.799 E3 


1701 


141 




3d®4p 2 ®P 7/2 


54490.2 (HI 


1719 


-179 




3d®4p 2 ^G 7/2 


60956.82 [H] 


1724 


6 




3d®4p 2 ^H 7/2 


61156.835 E3 


1780 


-86 




3d®4p y '‘D 7/2 


61726.078 El 


1342 


-51 




3d®4p y ^F 7/2 


62065.528(3) EH 


1110 


48 




3d®4p y ®P 7/2 


62171.625(3) EH 


1002 


141 
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Table 4. Same as Tables 1 - 3; Z = 28 - 32 



Z Atom/Ion 


Ground state 


Upper states 


OJO 


gi 


<?2 


28 Ni II 


3d® ®Ds/2 


00 

CO 


Z^G-j/2 


56371.41 |TS| 


-134 


0 






3d*4p 


z ^F7/2 


57080.373(4) Hg 


231 


0 






3d®4p 


^ ^D5/2 


57420.013(4) [E] 


-1188 


0 






3d®4p 


2 ^Fs/2 


58493.071(4) [E] 


654 


0 






3d®4p 


^ ^D3/2 


58705.94 |E| 


275 


0 






3d*4p 


y ^Fs/2 


67694.63 |E| 


-1329 


0 






3d®4p 


y ^F7/2 


68131.22 |E| 


-1158 


0 






3d«4p 


y ^^3/2 


68154.29 Hg 


-585 


0 






3d®4p 


y ^D5/2 


68735.99 HE| 


403 


0 






3d®4p 


2 ^Ps/2 


68965.66 HB| 


266 


0 






3d®4p 


X ®Dg/2 


71720.82 Hg 


-451 


0 






3d®4p 


X ®D3/2 


72375.40 eg 


-444 


0 






3d*4p 


y ^P3/2 


72985.67 |ig 


-336 


0 






3d®4p 


X ®F7/2 


75917.64 eg 


-876 


0 






3d®4p 


y ^G7/2 


79823.05 eBI 


-716 


0 


30 Zn II 


3di°4s ®Si/2 


3di®4p 


'Pl/2 


48481.077(2) PE] 


1445 


66 






3di®4p 


= P3/2 


49355.002(2) eEl 


2291 


94 


32 Ge II 


®Pi/2 


4s® 5s 


'Si/2 


62403.027 |Tg 


-575 


-16 



corrections to the valence electron energies and wave functions and screen- 
ing of the electron-electron interaction by the core electrons. 

• Diagonalization of the effective Hamiltonian for the valence electrons (the 
configuration interaction method). 

The results are presented in the Tables 1 to 4. 

We see that some lines have a large increase in frequency when a increases 
(e.g. lines with large positive q\ coefficients - “positive shifters” - like Fell and 
Znii), some lines have a large decrease in frequency (e.g. lines with large negative 
qi coefficients - “negative shifters” - like Cm) and there are “anchor” lines which 
are not sensitive to a variation of a (e.g. lines with small q\ like Mgi, Mgii, Alii, 
Aim, Sill). 

3 Results of Observations 

In this section we follow the work in Pj. All our QSO (quasar) spectra used 
in this work were obtained at the Keck I 10m telescope. The measurements 
of a-variation are based on two samples of data which loosely separate into 
two redshift regimes. The low-redshift sample (z = 1) contains 28 absorption 
systems in the spectra of 17 QSOs with Mgii and Fell lines. Full details of the 
reduction process are given in (2S|- The absorbers in this sample lie in the range 
0.5 < z < 1.8 and so the useful transitions here are the five Iron lines, Fell 
A2344-A2600, and the Magnesium transitions, Mgii A2796 and A2803. The Mgii 
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lines have small qi coefficients and so act as anchors against which the larger 
Fell shifts can be measured. 

The high redshift {z = 2.1) sample contains 21 systems in the spectra of 13 
QSOs. The absorbers in this sample lie in the range 0.9 < z < 3.5 and contain 
absorption from some or all of the following species: Sin, Niii, Znii, Fell and Cm 
lines. Full details of the reduction procedures can be found in 



Table 5. Statistics for the two subsamples and the sample as a whole. We give the 
average redshift, z, for each sample and the number of data points, N, contributing to 
the weighted mean, (Aa/a)^, and unweighted mean, (Aa/a) (in units 10“®). We also 
give the significance of the deviation from zero and the reduced when the weighted 
mean is taken as the model 

Sample I N (Aa/a)^ {Aa/a) Significance Xred 

Low z 1.02 28 -0.75 ± 0.23 -0.76 ± 0.32 3.3cr 0.82 

High z 2.12 21 -0.74 ±0.28 -0.62 ± 0.36 2.7cr 0.77 

Total 1.49 49 -0.75 ±0.18 -0.70 ±0.24 4.3cr 0.78 



Our results are presented in Table El It shows the weighted mean (including 
statistical error bars), {Aa/a)^, the unweighted mean, {Aa/a) and the signifi- 
cance level of the weighted mean for the low and high redshift samples, together 
with those statistics for the sample as a whole. We also include the value of 
the reduced x^, Xred (^•®- degree of freedom), for each sample where the 

model is taken to be a constant equal to {Aa/a)^. 

Our results show a 4.3 (t variation in a over the redshift range 0.5 < z < 3.5. 
We note that the weighted means do not differ significantly from the unweighted 
means for either sample. This indicates that we have not grossly underestimated 
the error bars on some small number of points, allowing them to dominate the 
overall weighted mean. Therefore, our results seem statistically self consistent. 

To illustrate the distribution of Aa/a over cosmological time, we plot our 
results in Fig. 1. The upper panel of Fig. 1 shows the raw values of Aa/a as 
a function of fractional look-back time to the absorbing cloud using a flat A 
cosmology {Hq = 68 kms“^Mpc“^, 17 m = 0.3, 17a = 0.7). The redshift scale is 
also given for comparison. The lower panel shows an arbitrary binning of the 
data such that all bins have equal number of points (7 bins x 7 points per 
bin = 49 points). We plot the weighted mean for each bin with the associated 
Icr error bars. At low redshifts we see that Aa/a is consistent with zero - an 
expected behaviour if indeed cosmological variation of a exists. It is tempting 
to overinterpret such a diagram but we do note that the results are consistent 
with a generally smooth evolution of a with redshift. Note that the last point 
contains large error bars. Therefore, this picture seems to be consistent with 
both oscillatory and monotonic time dependence of a. 

We have also made a more complete analysis of two radio spectra initially 
treated in IZH to obtain constraints on y = gpO^. Assuming gp to be constant. 
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Redshift 




0.4 0.5 0.6 0.7 0.8 0.9 



Fractional look-back time 



Fig. 1. Aaja versus fractional look-back time within the current popular cosmology. 
The upper panel shows our raw results and Icr error bars: the dots represent the low 
redshift sample and the crosses mark the high redshift sample. Note that the high 
redshift sample does contain some lower redshift absorbers. The lower panel shows an 
arbitrary binning of our results: 7 bins x 7 points per bin = 49 points. The redshifts 
of the points are taken as the mean redshift of clouds within that bin and the value of 
Aaja is the weighted mean with its associated Icr error bar 

we find Aaja = (— 0.1±0.1)10“® and Aaja = (— 0.2±0.2)10“® at z = 0.25 and 
0.68 respectively. If we note the low redshift points in the lower panel (binned 
data) of Fig. 1 then we see that our results are also consistent with the two radio 
points. 



3.1 Systematic Errors? 

The statistical error in our result is now small and so our attention must turn 
to possible systematic errors. The work 12m considers this aspect of the problem 
in great detail and so we present only the main points here. 

To explain our results in terms of an effect other than real variation of a, such 
an effect must be capable of mimicking an non-zero average value of Aaja for 
both the high and low redshift samples alike. The low redshift sample (Mgii/Feii 
systems only) is most sensitive to systematic effects since a non-zero Aa / a can 
be mimicked by a slight ‘stretching’ or ‘compression’ of the spectrum relative to 
the ThAr calibration frames. This is due to the fact that all the Fell lines have 
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large and positive q\ coefficients and all lie to the blue of the Mgii anchors. A 
negative Aaja can be mimicked by a slight decrease in the separation between 
the Mgii and Fell lines, that is, a slight compression of the spectrum. On the 
other hand, the high redshift sample is particularly insensitive to such simple 
forms of systematic error. Since the high redshift sample contains transitions of 
many different species, all with various magnitudes and signs of q\ coefficients, 
it is unlikely that it is greatly effected by systematic effects. 

We have considered a broad range of potential systematic errors. Most of 
these can be excluded with simple arguments. However, some require further 
consideration and others require a detailed analysis. These include the follow- 
ing: laboratory wavelength errors, wavelength miscalibration, atmospheric dis- 
persion effects, unidentified interloping transitions, intrinsic instrumental profile 
variations, positioning of absorption features on different echelle orders, spec- 
trograph temperature variations, heliocentric velocity corrections, isotopic ratio 
and/or hyperfine structure variations and large scale magnetic fields. We have 
conducted extensive numerical tests to quantify the effect (if any) of the first six 
of these on our measurements of Aaja and have reliably excluded all but one, 
atmospheric dispersion effects. We have yet to properly quantify this effect but 
it can only have shifted Aaja. in the positive sense; removing this effect from 
our data will yeild a more significant result. We have excluded the rest of the 
above effects with more general calculations and arguments. 

We have also carried out other tests to search for a simple, unknown system- 
atic effect. For example, it is unlikely that such an effect will be able to mim- 
ick the very specific q\ dependence of the various lines: spurious effects do not 
“know” the magnitude and sign of the relativistic corrections to the transition 
frequencies. Thus, if we remove the transitions with large positive or negative 
qi coefficients from our fit and find new values for Aaja, then we expect the 
two values to differ in sign if the line shifts are caused by some simple system- 
atic effect. We have conducted such a test on the high redshift sample since it 
contains a subset of 12 systems in which we observe at least one anchor line, at 
least one transition with a large positive q\ co-efficient and at least one with a 
large negative q\ co-efficient. The results for {Aa/a) are the following: 

• No lines removed (actually, we do remove any lines that have “mediocre” 
shifts as to clearly deliniate the three different types of transitions) 

(-1.31 ±0.39) X 10-5 

• The anchor lines removed (with absolute value of q\ less than 300 cm“^) 
(-1.49 ±0.44) X 10-5 

• The positive shifters removed (with qi > 1000 cm-^) 

(-1.54 ± 1.03) X 10-5 

• The negative shifters removed (with q\ < —1000 cm-^) 

(-1.41 ±0.65) X 10-5 

Thus, we find consistent values for the average values of Aaja both before 
and after the line removal. The interpretation that the line shifts we observe are 
caused by a varying a seems robust. 
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We also removed individual lines and all lines of an ion to test for possi- 
ble effects of unknown line blending, change of isotopic ratio and laboratory 
wavelength errors. 

From the above analysis we can conclude that if our results are due to some 
effect other than real variation in a, then this will only be revealed with further 
independent observations. 
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Abstract. We present a frequency comparison and an absolute frequency measure- 
ment of two independent l 2 -stabilized frequency-doubled Nd:YAG lasers at 532 nm, 
one set up at the Institute of Laser Physics, Novosibirsk, Russia, the other at the 
Physikalisch-Technische Bundesanstalt, Braunschweig, Germany. The absolute frequency 
of the l 2 -stabilized lasers was determined using a CH 4 -stabilized He-Ne laser as a ref- 
erence. This laser had been calibrated prior to the measurement by an atomic cesium 
fountain clock. The frequency chain linking phase- coherently the two frequencies made 
use of the frequency comb of a Kerr-lens mode-locked Ti:sapphire femtosecond laser 
where the comb mode separation was controlled by a local cesium atomic clock. A new 
value for the R(56)32-0:aio component, recommended by the Gomite International des 
Poids et Mesures (CIPM) for the realization of the metre 0, was obtained with re- 
duced uncertainty. Absolute frequencies of the R(56)32-0 and P(54)32-0 iodine absorp 
tion lines together with the hyperfine line separations were measured. 



1 Introduction 

Presently, twelve reference frequencies covering the visible and infrared regions 
of the electromagnetic spectrum are recommended by the Comite International 
des Poids et Mesures (CIPM) for the realization of the metre p. Up to now, 
practical length metrology is performed mainly using the red line of the iodine 
stabilized He-Ne laser at A = 633 nm with a relative standard uncertainty of 2.5 
X 10"“ 0. 

A new optical frequency standard in the green part of the visible spectrum 
becomes possible by using a diode-pumped, frequency-doubled Nd:YAG lasers 
emitting at A = 532 nm. Compact in size, these lasers exhibit low intrinsic fre- 
quency and amplitude noise, high power levels and long expected life time. A 
number of iodine absorption lines which are strong and narrow lie within the 
tuning range of the doubled frequency at 532 nm so that they can be used as 
reference lines and for the frequency stabilization of the laser. Presently, several 
groups are investigating a number of features of these laser systems, at Stan- 
ford University, the Joint Institute for Laboratory Astrophysics (JILA), Boulder, 
the Bureau International des Poids et Mesures (BIPM), Paris, the Institute of 
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Laser Physics (ILP), Novosibirsk, including different methods of frequency stabi- 
lization m. measurements of hyperfine line separations or frequency intervals 
between absorption lines jSKil ?] and absolute optical frequency measurements 
imniii]. As a result of these efforts, the Comite Consultatif des Longueurs 
(CCL) meeting in 1997 recommended the frequency of one particular compo- 
nent, the aio hyperfine structure (HFS) component of the R(56)32-0 transition, 
for the realization of the metre with a relative standard uncertainty of 7 x 10“^^ 

P 

We present a frequency comparison of two independent l 2 -stabilized Nd:YAG 
lasers at 532 nm and an absolute frequency measurement of the laser frequencies 
which were locked to different HFS components of the R(56)32-0 and P(54)32-0 
iodine absorption line. The absolute frequencies have been determinded using a 
phase-coherent frequency chain which links the l 2 -stabilized laser frequency to 
a CH 4 -stabilized He-Ne laser at 3.39 fim. This laser had been calibrated before 
the measurements against an atomic cesium fountain clock. 



2 Laser Systems 

The PTB Nd:YAG laser system [I2|) based on model 142 of Lightwave Electron- 
ics Go. is shown in Fig. d 




Fig. 1. Set-up of the PTB laser system. The Nd:YAG laser is frequency stabilized onto 
a selected iodine absorption line using the phase modulation method. The probe beam 
is modulated at 2.05 MHz by an electro-optic modulator (EOM), the pumb beam is 
frequency shifted by an acousto-optical modulator (AOM). The driving AOM rf power 
is chopped in order to cancel frequency offsets introduced by the Doppler background 
using a lock-in detection scheme. The transmitted probe beam signal is detected by a 
photodiode (PD) and mixed with the EOM rf in a double balanced mixer (DBM) 
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Within the frequency tuning range of this laser the two iodine lines R(57)32- 
0 and P(54)32-0 can be addressed. Two servo-loops are used to stabilize the 
laser frequency onto a selected I 2 line: a slow thermal and a fast piezo-mounted 
transducer (PZT) with bandwidths of approximately 10 Hz and 10 kHz, respec- 
tively. For the frequency lock the phase modulation method is employed m 
The pumping beam is frequency shifted by an acousto-optical modulator (AOM) 
where the driving AOM rf-power is chopped in order to cancel - in combination 
with a lock-in detection scheme - frequency offsets introduced by the Doppler 
background. The frequency stability of the laser was analyzed at PTB by locking 
two equal systems to independent iodine cells and observing the beat frequency 
between them. The root Allan variance of the beat follows a 2 x 10“^^/y^ depen- 
dence for measurement times r < 100 sec reaching a minimum value of 3 x 10“^"^ 
at T = 100 s. 



Nd:YAG - laser with intracavity 
frequency doubling 




Fig. 2. Set-up of the ILP laser system. Intracavity frequency-doubling is realized with 
a KTP crystal which, together with a Brewster plate, serves as a Lyot filter. This allows 
to frequency tune the laser by more than 500 GHz by changing the temperature of the 
KTP crystal. The 532 nm laser radiation, after passing an acousto-optical modulator 
(AOM), is directed into an external I 2 fluorescence cell. A photomnltiplier (PM) detects 
the fluorescence signal over a solid angle of almost 0.2 tt. The photodiode D is used to 
detect a fraction of the 532 nm laser beam to power stabilize the 532 nm light via the 
AOM 



The ILP iodine spectrometer (Fig.EJ is based on a home-made diode-pumped 
Nd:YAG laser at 1064 nm with intracavity frequency doubling. The surface of 
the Nd:YAG crystal is spherical and dichroically coated to serve as resonator 
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mirror and input mirror for the pumping beam. It is mounted on a PZT for fast 
frequency control. The flat output mirror is also mounted on a PZT and used 
for the probe frequency modulation. For intracavity frequency-doubling a KTP 
crystal is used which, together with a Brewster plate, serves as a Lyot Alter. 
This provides single-frequency operation and the possibility to frequency tune 
the laser by more than 500 GHz by changing the temperature of the KTP crystal. 
Within this extremely wide tuning range it is possible to perform spectroscopy 
of any Iodine absorption line between 1080 and 1135 (for notation of the I 2 
lines see m- The length of the laser resonator is about 18 mm so that the 
whole system remains compact and stable. With 700 mW of pumping po wer, 
30 mW in the fundamental beam at 1064 nm and up to 20 mW in the second 
harmonic at 532 nm are generated. The 532 nm laser radiation, after passing an 
acousto-optical modulator, is directed into an external I 2 fluorescence cell. The 
iodine pressure in the cell is controlled via the temperature of a cold Anger. A 
photomultiplier detects the fluorescence signal over a solid angle of almost 0.2 
7T. In order to lock the laser to an I 2 resonance, a third harmonic synchronous 
detection scheme is employed minimizing the influence of Doppler background. 
The frequency stability of the laser was investigated at ILP with two equal 
systems locked to two different iodine cells. The root Allan variance of the beat 
between the two lasers reaches a minimum of 5 x 10“^"^ at r ~ 300 s. 

In order to investigate the reproducibility of the two iodine spectrometers, a 
frequency comparison of the ILP and the PTB laser was made. The frequency 
intervals between hyperflne components of the P(54)32-0 line for the three best 
isolated components were measured, using both lasers and the matrix method 
m-- one laser was stabilized to a selected component of this line while the other 
was successively stabilized to the ai, aio, and ais component. All frequency 
intervals were measured several times at different days. 

In order to check for systematic errors on the measured frequencies due 
to iodine cell impurities we used three different iodine cells in the ILP sys- 
tem (cells 16/89PTB, 13/97PTB, and 5/98PTB, respectively). The PTB laser 
system used a 50 cm cell 2/89PTB throughout the measurements. The result 
was: (i^i 6/89 - 1 ^ 13 / 97 ) = 1-6 (0.4) kHz, {vie/sg ~ J^ 5 / 9 s) = 2.7 (0.8) kHz and 
{'^ 2/89 ~ ^ 13 / 97 ) = 1-0 (0-’^) kHz. For most measurements, iodine cell 13/97PTB 
was used. In addition, we checked for systematic frequency shifts due to vari- 
ation of laser power, probe modulation amplitude, beam alignment and iodine 
pressure. The temperature of the cells could be changed between -20 °C and 
+10 °C, with a stability of better than 0.05 K and an accuracy of better than 

1 K. Again, one system was operated under unchanged conditions to serve as a 
reference while the parameters of the other laser were varied. In Tables D and 
El the most significant contributio ns to the estimated standard uncertainty of 
the stabilized PTB and ILP lasers are listed. The PTB laser is sensitive to ge- 
ometrical alignment of the counter-propagating pump and probe beams and to 
residual amplitude modulation resulting in a total standard uncertainty of about 

2 kHz. Due to the fluorescence detection technique the ILP laser is less sensitive 
to geometrical effects which shift the line center. At present the estimated total 
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standard uncertainty of 1.1 kHz of this laser is limited by the uncertainty to 
which the absolute temperature of the cold finger of the iodine cell is known. 

Taking into account all available data of frequency differences obtained dur- 
ing the course of the matrix measurements, and correcting for different iodine 
pressures, different iodine cells and different HFS-separations, we derive a com- 
bined frequency reproducibility of the two laser systems in the experiment of 
better than 1.5 ± 0.7 kHz. This is a notable result, given the fundamental differ- 
ences between the two iodine spectrometers as far as saturated absorption signal 
detection, laser frequency stabilization and laser set-ups are concerned. 



Table 1. Most significant contributions to the estimated frequency standard uncer- 
tainty of the iodine stabilized Nd:YAG laser of PTB 



effect 


standard 

uncertainty 


sensitivity 

coefficient 


contribution 
to uncertainty 


res. first order Doppler effect 






< 300 Hz 


alignment of probe -I- pump 


<150 prad 


10 Hz/mrad 


< 1500 Hz 


tension of breadboard 


0.5 K 


0.5 kHz/K 


250 Hz 


pointing stability 


15 prad 


10 Hz/prad 


150 Hz 


residual amplitude modulation 


0,5 mV 


2 kHz/mV 


< 1000 Hz 


servo electronics offset 


0.005 mV 


10 kHz/mV 


50 Hz 


exchange of servo electronics 


< 100 Hz 




< 100 Hz 


EOM phase adjust 


0.01 rad 


10 kHz/rad 


100 Hz 


power shift 


25 pW 


3.6 kHz/mW 


90 Hz 


pressure shift 


< 0.5 K 


-4.2 kHz/Pa 


< 440 Hz 




@ -5 ° C 






total uncertainty Si^ 
relative uncertainty &v!v 






< 2.0 kHz 

< 3.5 xl0“^^ 



3 Frequency Chain 

In order to measure the absolute frequencies of the iodine spectrometers, we 
employed a frequency chain which links the Nd:YAG laser frequencies to a CH 4 
stabilized He-Ne laser at 3.39 ^m (Fig. n. This laser was set up at the Institute 
of Laser Physics in Novosibirsk, Russia m and has been calibrated previously 
(1996) for a measurement of the hydrogen IS - 2S absolute frequency In 
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Table 2. Most significant contributions to the estimated frequency standard uncer- 
tainty of the iodine stabilized Nd:YAG laser of ILP 



effect 


standard 


sensitivity 


contribution 




uncertainty 


coefficient 


to uncertainty 


res. first order Doppler effect 






< 100 Hz 


alignment of probe -|- pump 


< Imrad 


10 Hz/mrad 


10 Hz 


servo electronics offset 


0.01 mV 


1 kHz/mV 


10 Hz 


change of modulation index 


5 kHz 


6.2 Hz/kHz 


30 Hz 


power shift 


100 /rW 


-340 Hz/mW 


30 Hz 


pressure shift 


< 1 K 


-4.2 kHz/Pa 


1.1 kHz 




@ -5 ° C 






total uncertainty Sv 






< 1.1 kHz 


relative uncertainty &vjv 






< 2.0 Xl0“i2 



the present experiment we used the result of a more recent calibration that 
was obtained 4 month ealier from a direct comparison with a cesium fountain 
clock in our lab, with fne-Ne = 88 376 182 599 976 (10) Hz pumj . This value 
deviates from the previous one by 39 Hz (1.6 combined standard deviations), 
most likely because the operating parameters were not exactly maintained over 
the years in the two experiments. Unlike in the previous calibration, the laser 
was not moved between its calibration and the measurement. 

The frequency chain works as follows: to the second harmonic of the He-Ne 
laser at 3.39 ^m a NaCl:OH“ color center laser at 1.70 /rm is phase locked. To 
the second harmonic of the color center laser a laser diode at 848 nm is then 
phase locked. This is accomplished by first locking the laser diode to a selected 
mode of the frequency comb of a Kerr-lens mode-locked Ti:sapphire femtosecond 
laser (Coherent model Mira 900), frequency-broadened in a standard single-mode 
silica fiber (Newport FS-F), and then controlling the position of the comb in 
frequency space At the same time the combs mode separation of 76 MHz 

is controlled by a local cesium atomic clock ik^’ With one mode locked to the 
4th harmonic of the CH4 standard and at the same time the pulse repetition rate 
(i.e. the mode separation) fixed |^, the femtosecond frequency comb provides a 
dense grid of reference frequencies known with the same fractional precision as 
the He-Ne S tandard [2,'-il2 If I l| . With this tool a frequency interval of about 37 
THz is bridged to lock a laser diode at 946 nm to the frequency comb, positioned 
n = 482 285 modes to lower frequencies from the initial mode at 848 nm. 

This part of the chain was simultaneously used for an absolute frequency 
measurement of the In’*' clock transition m- In that case, the fourth 
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Fig. 3. Set-up of the frequency chain used to measure the absolute frequency of the two 
iodine spectrometers. The chain links the 532 nm radiation of the frequency doubled 
Nd:YAG lasers (563 THz) to a methane-stabilized He-Ne laser at 3.39 /rm (88 THz). 
The two input frequencies of the frequency interval divider stage at 852 nm and 946 
nm determine the frequency of the Nd:YAG lasers at 1064 nm. The input frequencies 
are phase-coherently linked to the methane-stabilized He-Ne laser at 3.39 ^m by use 
of a frequency comb generated with a Kerr-lens mode-locked femtosecond laser 
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harmonic of a 946 nm Nd:YAG laser, which is heterodyned with the comb locked 
diode laser at 946 nm, excites the In+ ^Sq - ^Pq transition at 236 nm. 

In extension to this frequency chain we installed an optical frequency inter- 
val divider to extrapolate to 1064 nm (see Fig. 0. The center frequency of 
the optical divider stage is given by the Nd:YAG laser at 946 nm laser with its 
frequency determined via the beat note with the comb locked laser diode at 946 
nm. The higher input frequency of the divider stage is set by a diode laser at 
852 nm which is heterodyned with another diode laser at 852 nm, also phase 
locked to the frequency comb. The lower input frequency of the divider stage is 
determined by the iodine stabilized Nd:YAG laser at 1064 nm. While scanning 
the frequency doubled 1064 nm Nd:YAG laser over the iodine line the two beat 
notes at 852 nm and 946 nm are measured with a rf-counter. They are then used 
to determine the absolute frequency of the 1064 nm Nd:YAG laser. 



4 Absolute Frequency Measurements 

With the frequency chain in lock the unknown frequencies f532 of the investigated 
iodine lines at 532 nm are related to the known frequency of the He-Ne standard 
iue-Ne and the comb mode separation frep through: 



fb32 = 8 • f He-Ne ~ 4 • A/g4g — 2 • Afs52 ~ 4ui • frep + 2ri2 ’ frep ~ f LO (1) 

Here A /946 and A/g 52 are the beat signals at 946 nm and 852 nm, respec- 
tively, ni and U 2 are the number of modes separating the two selected modes 
of the comb at 946 nm and 852 nm from the comb mode at 848 nm and /lo 
collects the frequencies of all local oscillator employed in the phase- locks. 

In a first experiment, the frequency of the aio HFS component of the R(56)32- 
0 iodine absorption line was measured. This line is recommended by the Gomite 
International des Folds et Mesures (GIPM) for the realization of the metre p. 
Since the PTB laser is not tunable to this frequency, the experiment has been 
carried out with the ILP laser only. Using cell 13/97PTB with the parameters 
T = -5 °G (p = 2,42 Pa), P = 1,7 mW, I = 80 mW/cwf the result is: 

/aio(i?56) = 563 260 223 507.8 (1.1) kHz . 

The contributions to the estimated standard uncertainty of this frequency 
are listed in Table El For a given cell, the frequency uncertainty is mainly 
determined by the limited reproducibility of the ILP standard. As the frequency 
uncertainty of the iodine cell is concerned, an upper limit is difficult to give since 
it strongly depends on the impurities of the cell and these are difficult to assess. 
Over the years it has been found that for a given set of iodine cells the one with 
the smallest impurities will lead to the highest measured transition frequency of 
a given iodine line. Therefore, we relate our results to PTB cell number 16/89 
(see Section 2). 
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Table 3. Contributions to the standard uncertainty of the absolute frequency mea- 
surement. For a given cell, the uncertainty is mainly determined by the limited repro- 
ducibility of the ILP standard. For the frequency uncertainty of a given iodine cell see 
text 



effect 


contribution to the frequency 
uncertainty of the 




PTB laser 


ILP laser 


uncertainty of spectrometer 


2.0 kHz 


1.1 kHz 


standard deviation of the mean 






value of experimental data 


< 200 Hz 


< 100 Hz 


uncertainty of Cs clock 


15 Hz 


15 Hz 


CH 4 - frequency standard 


80 Hz 


80 Hz 


total uncertainty Si/ 

total relative uncertainty Svjv 


2.0 kHz 
' 3.5 xl0“i2 


1.1 kHz 
2.0 xl 0 "i^ 



To be able to compare our result for the aio component of the (R56)32- 
0 transition with previously published data 0, we extrapolate further to an 
iodine pressure at -20 °C (p = 0,46 Pa) |^ . In this case we obtain: 

/aio(i?56) = 563 260 223 517.7 (1.2) kHz . (2) 

This value is shifted by about 46.7 kHz to higher frequencies from the value 
published in Pj. However, our result is in good agreement with a more recent 
measurement of this transition, where an absolute frequency of /aio(^56) = 
563 260 223 514(5) kHz was obtained |ll)fl Ij . The result (2) agrees also within 
uncertainty bars with the value stated for the recommended line . 

Note that this value and its uncertainty is valid only for this particular iodine 
cell (16/89PTB) and must not be confused with the value and uncertainty of 
the unperturbed value of this hyperfine transition. The frequencies of iodine 
cells from different origins may scatter more than the uncertainty of the absolute 
frequency measurement reported here. However, cell 16/89PTB has participated 
in an international comparison of iodine cells at BIPM and found to have a 
frequency shift of Z\z/ie/gg = -I- 2.6 (2.8) kHz with respect to an iodine cell used 
as reference in the BIPM4 He-Ne frequency standard m- 

In the same manner, using only the ILP laser, the absolute frequencies of the 
hyperfine components ai, aio and ais of the P (54) 32-0 iodine absorption line 
were measured. Again, extrapolating to cell 16/89PTB and an iodine pressure 
at -20 °C [23 we obtain: 
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/„i(P 54) = 563 212 634 618.6 (1.2) kHz, 
/aio(^^54) = 563 213 206 155.3 (1.2) kHz, 
/ai5(^54) = 563 213 492 579.2 (1.2) kHz. 



( 3 ) 

( 4 ) 

( 5 ) 



As the uncertainty introduced by the use of different iodine cells is concerned 
we refer to the discussion above. 

The results (3) - (5) were confirmed by an independent measurement using 
both iodine spectrometers, locked to the same HFS components of the P(54) 
line. While the ILP laser frequency was counted in the manner described above, 
the PTB laser frequency - shifted by an AOM - was determined by additionally 
counting the beat signal between the two oscillators. The pressure in the cells 
was kept equal, setting the temperature of the cold fingers of both cells to T 
= -5 °C. After extrapolating to cell number 16/89 and to an iodine pressure at 
-20 °C, the results for the PTB laser system agree with the outcomes (3) - (5) 
but uncertainty bars were now increased due to the lower reproducibility of the 
PTB laser. 

The absolute frequencies of the P (54) 32-0 iodine line were measured inde- 
pendently for the first time. We found that the frequency separations between 
the three HFS components are in a good agreement with previously published 
data [3|' However, the frequency distance between the aio component of the 
(R56)32-0 line and the ai, aio and ais components of the (P54)32-0 line were 
about 7 kHz higher than stated in [Zj (see Fig. i). 

In order to verify this result, we measured the frequency gap using a different 
technique: while one ILP laser was locked to the R(56)32-0:aio transition another 
ILP Nd:YAG laser with slightly worse characteristics was first locked to the same 
transition to subtract frequency shifts due to the use of different iodine cells 
and then alternately locked to the ai, aio and ai 5 component of the P(54)32-0 
line. The beat frequency between the two lasers of about 47 GHz was detected 
by a fast photodetector (New Focus model 1006) and measured by mixing the 
signal down with a Rb-clock synchronized high-frequency synthesizer. Within 
the uncertainty of the two measurements, the results of the absolute frequency 
measurement using the frequency chain were confirmed (see Fig.^. According 
to this measurement, the frequency differences between the aio HFS component 
of the (R56)32-0 line and the ai, aio and ais HFS component of the (P54)32-0 
line are: 



Since systematic frequency shifts due to the use of different iodine cells can 
be neglected in this measurement, the total uncertainty is given by the combined 
uncertainty of the two ILP standards corresponding to about 2 kHz. 



4\/alO:(fl56)-al:(P54) = 47 588 898 (2) kHz , 
'^/alO:(P56)-alO:(P54) = 47 017 360 (2) kHz , 
^/alO:(P56)-al5:(P54) = 46 730 937 (2) kHz . 



( 6 ) 

( 7 ) 

( 8 ) 
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571 536.7 (1.7) kHz 
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47 017 362.4 (1.7) kHz (47 017 360 (2) kHz) 


857 960.6 (1.7) kHz 
(857 961 (2) kHz) 


46 730 938.5 (1.7) kHz (46 730 937 (2) kHz 


alO 


alO 


al5 


j 




II 




563 212 634 618.6 (1.2) kHz 
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Fig. 4. Results of the absolute frequency measurements: shown are the absolute fre- 
quencies and hyperfine line separation of the hyperfine components ai, aio and ais 
of the P(54)32-0 and the hyperfine component aio of the R(56)32— 0 iodine absorp- 
tion line. Numbers in brackets correspond to an independent heterodyne frequency 
measurement where the beat between two ILP lasers, locked to corresponding HFS 
components of the P(54)32-0 and the R(56)32-0 line, were observed (for details see 
text) 



This result was again confirmed by a measurement at PTB using two Nd:YAG 
lasers from Innolight GmbH m with dual wavelength output. In the experiment 
the two lasers were stabilized to the I 2 transitions R(56)32-0 and P(54)32-0 in 
the manner described above but the beat signal between them was now measured 
in the infrared. The 23.5 GHz signal was detected using an IR photo detector. 
Evaluating the data, it was found that both measurements agree to within 0.3 
kHz. 



5 Conclusion 

In conclusion we presented an absolute frequency measurement and a frequency 
comparison of two iodine stabilized frequency-doubled Nd:YAG laser systems, 
one set up at the Institute of Laser Physics, Novosibirsk, Russia, the other at 
the Physikalisch-Technische Bundesanstalt, Braunschweig, Germany. The indi- 
vidual frequency stability and the reproducibility of the two laser systems were 
characterized. It was found that despite fundamental differences as far as fre- 
quency generation, signal detection and frequency stabilization techniques are 
concerned the combined frequency reproducibility of the two laser systems was 
better than 1.5 ± 0.7 kHz. In a further experiment the absolute frequencies of 
HFS components of the R(56)32-0 and P(54)32-0 transitions in I 2 were deter- 
mined using a phase-coherent frequency chain. This chain links the frequency 
of the l 2 -stabilized Nd:YAG laser to a GH 4 -stabilized He-Ne laser at 3.39 /im. 
The He-Ne reference was calibrated before the measurement against an atomic 
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cesium fountain clock. In this measurement a new value for the R(56)32-0:aio 
component was obtained with reduced uncertainty. This value coincides within 
uncertainty bars with the value recommended by the Comite International des 
Poids et Mesures (CIPM) for the realization of the metre Finally, improved 
absolute frequency values of several HFS components of the P (54) 32-0 iodine 
absorption line together with their hyperfine line separations were measured. 
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Abstract. A rigorous quantum electrodynamic (QED) calculation of the corrections 
to electron interaction for configurations lsi/ 22 si /2 lsi/ 22 pi /2 ^Po, lsi/ 22 si /2 
of He-like ions and for configurations (lsi/2)^2si/2 and (lsi/2)^2pi/2 of Li-like ions for 
the all nuclear charges 10 < ^ < 92 is performed. The calculation is carried out in the 
Coulomb gauge. Coulomb-Coulomb and Coulomb-Breit parts are calculated exactly, 
Breit-Breit part of the correction is calculated within disregard of retardation. 



1 Introduction 

The available experimental data of the splitting of levels (lsi/2)^2si/2 and 
(lsi/2)^2pi/2 for Li-like uranium are still record in precision. In this connec- 
tion it is of a great interest to the theory in the sense of verification of quantum 
electrodynamics in the strong field of nucleus. A considerable number of theoret- 
ical works was devoted to the calculations of the various QED corrections for the 
ground (lsi/ 2 )^ 2 si /2 and excited (lsi/ 2 )^ 2 pi /2 configurations of a ion 238^89-1-^ 
The results of these calculations are presented in Table 1. As it is seen from the 
table, the main contribution to level splitting 2 pi /2 — 2 si /2 in 238y89-i- comes 
from the electron interaction. Up to now this interaction gave the primary error 
to the evaluation of the level splitting, as long as evaluations within RMBPT (see 
the explanation of the abbreviation in Table 1) sets aside a number of effects: 1) 
negative-frequency states, 2) interaction with cross photons, 3) retardation for 
exchange of transverse photons. 

The present calculation takes into account all these effects for Coulomb- 
Coulomb and Coulomb-Breit interaction and omits effects l)-3) for Breit-Breit 
interaction. On the other hand we, in contrast to |2|, carry out all the calculations 
in the point nucleus approximation. The corrections to the finite size of nucleus 
for the bound energy as well as the corrections to the finite size of nucleus for 
electron interaction are considered separately (see Table 1). 

To calculate corrections within the bounds of QED we apply the S-matrix 
approach in Furry representation and Feynman diagram technique. This ap- 
proach is based on the adiabatic S-matrix Gell-Mann and Low HSl and Sucher 
formula m (see the details in |iVllHIUi| ). At that it is essentially to differ the 
contributions of so called “reducible” and “irreducible” diagrams. The diagrams 
are called “irreducible” if while summing up over intermediate states there is no 
initial (or “reference”) state of atom. The contribution of “reference” states is 
represented by “reducible” diagrams. These diagrams are singular and so it is 
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Table 1. The level splitting 2pi/2 — 2si/2 in 



Correction 


Numerical 
results (eV) 


Reference 


Electron interaction: relativistic 


many body perturbation theory (RMBPT) 


322.33(15) 


121 


Electron interaction: QED-INT: 


1st order 


367.67 


This work 


2nd order 


-13.40 


This work 


The correction to the finite size of nucleus (NS): 


to bound energy 


-33.35 


m 


to electron interaction (1st order) 


1.16 


This work 


Self energy of electron (SE) 


-55.87 


H 


Vacuum polarization (VP) 


12.94 


n 


Screening: 


SE 


1.52 


m 


VP 


-0.36 


m 


The second order radiative corrections: 


SESE (not complete) 


0.09 


m 


VPVP 


0.13 


m 


SEVP 


-0.21 




Nuclear recoil 


-0.07 


UBI 


Nuclear polarization 


0.03 


rni 


Theory: 


with using of RMBPT 


280.48(15) 




with using of QED-INT 


280.27 


This work 


Experiment 


280.59(9) 


Ql 



Notice: The correction to the finite size of nucleus is included in corrections RMBPT, 
SE, VP and others but is not included in QED-INT. A correction NS in Table 1 is 
derived as the difference between corrections NS for 2pi/2 and 2si/2 states of 



necessary to carry out a special procedure [1 711 811 9| to regularize them. In the 
case of two-electron exchange the contribution of “reference” states does exist 
only for energy-dependent (containing retardation) interaction, therefore it is 
absent for Coulomb-Coulomb interaction m- The corrections to reference state 
(CRS) for two-electron atom take different form for the case of equal energies 
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(the ground state) and different ones (excited states). The explicit expression 
CRS in the Coulomb gauge for Coulomb-Breit interaction was derived in m 
(equal energies) and for different energies in The expressions for CRS 

in the Feynman gauge were carried out in m for the ground state and in 
m for excited states. The numerical computation of CRS for the ground state 
He-like ions were performed in in the Feynman gauge. The numerical 

computation of CRS in the Coulomb gauge for two-electron and partially for 
three-electron configurations were carried out in |32ES1. The results of the latter 
calculations will be used in the present work. As a matter of fact the contribu- 
tion of reducible part (CRS) takes place only in “box” diagrams. In the “cross” 
diagrams the contribution of “reference” states is not singular and there is no 
need to single it out. Nevertheless it is usually convenient to do so. For example 
in the case of a configuration (lsi/ 2 )^ the contributions of CRS for “box” and 
“cross” diagrams cancel each other. 

For numerical evaluation (to sum over the entire spectrum of Dirac equation) 
B-splines are used in particular the version developed by LA. Goidenko 
m- Earlier the full QED calculations were carried out only for the ground 
(Is 1 / 2 )^ state He-like ions for the various nuclear charges Z. At that ones used 
either B-splines or the technique of discretization of radial Dirac equations 123 . 
As well as in (ZZ) we used the Coulomb gauge. For control we reproduced the 
results of the calculation of (lsi/ 2 )^ state and compared them with ones of |77j . 
Coulomb-Coulomb interaction is reproduced for every Z with the accuracy, on 
average, 0.01 %, Coulomb-Breit is with the accuracy 0.05 % and Breit-Breit (with 
disregarding retardation) is with the accuracy 0.1%. The small discrepancy is 
explained by the difference in the numerical procedures applied in m and in 
this work. 



2 Electron Interaction in He-like Ions 

In the case of two-electron configuration the electron interaction in second order 
(in the fine structure constant a) is expressed by the Feynman diagrams in Fig.l. 
In the case of configuration ls2s ^S'o, A,B = ls_, 2s+, where ± designates differ- 
ent projections of angular momentum. In the case of configuration ls2pi/2^Tb) 
A,B= ls_, 2pi/2-i-i for configuration ls2s^S'i, A, B = ls+,2s+. The contribu- 
tions of the “direct” and “exchange” diagrams are considered in the following 
way: 



A 7-ibox/cross / A 7-ibox/cross a 7-ibox/cross\ \ 

Z\Eab = a(Z\EABAB - ^E^aab ) . (1) 

where in the case of Coulomb-Coulomb and Breit-Breit interaction a = 1 and in 
the case of Coulomb-Breit interaction a = 2 (the contributions of the diagrams 
Fig.lc, f and the diagrams Fig. Id, e are equal, so it is convenient to consider 
them as doubled contribution of the diagrams Fig.c, f). 
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Fig. 1. Two-electron Feynman diagrams representing electron interaction in the second 
order. Solid line corresponds to electrons, dotted line corresponds to the Coulomb 
photons, wavy line corresponds to transverse photons (Breit interaction). \i A' = A 
and B' = B then the diagram is called “direct” , otherwise, A A' — B and B' = A the 
diagram is called “exchange”. Letters A, B denote one-electron state 



2.1 Coulomb- Coulomb Interaction in the Case of Two-Electron 
Configurations 



Coulomb-Coulomb interaction for two-electron atom is represented by the Feyn- 
man diagrams Fig. la, b. 

The contribution of irreducible part of “box” and “cross” diagrams is ex- 
pressed by 



A TTibox.irr 4 \ ^ 

ni,n 27 ^AB 



-Ea + Eb — En^ — En 



(-)a(-) 



1 

’'12/ 






A'B'nin2 



1 

\^34/ 



( 2 ) 



nin2AB 



AE' 



/((+) /i(“) 

icross,irr 4 -'•*-1 -^^2 

A'B'AB-e 2 ^ 

ni ,n2#AB 



(-)4(+) 



-apt: 



E — E 

-^ni ^ri2 



—) (— ) 

^14 / B'n2ni A\ ^^3 / m A'Bn2 



,( 3 ) 



where are projectors on the states with positive (negative) energies E^^. 
Summation over intermediate states is taken over both positive and negative 
energies. Here we remind that the reducible corrections and 

to Coulomb-Coulomb interaction are absent UK. 
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Table 2. Various contributions to electron interaction in second order for a two-electron 
configuration lsi/22si/2^5'o (eV) 



Contribution 


Z = 10 


30 


70 


80 


92 


Coulomb- Coulomb 


/\£;box,irr 


-2.2151 


-2.3175 


-2.9816 


-3.3191 


-3.9079 


^cross,irr 


0.0001 


0.0015 


0.0163 


0.0250 


0.0413 


AE 


-2.2150 


-2.3160 


-2.9653 


-3.2941 


-3.8666 


Coulomb-Breit 


/\£;box,irr 


-0.0107 


-0.0905 


-0.5111 


-0.7093 


-1.0358 


pibox,red 


0.0001 


0.0023 


0.0377 


0.0595 


0.0981 


^^cross,irr 


-0.0003 


-0.0077 


-0.0819 


-0.1191 


-0.1775 


^cross,red 


-0.0001 


-0.0018 


-0.0240 


-0.0384 


-0.0648 


AE 


-0.0111 


-0.0977 


-0.5794 


-0.8072 


-1.0503 


Breit-Breit 


AE 


-0.0001 


-0.0054 


-0.1005 


-0.1625 


-0.2760 


Total 


AE 


-2.2262 


-2.4192 


-3.6452 


-4.2638 


-5.1929 



2.2 Coulomb-Breit Interaction in the Case of Two-Electron 
Configur at ions 

Coulomb-Breit interaction for two-electron atom is represented by the Feynman 
diagrams Fig.lc, d, e, f. In this case the corrections to energy are given by 



A pbox,irr _ 4 \ ' f 

x[vi(Ea -^ni j ^ni 1 ^34) (-^B 7 ^n.2 ? ^ 34 ) 



,( 4 ) 



niii2AB 



A ^cross,irr 4 \ '' ^ 

X (vi{Eb — Eni , En^ , ?"23) — El {Ea' ~ , E^^ , r2s) 



45) 



ni A'Bn2 



where 



Vi{P,En,r) = (-l)aiQ;2 



P 



0{En)0{P)cos{\p\r) - -4>{\p\r) 

7T 
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Table 3. Various contributions to electron interaction in second order for a two-electron 
configuration lsi/22pi/2^fb (eV) 



Contribution 


Z = 10 


30 


70 


80 


92 


Coulomb- Coulomb 


jphox.,irr 


-23.4767 


-4.8112 


-3.8906 


-4.3179 


-5.1877 


picross,irr 


0.0000 


0.0004 


0.0118 


0.0214 


0.0421 


AE 


-23.4767 


-4.8108 


-3.8788 


-4.2965 


-5.1456 


Coulomb-Breit 


y^ pibox,irr 


0.3393 


0.2087 


-0.6197 


-1.0412 


-1.7758 


y^ pibox,red 


0.0000 


0.0009 


0.0146 


0.0106 


0.0062 


y^ P^cross,irr 


-0.0004 


-0.0088 


-0.0772 


-0.1113 


-0.1710 


y^ ^cross,red 


0.0000 


-0.0003 


-0.0029 


-0.0027 


-0.0016 


AE 


0.3389 


0.2007 


-0.6851 


-1.1447 


-1.9421 


Breit-Breit 


AE 


-0.0016 


-0.0191 


-0.2419 


-0.3935 


-0.6831 


Total 


AE 


-23.1393 


-4.6291 


-4.8058 


-5.8347 


-7.7708 



l)(Viai)(V2Q!2) 

1 



+ 



I3\(3\r 

[H\f3\r) - I - |/3|rln(|/3|r)) 



e{En)e{/3) 1 - cos(|/3|r) 



( 6 ) 



<P{x) = ci(x) sin(x) — si(x) cos(a;) , (7) 

ci(a:), ci(x) are integral sine and cosine. 

The expressions for /\£'box,red ^^cross.red gj.g Qyl; jjj [21122123] . 

The results of calculations by the formulas (4), (5) are presented in Tables 
2, 3 and 4. In the tables there are also included the values of and 

taken from [22l23j . 



2.3 Breit-Breit Interaction in the Case of Two-Electron 
Configur at ions 

Breit-Breit interaction is calculated within disregard of negative frequency states, 
interaction with crossed photons (Fig.lh) and retardation. Thus Breit-Breit in- 
teraction is expressed by Feynman diagram Fig.lg. The formulas for “box” dia- 
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Table 4. Various contributions to electron interaction in second order for a two-electron 
configuration lsi/22si/2®5'i (eV) 



Contribution 


Z = 1Q 


30 


70 


80 


92 


Coulomb- Coulomb 


/\£;box,irr 


-1.2960 


-1.3452 


-1.6440 


-1.7864 


-2.0220 


JpcrOSSylTT 


0.0000 


0.0001 


0.0025 


0.0045 


0.0088 


AE 


-1.2960 


-1.3451 


-1.6415 


-1.7819 


-2.0133 


Coulomb-Breit 


/\£;box,irr 


-0.0002 


-0.0019 


-0.0085 


-0.0105 


-0.0127 


pibox,red 


0.0000 


0.0001 


0.0002 


0.0002 


0.0001 


^^cross,irr 


-0.0002 


-0.0037 


-0.0331 


-0.0460 


-0.0635 


y^ ^cross,red 


0.0000 


0.0004 


0.0073 


0.0118 


0.0200 


AE 


-0.0004 


-0.0050 


-0.0341 


-0.0446 


-0.0560 


Breit-Breit 


AE 


0.0000 


-0.0003 


-0.0078 


-0.0134 


-0.0243 


Total 


AE 


-1.2964 


-1.3504 


-1.6834 


-1.8398 


-2.0936 



gram are 



AE 



ibox,iiT 

A'B'AB 



nin 25 <iAB 



A«4+)(y2(ri2))A-B'„,„2(^2(r34)) 



nin2 AB 



Ea + £-B ~ £'ni ~ £'n 



(8) 



V2{r) = (-l)aia2- + (-l)(Viai)(V2a2)^ • (9) 

r 2 

Because of disregarding retardation there is not the correction The 

results of calculations by formula (8) are presented in Tables 2, 3 and 4. In these 
tables there are also given the total results for the all calculated two-electron 
configurations. 



3 Electron Interaction in Li-like Ions 

In the case of three-electron configuration the electron interaction in second order 
is expressed as before by the diagrams Fig.l. Here in the case of configuration 
(1 si/2)^2si/ 2 symbols A,B vary over A,B = ls+,ls_,2s+ and in the case of 
configuration (lsi/2)^2pi/2 the symbols vary over A,B = ls+, ls_, 2pi/2-i-. Then 
it is necessary to take into account three-electron diagrams represented by Fig. 2. 
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A' B' C A' B' C 

I I- 1 I k/\/\H 



A 


B 


C 


A 


B 


C 




A) 






(b) 




A' 


B' 


c 


A' 


B' 


C" 



rv /\/ v 1 



r \/\/\/1 



r \/\/\/1 



A B 

(c) 



C A B C 

(d) 



Fig. 2. Three-electron Feynman diagrams representing electron interaction in three- 
electron atoms in the second order. The designations are the same as in Fig.l 



Here in the case of configuration (ls)^2si/2 symbols A, B, C vary over A,B,C = 
ls+, ls_, 2s+ and in the case of configuration (ls)^ 2 pi /2 the symbols vary over 
A,B,C = ls+, ls_, 2pi/2+. 

The contributions of “box” and “cross” diagrams for three-electron configu- 
rations are given by the following formulas 

+ Zi^box/cross ^ ^^box/cross ^ 

where and are defined above. 

The contributions of “step” diagrams are determined by 



ZlES'o = o 



X! £i'j'k'£i j k j 

i'j'k'i j k =1,2,3 



( 11 ) 



where states A, B, C are denoted by 1, 2, 3 respectively. In the case of Coulomb- 
Coulomb and Breit-Breit interaction a = 1. In the case of Coulomb-Breit inter- 
action a = 2 (because of the contributions of the diagrams Fig. 2b and Fig. 2c 
are equal this interaction is considered as doubled contribution of the diagram 
Fig. 2b). £i j k is an antisymmetric unit tensor. 



3.1 Coulomb- Coulomb Interaction in the Case of Three-Electron 
Configur at ions 

Coulomb-Coulomb interaction for three-electron atom is represented by two- 
electron Feynman diagrams Fig. la, b and three-electron diagrams Fig. 2a. 
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The formulas for irreducible part of the diagram Fig. 2a are 

1 






irr 4 

= e 



E 



"A'B'C'Abc “ Ea-Ea>+Eb- E^ 

(Ea-Ea/+Eb-E„5^0) 

1 \ /I 

X 



^12 / nA'BA V ^34 / B'C'nC 



( 12 ) 



The contribution of reducible part of the diagram Fig. 2a in the case of Coulomb- 
Coulomb interaction vanishes. The contributions of different diagrams and their 
separate parts in the case of Coulomb-Coulomb interaction for the configurations 
(1 si/2)^2si/ 2 and (lsi/2)^2pi/2 are presented in Tables 5 and 6. 



3.2 Coulomb-Breit Interaction in the Case of Three-Electron 
Configur at ions 



Besides taking into account the two-electron diagrams Fig.lc, d, e, f, Coulomb- 
Breit interaction for three-electron atom represented by the three-electron di- 
agrams Fig. 2b, c (as it is mentioned above the contribution of the diagrams 
Fig. 2b, c is considered as doubled contribution of the diagram Fig. 2b). The for- 
mulas for irreducible part of the diagram Fig. 2b is (see the Appendix) 



4£?'b";S'abc = e- E 

(Ea— Ea< -I-Eb — E„/0) 
1 



1 



Ea ~ Ea' + Eb — Eji 



x| — I I V"3 (Ec' - Ec,r34) I . (13) 

’"l2/nA'BA\ / B'C'nC 

In the case of Coulomb-Breit three-electron diagrams there is nonvanishing con- 
tribution of the reducible part. This contribution is not considered in |2 112212,*^ . 
In order to calculate it we used adiabatic S-matrix in the way it was done for 
reducible part of two-electron diagram in m- The details of the calculation are 
presented in Appendix. The result of it is 



A T^step,red 4 

^-^A'B'C'ABC ~ 



- E 

(Ea— E^/+Eb— E n— 0) 



1 



X ( ^^3(/?,r34) 



’’12 / nA'BA 
/3=Ec'-Ec) B'C'nC 



(14) 



The contributions of different diagrams and their separate parts in the case of 
Coulomb-Breit interaction for configuration (lsi/2)^2si/2 and (lsi/2)^2pi/2 are 
presented in Tables 5 and 6. 



3.3 Breit-Breit Interaction in the Case of Three-Electron 
Configurations 

Breit-Breit interaction for three-electron atom is represented by both the two- 
electron diagrams Fig.lg, h and the three-electron diagram Fig. 2d. The formula 
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Table 5. Contributions of various diagrams and their separate parts for a three-electron 
configuration (lsi/2)^2pi/2 (eV) 



Contribution 


0 

II 


30 


70 


80 


92 


Coulomb- Coulomb 


^^box.irr 


-72.7258 


-16.6997 


-13.8695 


-15.1334 


-17.7170 


^cross,irr 


0.0006 


0.0158 


0.1721 


0.2603 


0.4175 


^step,irr 


58.2577 


1.4736 


-6.5155 


-7.9919 


-10.3374 


AE 


-14.4675 


-15.2103 


-20.2128 


-22.8650 


-27.6369 


Coulomb-Breit 


y^ ^box,irr 


0.9712 


0.2837 


-3.0778 


-4.4969 


-6.7486 


y^ ^box,red 


0.0014 


0.0388 


0.5666 


0.8556 


1.3198 


y^ ^cross,irr 


-0.0033 


-0.0642 


-0.4759 


-0.6382 


-0.8645 


y^ ^cross,red 


-0.0013 


-0.0370 


-0.5166 


-0.7945 


-1.2549 


y^ ^step,irr 


-1.0840 


-1.2350 


-2.2092 


-2.7055 


-3.5686 


y^ ^step,red 


0.0000 


-0.0004 


-0.0069 


-0.0087 


-0.0058 


AE 


-0.1160 


-1.0139 


-5.7197 


-7.7883 


-11.1227 


Breit-Breit 


^^box 


-0.0029 


-0.0898 


-1.0941 


-1.6830 


-2.7023 


AE<>^^p 


0.0045 


0.0421 


0.2801 


0.3969 


0.5928 


AE 


0.0016 


-0.0477 


-0.8141 


-1.2861 


-2.1094 


Total 


AE 


-14.5820 


-16.2720 


-26.7466 


-31.9394 


-40.8690 



for irreducible contribution to energy in approximation of disregarding negative 
frequency states and retardation is 



A T^step,irr 

^-^A'B'C'ABC ~ 






nA'BA 



(^2) 



B'C'nC 



(Ea — E^z-I-Eb— E n^i^O) 



Sa ~ ^'A' + E'q — En 



(15) 



It should be remembered that in disregarding retardation the contribution of 
the reducible part vanishes. The results of calculations of separate diagrams 
in the case of Breit-Breit interaction for the configuration (lsi/2)^2si/2 and 
(lsi/2)^2pi/2 are presented in Tables 5 and 6. In these tables there are also 
given the total results for all calculated three-electron configuration. 
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Table 6. Contributions of various diagrams and their separate parts for a three-electron 
configuration (lsi/2)^2si/2 (eV) 



Contribution 


Z = 10 


30 


70 


80 


92 


Coulomb- Coulomb 


^^box.irr 


-7.8104 


-8.0766 


-9.9428 


-10.9240 


-12.6621 


jpcToss,irr 


0.0007 


0.0163 


0.1669 


0.2473 


0.3857 


^step,irr 


-3.3405 


-3.4837 


-4.3718 


-4.8063 


-5.5418 


AE 


-11.1503 


-11.5440 


-14.1477 


-15.4830 


-17.8181 


Coulomb-Breit 


y^ pibox,irr 


-0.0844 


-0.6825 


-3.4496 


-4.5753 


-6.3238 


y^ ^box,red 


0.0013 


0.0368 


0.5042 


0.7778 


1.2449 


y^ ^cross,irr 


-0.0031 


-0.0619 


-0.4704 


-0.6297 


-0.8413 


y^ ^cross,red 


-0.0013 


-0.0361 


-0.4908 


-0.7566 


-1.2104 


y^ ^step,irr 


-0.0051 


-0.0470 


-0.2916 


-0.4030 


-0.5816 


y^ ^step,red 


0.0000 


0.0002 


0.0131 


0.0218 


0.0358 


AE 


-0.0926 


-0.7905 


-4.1850 


-5.5650 


-7.6764 


Breit-Breit 


AE^°^ 


-0.0012 


-0.0488 


-0.7976 


-1.2469 


-2.0191 


^^step 


0.0000 


0.0004 


0.0134 


0.0243 


0.0465 


AE 


-0.0012 


-0.0484 


-0.7842 


-1.2226 


-1.9725 


Total 


AE 


-11.2441 


-12.3829 


-19.1169 


-22.2706 


-27.4670 



4 Analysis 

For calculations of the first order corrections for uranium ions we took into 
account the effect of finite size of nucleus. To perform it the Dirac equation for 
the states lsi/ 2 , 2 si/ 2 , was solved with the potential that corresponds to 
a Fermi distribution for the nuclear charge 

p(r) = iV/(l exp[(r - c)/a\) , (16) 

where normalization constant N if defined by condition 

47t / p(r)r^dr = eZ . (17) 

Jo 

The parameters for the Fermi distribution are taken from m and are a = 0.5350 
c = 7.167 fm. The results of the calculations are presented in Table 1. There is 
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given a difference between calculation with the Fermi distribution and one with 
a point nucleus. 

The corrections to finite size of nucleus for the energy of configuration (lsi/ 2 )^ 
in the second order, according yields 0.07 eV. For the difference of the en- 
ergies of the configurations (lsi/ 2 )^ 2 si /2 and (lsi/ 2 )^ 2 pi /2 this correction must 
be considerably less. Thus the nuclear finite size error of our calculation is sig- 
nificantly less, than the total error 0.15 eV given by RMBPT. The main contri- 
butions not taken into account in our work are the exact Breit-Breit interaction 
in the second order and, probably, third order Coulomb-Coulomb interaction. 

This work was supported by the Russian Foundation for Basic Research no 
99-02-18526. 

The authors are grateful to LA. Goidenko for giving his program of solution 
of Dirac equation using B-splines. 



Appendix 



The correction of second order in the fine structure constant (a) (or fourth order 
in the charge of electron) is given by formula m 



= lim -iA 

A^O 2 






(18) 



The contribution of “step” diagram Fig. 2b is expressed by formula (x = (r,it)): 



da;ida;2dx3da;4exp[-A(|ti| -k |t2| + l^al + Ikl)] 
X V'A' V'A s (X4X2)jf,^ (^2) 

where S{xiX 2 ) is the electron propagator 



S{xiX2) 



1 

27ri 



f*+oo 






’^n{ri)^n{r2) 

E^{l-i0)+u; ’ 



(20) 



D^Jv {X 1 X 2 ) is the photon propagator of Coulomb (c) and transverse (t) photons 

Dl^^{xiX 2 ) = “ ^2)5^,481,4 , ( 21 ) 



D%{XIX2) 



~ '^A‘4)(1 ~ <^ 1 / 4 ) \8f,i, !■ rtf, j. M r-ini un 

exp - t2)\ exp [i|C|ri2]dC 

27ri ( ri2 

+ Vi^V2.— rixp[iC(fi-f2)]i^^^^7|^^dcj . (22) 

ri2 J-00 ^ j 



A QED Calculation of Electron Interaction 



603 



Having performed in (19) the integration over times, w, 17 and taking into ac- 
count that we are interested in the real part of we get: 




(Ea — -I-Eb — En^i^O) 






1 

1 


(Vsi^Ec — Ec,r34)^ 


1 

B'C'nC 


U 12 J 


nA'BA - Ea> + Eb ~ 


-E^ 



E 

(Ea — E^/ +Eb — En— 0) 

2 a) (t-12 )„a'ba 



V3(/3,f34) 



/3-Ec'-Ec/ B'C'nC 



+ 



(l-\ 

ri2 J 



\2X^ 
+0{\°) 



nA'BA 



VsiEc — Ec,T34) 



B'C'nCJ 



(23) 



cos(|/3|r) , , 1 — cos(|/3|r) 

= ( — 1 ) 0 : 10:2 h ( — l)(ViOi)(V202) . (24) 

r r|pp 

The first member in (23) gives the irreducible part of “step” diagram Fig. 2a, 
the second determines its reducible part. The third member and the quadratic 
member in (18) cancel each other. 
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Abstract. We present the known theoretical contributions to the gj factor of an 
electron bound in hydrogenlike carbon. In particular we outline the calculation scheme 
for the quantum electrodynamical (QED) corrections of order (o/tt) and present their 
current theoretical uncertainties. The known terms of the [Za) expansion are found to 
be insufficient to describe the current experimental data. 



1 Introduction 



Highly charged ions provide a unique testing ground for quantum electrodynam- 
ics (QED) in very strong electric and magnetic fields which otherwise are not 
experimentally accessible P5- Very precise measurements have been performed 
on the Lamb shift in hydrogenlike and lithiumlike heavy systems 

and also on the hyperfine structure (HFS) splitting [0QHI3- Another quantity 
suitable for investigating QED of strong fields is the Zeeman level splitting of a 
hydrogenlike atom under the influence of an external magnetic field. The energy 
shift due to this external field is given by 



A*mag — ( M ) 



( 1 ) 



where the magnetic moment /x of a rotating charge q with mass rUg is related to 
its angular momentum J by the g factor, 



fj^ = gj 



g 

2 iriq c 



J . 



( 2 ) 



For an electron, q = — e, and 



e J 

M = -gj 7, J = -gj Ms T- . 

2 rrie c h 



( 3 ) 



where jig is the Bohr magneton. For a free electron the gs factor of its spin was 
measured by Van Dyck et al. who obtained gs = 2-1-2 x 1 159 652 188.4(4.3) x 
10“^^. The deviation from the Dirac value of 2 is due to QED effects and the 
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value obtained from the calculations (for a recent overview cf. is in complete 
agreement. The measurement is thus one of the most stringent tests of QED of 
a free particle. 

Contrary to this outstanding success, investigations on the bound-state QED 
modifications to gj were rather sparse until the mid 1990’s. Crotch and Hegstrom 
irarm as well as Faustov im and Close and Osborn [HI performed cal- 
culations on the first terms of a {Za) expansion for QED and recoil corrections 
to gj. Experiments were carried out on hydrogen and deuterium ( [1811911^ and 
references therein) as well as on He’*' The existing theoretical calculations 
were then sufficient to describe the experimental results. 

Recently, a new setup was developed and tested which allows the 
storage of a single hydrogenlike ion in a trap and the performance of gj mea- 
surements with a precision up to a few ppb m- Up to now, experiments have 
been carried out on 12(^5+ planned to be extended to systems up to 

U9i+^ The most recent experimental value is presented in detail elsewhere in 
this volume m- The experimental success demands a close look on the theoret- 
ical contributions to the g factor of an electron bound in a hydrogenlike system. 
In the following we will present the current status of these effects for the case of 
carbon. 



2 Pure Binding and Nuclear Effects 



For a bound electron, the spin is no observable quantity. Only the total angular 
momentum J can be observed. The energy shift of a state jon,) due to an external 
magnetic field (for simplicity assumed to point along the z-direction) is given by 



AE = -(a„|/x • B\an) = gj^.Bz(an| Jz|a„) = (4) 

for an electron with |a„) = llS' 1 / 2 ) and magnetic angular quantum number 
m = 1/2. This can be also written as 

AE = {an\a ■ eA\an) (5) 



where 



which leads to 



A = -{rx B)/2 



9J 



2 



\E2^\-{Za) 

3 




( 6 ) 

(7) 



for an electron bound to a point-like nucleus. Only in this case is the analytical 
calculation of all appearing integrals possible. The result is due to Breit m- For 
this yields a value of gj, Breit = 1.998 721354 2. 

The finite size of the nucleus leads to slighlty altered wave functions in (4) and 
(5) and thus to a deviation from the value given by Q). This deviation amounts 
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to the order of 10“^ for heavy systems like uranium but is only 4 x 10“^° for 
carbon and thus even below the current experimental precision. 

Another contribution due to nuclear properties is the so-called recoil con- 
tribution. It takes into account the finite mass of the nucleus even beyond the 
non-relativistic reduced mass approximation. Up to now there is a lack of calcu- 
lations non-perturbatively in {Za) which exist only for the QED corrections of 
order (o/tt) up to now but would definitely be required for heavy systems. 

Expressions for the leading terms of an expansion in (o/tt), {Za), and the 
mass-ratio electron/nucleus, (nie/Mf^) were obtained in 1970 independently by 
Crotch mM utilizing an expansion of the corresponding two-particle Dirac 
equation, and also by Faustov m, who employed an effective potential method. 
Their results were reproduced by Close and Osborn nn starting from a group 
theoretical approach. The recoil contribution known so far reads 




which is exact to orders (Za)^, (ck/tt), and {me/M]\f)^ . For hydrogenlike carbon, 
this yields a recoil correction of 8.75 x 10“® to gj where a relative uncertainty 
of 1 % should be assumed because of considering only the leading terms in a 
{Za) expansion. We stress that this uncertainty increases for heavier systems 
and might amount to about 10 % for Ca already M- 

The internal structure of the nucleus might also affect the gj factor. The 
nucleus can be envisaged as consisting of protons and neutrons which in turn 
are formed by quarks and gluons. This composite object can undergo a virtual 
excitation and deexictation exchanging two photons with the propagating elec- 
tron, called nuclear polarization. In electronic systems, evaluations of the nuclear 
polarization effect have been carried out only as corrections to the QED Lamb 
shift predictions for the lowest-lying states of heavy few-electron ions (cf. Q 
references therein) and not yet for the gj factor. However, it is thought to be 
completely negligible for light systems as C®"*". 

3 QED Effects of Order (ck/tt) 

The QED contributions of order (a/ir) (i.e., one internal photon line in the 
corresponding Feynman diagram) form the major QED contribution to the g 
factor. For gs they comprise only one diagram which was evaluated already in 
1947 by Schwinger |2EEn|. If the electron is bound, the number of diagrams 
which have to be considered, increases. All diagrams are depicted in Fig. [D The 
leading term of a {Za) expansion was given by Crotch 1 12) . Results from a non- 
perturbative calculation were presented by Blundell et al. for the self-energy part 
of the diagrams PD] and by Persson et al. for all diagrams mE2|. 
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(: 






d 



c 



c 








Fig. 1. The QED contributions of order {a/n) to the bound-electron gj factor de- 
picted as Feynman diagrams. Double lines indicate bound fermions, wavy lines indicate 
photons. The interaction with the magnetic field is denoted by a triangle. Diagram (a) 
is also termed “SE, ve” (self-energy vertex correction), diagrams (c) and (e) “SE, wf” 
(self-energy wave- function correction), diagram (b) “VP, pot” (vacuum-polarization 
potential correction), and diagrams (d) and (f) “VP, wf” (vacuum-polarization wave- 
function correction) 



Formal expressions for the diagrams presented in Fig.^can be obtained both 
employing Sucher’s symmetrized form m of the Gell-Mann-Low level shift , 
presented in some detail in m and Id 21 for the problem under consideration, 
and also by the two-time Green function method US which was applied to the 
radiative corrections to a magnetic interaction in m and PH. The resulting 
energy shifts from the different diagrams due to a magnetic perturbing potential 
A are given by (in Feynman gauge, h = c = me = 1, = dvra) 



ve = J dx J dy j dz J du; an{y)j^ Dp f,u{y,x,uj) 

xSF{y,z,En- u;)ej ■ A{z) SF{z,x,En - a„{x) , (9) 



wf , irred. = 2 ^ y d a; J dy J dz Jduaniy)'^^ Dp fj.u{y,x,uj) 



'SF{y,x,En-u;)-f ^ ^ e-y ■ A{z)an{z) 



E„ - E„ 



Eq^E„ 
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_ 2 {anh° S{En)\^q) {<pq\e Q ■ A|g„) 

"V E^-Eq 

Eq^Bn 

where the self energy operator E{En) was introduced, 

{a\-i^S{E)\h) = ^ J dx J dy J duja{y)j^ Dp f,u{y,x,uj) 

xSp{y,x,E - uj)Y b{x) . 



( 10 ) 



( 11 ) 



In dJ), an additional factor 2 accounts for the two symmetrical diagrams Fig. 
n (c) and (e). In these equations, SF{x,y; E)^q denotes the time-independent 
Green function of a bound electron related to the four-dimensional electron prop- 
agator by 



^m(^)^m(?/) 



= i/ SF{x,y;E) . 



(12) 



It obeys the equation 

[E- (a -p-h/Jm-h Kuc‘^(a:))] SF{x,y\ E)-f^ = 5^{x - y) (13) 

where is the nuclear binding potential. By Roman-style symbols we 

denote four- vectors, i.e, x = {tx,x). The sums in dTHll and (na indicate summa- 
tion and integration over the complete Dirac spectrum. Intermediate eigenstates 
to the Dirac equation with the binding potential included are denoted by <P, 
intermediate eigenstates to the free Dirac equation by </?. In Feynman gauge the 
photon propagator Dp ^v{x,y) is given by 

\ f f Q-i‘^(tx-ty) gifc(a;-y) 

D^,.(x,y) = dkjdu; ^ (14) 

= J . (15) 



The reducible part of Z\FlsE,wf, i-e., the part of the diagram Fig. (c) and (e), 
with the external state present in the propagator between the self-energy loop 
and the magnetic interaction, is given by 



wf, red. = (On | 7° ~^E{E) 

oE 






(16) 



E=E„ 



The vacuum polarization contributions are given by 



pot = -e^ — dx dy dz Dp p.i.{x,y,uj = 0) 



dE 



xan{x)j>^an{x) Tr [y’^Spiy, z;E)e-f- A{z) Sp{z, y\ E)] , (17) 
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A3 



VP, wf, irred. 



= 2 



(an I t/yp|^g)(^g I e a ■ A\a„ 

En - En 



Eq^Bn 



(18) 



Again, the symmetry of two equally contributing diagrams was taken into ac- 
count by an additional factor 2 in m- A “reducible” part of the vacuum po- 
larization contributions can be shown to vanish m- The vacuum polarization 
potential introduced in (d is given by 



Uyp{x) 




dy DFoo{x,y,uj = 0) 



X 



d£;Tr 



^ MyHiv) 

Z^E-Er{l-iy) 



(19) 



A detailed derivation of the vacuum polarization potential is given by KOI 
(and references therein). 

All expressions presented so far describe the energy shift due to a perturbing 
magnetic potential A. The contribution to the gj factor is easily derived from 
these expressions by applying (4). However, all derived expressions are only 
formal and require normalization. For the vacuum polarization expressions this 
procedure follows the standard scheme by decomposing the vacuum polarization 
potential into the (leading) Uehling part which is renormalized separately and 
the remaining finite Wichmann-Kroll part. For the wave-function correction the 
problem thus reduces to a proper calculation of the Uehling and Wichmann- 
Kroll parts of the vacuum polarization potentials according to the procedures 
given in EHEll- For the case of carbon, we obtain contributions to the g factor of 
—8.55285(1) X 10“® from the Uehling part of the vacuum polarization potential 
and 3.28(1) x 10“^^ from the Wichmann-Kroll part. The numerical uncertainties 
are by far less than any other error discussed in this article. 

For the potential correction, no Uehling-like contribution exists for a homo- 
geneous external magnetic field P02], and the remaining Wichmann-Kroll part 
can be written as m 



2 oo 

^^vEpot = 

k'—K — I 



oo 

x^(2/-t-l) / dk{an\a'^ji{kx)C'‘{x)\an) 

JO 

{<Pq,K.\aFji{ky) C\y))\<Pr,K'){^r,K.'\e a ■ A\<Pq^^) 



1=0 



E E 

q r 
£lg>0 Bf’CO 

-EE 

s t 
Es>0 Et<0 



E — E , 



Es — Et 



. 



( 20 ) 
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Here, k_i = —k — 1, kq = k, hi = —k + 1, where k indicates the Dirac 
angular momentum quantum number (cf., e.g., El)- Spherical Bessel functions 
are denoted by ji and C^(i) is a spherical tensor operator (e.g. E2]), depending 
on X = x/\x\ and defined by 

YJ^{x) denotes a spherical harmonic. The scalar product between two tensor 
operators C^(y) • C*(a:) is given by 

i 

C\y) ■ C\x) = ^ {-ircl{y) Cl^{x) . (22) 

m— — l 

This scalar product is implicitly assumed in all formulas with C* present in two 
matrix elements. 

The sums over intermediate bound and free states are carried out by gen- 
erating a complete set of intermediate states utilizing the space-discretization 
method of Salomonson and Oster m- The functions obtained by this method 
are given on a few finite sets of grid points only. The integrations are also car- 
ried out on the same grids, if the grid sizes prove to be sufficient for an accurate 
calculation which is controlled by extrapolating the number of grid points to 
infinity. For high k, the spherical Bessel functions are strongly oscillating, and 
therefore the grid-valued functions have to be interpolated to continuous space 
using Lagrange polynomials PI to obtain the proper values of the matrix el- 
ements. For details of the method, we refer to PI- The outer k integration is 
handled numerically, using Gauss-Legendre and Gauss-Laguerre quadrature for- 
mulas. Finally, the sum over k is carried out by evaluating a finite number of 
summands and performing a polynomial expansion to infinity. For the correction 
under consideration here, the summands up to |k| ^ 30 can be evaluated with- 
out problems for higher Z. For Z ^ 20, however, the convergence becomes very 
poor. Higher |/c| are prevented by the numerical accuracy of our present code, 
and for Z ^ 10 almost no meaningful value is obtained at all. However, contrary 
to the vertex contribution mentioned above, the total AEyp_ pot contribution is 
rather small for low Z and thus the total precision of our calculations is hardly 
influenced by this drawback. We consider the contribution for i2(^5-i- much 
less than 1 x 10“^'^ but with an error of 3 x pT^ . 

Our way to deal with the divergences of the self-energy expressions is to 
evaluate the bound-state electron propagators into powers of the nuclear binding 
potential and to isolate the mass and charge divergences which are only present in 
the lowest order terms. These terms are treated analytically in momentum space, 
and after cancelling the divergences between different diagrams a finite result is 
obtained. The finite higher-order terms are evaluated in coordinate space by 
employing the full yet unrenormalized expression and subtracting the divergent 
lower-order parts in the calculation. The procedure outlined so far coincides with 
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that employed by Snyderman ^ and has been described in detail in ^ for 
the QED corrections to the hyperfine structure splitting. 



L-0 


L-<I 


— > n 


1--^ 1 



AE 



'SE, wf 






[ 0 ] 

SE, wf 



AE, 



[ 1 ] 

SE, wf 



AE, 



l>2] 
SE, wf 



Fig. 2. The decomposition of AEse, wf. irred. into terms appropriate for removing di- 
vergences and for numerical calculation. A photon line terminated by a cross denotes 
one interaction with the nuclear binding potential. The labels under the diagrams cor- 
respond to the terminology used in the text. The superscript in brackets indicates 
the number of interactions with the nuclear binding potential. For brevity the index 
“irred.” was omitted on all labels 



The decomposition of the irreducible part of the self-energy wave-function 
correction term is depicted in Fig. 0 The divergent terms are these with zero 
and one interaction in the binding potential present, below referred to as “zero- 
potential term” and “one-potential term” , respectively. The charge divergences 
cancel between both terms. In addition, a mass counter term dm has to be 
subtracted to obtain proper mass renormalization similar to the case of the 
free self energy m (for our schemes see also M)- The zero- and one-potential 
terms are then semianalytically evaluated in momentum space (for details cf. 

Mmm r'>9l 

whereas the remaining part is calculated in coordinate space. 

After some algebra it can be written as 



AE 



SE, wf, irred. 



2 oo « 

^ f {an\a^ji{ky)C\y)\'Pp){<Pp\ji{kx)C‘{x)afj,\San) 
^ “ En- Ep- sign{Ep)k 

{an\a^ji{ky)C\y)\(p^){ip^\ji{kx)C\x)ap\5an) 
^ En — Er — sign(Er)k 



-E 



[En - Es - sign(Es)k] 



(iPnlji(kx)C''(x)aplda„) 

[En - Er- sign{Er)k] ^ 



( 23 ) 
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The function F is introduced here to denote part of the energy denominator, 



F{s,r) = 1 + [sign{Er) - sign{Es)] 




(24) 



and 



\San) 



E 

q 

Eq^Bn 



\<pq){<pq\e a ■ A|g„) 
En - Eq 



(25) 



If En represents the lowest positive energy eigenvalue of the bound Dirac 
spectrum, the further evaluation of ED is straightforward employing standard 
methods. In the present work this is the case as we consider only the lS' 1/2 
state. The numerical evaluation scheme is similar to that described already. After 
including the results for and , we obtain a total 

contribution of gsE. wf, irred. = 3.40647(4) x 10“® for the irreducible wave function 
contribution in the case of The error is mainly due to extrapolating the 

number of partial waves I to infinity and might be reduced by employing other 
summation schemes, e.g., the convergence acceleration methods presented by 
Jentschura et al. m and references therein). 

The reducible part of the self-energy wave-function correction, Eq. lO, also 
contains an ultraviolet divergent part which is cancelled by a similar expression 
present in the vertex correction term, Eq. 0 . In addition, an infrared divergence 
exists which mutually cancels as well. These two terms are therefore evaluated 
together. Both contributions are decomposed into a zero-potential term with the 
full electron propagators within the loop replaced by free ones, and the remaining 
“many” -potential part, similar to the irreducible wave-function contribution. 
Again, we refer to for the lengthy zero-potential parts and only the results 
the many-potential parts are shown here. 



wf, red. 



2 °° r 

= {an\e a • A\an) x j dkk 



E 



{an\a^ji {k y)C' (y) |<?p) (^p \ji {k x)C'- (x)opja^ 



p [En - Ep- sign(Ep)fc] 

an\a>^jiiky)C'‘{y)\ip^){ip^\ji{kx)C'^{x)ap\an/ 



-E- 



[En - Er - sign{Er)ky 



(26) 



The first term is infrared divergent for I = 0 and /r = 0, if the energy of the 
intermediate state p coincides with E„ ■ A similar term with opposite sign occurs 
from the vertex term which will be presented next. Therefore the sum of both 
terms is infrared finite. In performing their numerical evaluation, we explicitly 
exclude the terms with I = 0, p = 0 from the calculation. The vertex part is 
given by 

2 00 « 

= E(2^ + l) /dfcfc 

1^0 
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X 



E 



(an I a^jijky) C’-{y)\'Pg){<Pq\ea ■ A |g>^) 
[En -Eg- sign{Eq) k] 



i'Pr\at,ji{kx)C\x)\an) , ' 

[Er^ - Er - sign{Er) k] ' 



E 



(g„| a^^jijky) C’-{y)\(pp){(pp\ea ■ A |y;,) 
[En - Ep- sign{Ep) k] 



{‘Ps\af^ji{kx)C\x)\an) , , 

[En - Es - sign{Es) k] 



(27) 



The numerical evaluation of this vertex expression proved to be difficult in par- 
ticular for low Z . To overcome this, the terms containing one interaction with 
the external nuclear binding potential were also separated and calculated in a 
semianalytical way. A detailed discussion of the problem and the procedure to 
solve it is given in m numerical details can also be found in nn|. For we 

end up with a total contribution of gsE, wf, red. + 5se, ve. = 2.289 607 7(5) x 10“^ 
where the error again represents the numerical uncertainty. This contribution 
contains also the g factor of the free electron and is therefore by far the largest 
from all diagrams in Fig. [Q 



4 QED Effects of Higher Orders 

The diagrams of order (o/tt)^, are depicted in Fig. 01 These and diagrams of even 
higher order have not yet been evaluated non-perturbatively in (Za). Leading 
terms of a (Za) expansion can be derived from |4iSj to be 

r, /i(4) ( 

— j ^ (^o) 

where is the coefficient of (o/tt)^ in the {a/ir) expansion of gs/2 (^^ 
and references therein) which is given by = 197/144-1- (1/2 — 31n2) C(2) -I- 
3/4(/(3) = —0.328478965 ... . Equation (28) yields gj,{a/i:y{ZaY = — 1-1 x 

10“® for This is a result of the leading terms of a {Za) expansion, however. 

For the Lamb shift, where second order effects were investigated closer, it is 
known that Za expansions tend to fail even for low to medium Z and non- 
perturbative methods in (Za) can cope with the expansions even for hydrogen 
m- Therefore the result (28) should be considered with care and its uncertainty 
should be taken at least as the size of its value. 

Recently, Karshenboim has presented evaluations of a few diagrams of 
Fig. 0 which go beyond the (Za)^ terms. As long as not all diagrams of Fig. 0 
are included in such an evaluation, it is meaningless, however, to include any 
numerical value into our present estimate. For details, we refer to |SD|. 
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Fig. 3. QED diagrams of order (a/yr)^ contributing to gj 



5 Total Theoretical Value 

In Tabled, we present a listing of all theoretical contributions to gj^ 
known so far. All values were obtained employing 1/a = 137.035 989 5 in the 
calculations. The recommended value which was published recently ED, 1/ a = 
137.035 999 76, does not affect the total result by more than 1 x 10“^°. The 
bound-state QED value of order (a/yr) was obtained by subtracting the contri- 
butions of this order to gs from the total value. It should be compared with the 
result of the leading terms of the {Za) expansion jT^j which is also given in the 
table. The difference is about 1 x 10“^. This is clearly visible at an experimental 
precision of a few times 10“®. It can therefore be expected that with increasing Z 
or increasing experimental precision any {Za) expansion might not be sufficient 
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also for order (o/tt)^ and the next tasks of theory should be the evaluation of 
the diagrams shown in Fig. 0and a full calculation of the recoil effect without 
any expansion in (Za). The first of these tasks might prove to be particularly 
difficult as even the ten diagrams of order for the Lamb shift (on which the 50 
diagrams of Fig. 0 are based) are not yet completely evaluated 
and references therein). 



Table 1. Known theoretical contributions to the gj factor of an electron bound in 
the ground state of All values are given in units of 10“®. The error estimates 

are discussed in the text. If no error is given, it is less than 0.5 x 10“^°. The errors 
for the “total” value are due to the {Za) expansion for the recoil contribution, the 
numerical uncertainties for the QED effects of order (a/vr), and the estimated error for 
the bound-state QED contribution of order (a/yr)^. In order not to underestimate any 
systematic effect, the numerical errors were linearly added 



Contribution to gj 


numerical value (in 10 


Breit 


1 998 721 354.2 


fin. nuc. size 


0.4 


recoil 


87.5(9) 


VP, wf. 


-8.5 


VP, pot. 


0.0(3) 


SE, wf, irred. 


34 064.7(4) 


SE, ve -f SE, wf, red. 


2 289 607.7(5) 


free QED, (a/vr)^ to (o/tt)'* 


-3 515.1 


bound QED, {a/nf (Zaf 


-1.1(11) 


total: 


2 001 041 589.8(9)(12)(11) 


total QED, order (o/tt): 


2 323 663.9(12) 


free QED, order (o/tt): 


2 322 819.6 


bound QED, order (o/tt): 


844.3(12) 


(in {Za) exp., (Za)^ term: 


742.2) 



To compare our theoretical result with the current experimental data, we 
refer to the overview article given elsewhere in this book. The results are in 
reasonable agreement and thus the gj factor experiment on hydrogenlike carbon 
in combination with our theoretical results forms one of the most stringent QED 
tests for systems with Z > 1. 
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Abstract. The second-order electron self-energy is evaluated to all orders in the in- 
teraction with the Goulomb field of the nucleus for the ground state of hydrogen-like 
uranium ions. This completes the nonperturbative calculation of radiative corrections 
of order o? . The major theoretical uncertainty is eliminated which provides predictions 
of the ground-state energy with a relative accuracy of about 10“® for the uranium sys- 
tem. This allows for high-precision tests of QED in the strong field of the nucleus that 
are expected to be available experimentally in the near future. 



1 Introduction 

Heavy few-electron ions provide a unique testing ground for quantum electrody- 
namics (QED) in strong field of the nucleus. At SIS/ESR facilities in Darmstadt 
one is aiming at an accuracy of about leV in measurements of the ground-state 
Lamb shift for hydrogen- like uranium in the near future P|. Theoretical eval- 
uations on the same level of accuracy require calculations of the complete set 
of radiative corrections of the order o? but to all orders in the coupling con- 
stant Za to the Goulomb field of nucleus. In this paper we report the recent 
status of this challenging theoretical problem for the most interesting cases of 
the hydrogen-like uranium and lead ions. 

The complete set of second-order radiative corrections are displayed in Fig. 
[0 These diagrams are naturally divided into separately gauge invariant subsets: 
SESE a),b),c), VPVP d),e),f), SEVP g),h),i) and S(VP)E k). The abbreviation 
SE stands for self energy and VP denotes vacuum polarization. Most of these 
corrections have been already calculated numerically for 238pj9H- 208 pj^ 8 i-i- 

ions (see the latest reviews in |2I,3| i . 

The VPVP contributions e) and f) (also known as Kallen-Sabry corrections) 
have been investigated in Uehling approximation |4I5| . Galculating the dominat 
Uehling part of the lowest order VP correction leaves us with the accuracy of 
about 5% for the ground state of hydrogen-like U and Pb ions. Here one restricts 
to the first term in Za expansion of the bound electron propagator in the electron 
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loop. This corresponds also to the expansion of the bound propagator in terms of 
the nuclear potential (see Fig. n. Recently the VPVP e) contribution has been 
determined to all orders in Za in 0. In this case the inaccuracy of the Uehling 
approximation turned out to be about 25%. The exact VPVP d) contribution was 
tabulated in Refs. jZEIl The SEVP g), h) and i) contributions were evaluated 
in Ref. [S| employing the Uehling approximation and in the exact form in Ref. |S| . 
The inaccuracy of Uehling approximation for hydrogen-like U reduces in this case 
to 2%. The S(VP)E contribution is known only in the Uehling approximation 

Eng. 



:) 

:) 








SESE 



VPVP 



d) 





f) 




SEVP 



i) 




k) 



Fig. 1. Feynman diagrams corresponding to the second-order radiative corrections in 
H-like ions. The double solid line denotes the bound electron and the wavy line indicates 
the photon 
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wv\.^ X 

X 



d) 



I — Q)— X ^ 



fi) 



f2) 




f3) 



ijww^ X /vw\^ X 



e) 



g) 



c 



^A/V\^ — X 



h), i) 




Fig. 2. Feynman graphs corresponding to VPVP and SEVP corrections in the Uehling 
approximation. The ordinary solid line denotes the free electron propagator. The line 
with the cross at the end denotes the nuclear potential. The other notations are the 
same as in Figure 1 



2 Loop after loop irreducible SESE contribution 

The diagram SESE a), that is called also “loop-after-loop” , consists of irreducible 
and reducible parts (see Fig. EJ. We consider first of all the irreducible contri- 
bution, which can be renormalized and evaluated separately since it does not 
contain infrared divergencies in the Feynman gauge. The renormalized expres- 
sion for this contribution can be written as 

n^a 

where 7 q is the Dirac matrix and renormalized lowest-order self 

energy operator for the bound electron. The notations \n), En refer to the Dirac 
atomic states and eigenvalues, the sum in Eq. (1) extends over the total Dirac 
spectrum for the electron in the field of the nucleus. The case n = a corresponds 
to the reference state (later in this paper we will consider a as the ground state) . 

In Ref. ffH the corresponding energy shift has been calculated in the Feyn- 
man gauge for selected values of nuclear charge number Z = 70, 80, 90 and 92 and 
for the ground and few excited states for hydrogen-like ions. Here the covariant 
renormalization scheme based on the potential expansion was employed. This 
approach was first applied to bound electron calculations by Brown, Langer and 
Schaefer pa and later developed and applied to the heavy hydrogen-like ions in 
pnj . The potential expansion for the lowest order SE is depicted in Fig.0 With 
the use of this expansion one can cast the matrix elements in Eq. (1) into 

(a|7o^bou“(^a)|n) = (a|7oi:bou''™(Ea)|n) -k (a|7o^°„^’™"(Ea)|n) 

+ (a|7or“r(i?a)|n) . 



( 2 ) 
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a a 



1) ) 


1> i 






X 


p ■ 


pi 


p p 


dE 


P 

i 



a a 



E 



a 



irred. 



red. 



Fig. 3. The separation of the diagram SESE a) into irredcible and reducible parts. Here 
double solid line with the bar in the SESE a)-irred. part denotes the bound electron 
propagator with the excluded reference state a. The double solid line with the subscript 
E in the SESE a)-red. part denotes the bound electron propagator with the arbitrary 
energy parameter E 




Fig. 4. The potential expansion of the lowest order self energy. Three terms of this 
expansion usually are denoted as zero-potential (ZP), one-potential (OP) and many- 
potential (MP). The notations are the same as in Figures 1, 2 



Only the ZP and OP terms are divergent and therefore subject to renormal- 
ization. The MP term is finite, though most laborous in numerical evaluations. 



The renormalized expressions are 

^ZP.ren ^ ^(1) _ ^(1) _ ^(1)' ^ (3) 

u’'“ = , (4) 

where is the first-order SE operator for the free electron 

£<■)(« = -i„aj ( 5 ) 

and is the lowest-order vertex function for the free electron 

= -4™y . (6) 

Here we introduced the standard mass counterterm 

= ( 7 ) 
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the charge counterterm 



and vertex counterterm 

. (9) 

In Eqs. (5)-(9) stands for the external potential, the electric external potential 
corresponds to Vq = V , m is the electron mass and a denotes the fine 

structure constant. We use the natural units h = c = 1. 

Eq. (|2I) presents the basis for the covariant renormalization approach. The 
explicit expressions are known for in momentum space. For 

obtaining these expressions the standard Feynman approach |1 111 2| or dimen- 
sional regularization m can be used. They are free from ultraviolet divergencies 
but acquire infrared divergencies after the renormalization. However, these in- 
frared divergencies, contained in and cancel due to the Ward identity 
S'A) = and the use of the Dirac equation for the atomic electron in the 

reference state |a): 

- m)\a) = V\a) . (10) 

Using Eqs. 0-(io) one can rewrite the matrix element for also in the 

form: 

(a|7o^bou™(-S^a)|n) = (a|7or^^j„(E„)|n) - {a\jo\n) , (11) 

where is the unrenormalized expression for the first-order SE operator. Eq. 
(11) presents the basis for another popular renormalization approach, proposed 
in ITTO . Within this approach Eq. (11) is replaced by the equation 

(a|7o^bou™(-£^a)|n) = {a\joSl^J^{Ea)\n) - (a|7or|4el»^) • (12) 

In order to write down explicitely the matrix element (|a 7 Q^f,,ggn|) the bound- 
state wave functions are expanded in terms of free-electron wave functions. The 
result is shown in Fig. 0 This renormalization approach can be called “direct” . 
The next step gave the name to the approach described: this is the partial wave 
expansion (PWE). Both terms on the right-hand side of Eq. (12) are expanded 
in partial waves. Then each term of this expansion both for and 

finite but the sum over partial waves is divergent. Combining both expansions 
one can write 

CXD 

(a|7o^bou“(-£^a)|n) = (|(a|7oi;^^j„(Ea)|n) - (o|7oi^f,eeV)) • (13) 

1=0 

The sum over partial waves in Eq. (13) should be convergent in principle. 
The general explicit proof of this convergence is absent, but it can be justified 
in every particular case by observing the convergence in numerical calculations. 
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_ ren 

<a|Y I,„„(E.)|n> 



' bou 




Fig. 5. The graphical representation of the “direct” renormalization approach. The 
triangle with the letter n inside means the expansion of the wave function for the 
bound electron state n in terms of free electron wave functions 



For the diagonal matrix element n = a (which corresponds to the lowest order 
SE contribution to the Lamb shift) this convergence was observed quite well 
in several calculations I14ll5llh1 . In the numerical approach called “space 
discretization” (the solution of the radial Dirac equation on the grid) was em- 
ployed. The comparision with the most accurate first-order bound-electron self 
energy calculations by Mohr m where the numerical treatment was based on 
the use of the radial Green function for the bound-state Dirac equation indicates 
that taking about 30 partial waves into account is sufficient to reach an accuracy 
better than 0.1% for high Z values. The convergence with the number of partial 
waves I corresponding to the law l~^ was also observed HZI Unfortunately, the 
PWE approach is unapplicable for lower Z values since it loses its accuracy due 
to the cancellations that occur between different terms. 

This PWE renormalization method was also called “noncovariant” contrary 
to the “covariant” approach described above where the covariant procedure in 4- 
dimensional momentum space was used to separate out and cancel the divergent 
terms. In principle, the noncovariant procedure should not lead to any differences 
provided that both “bound” -term and counterterm are described in the same 
way. Such a difference may arise only if the counterterm, unlike the “bound” - 
term is written in covariant form m- 

The difficulty with low Z values can be avoided in another version of the 
noncovariant renormalization method, developed in . Within this approach 

an explicit expression for the matrix element (a| 7 oT'bou(E'a)|n) is used: 

(a| 7 o^bou(Ea)|n) = ^ ^ (an |^^^J(ri 2 /?„/„) |n'n) , (14) 

n' 

where the Dirac matrices 7 ^ and 7 ^ correspond to different variables |n'(l)n(2)), 
= En' - Ea, ri 2 = \ri - r 2 \ and /(ri 2 /?„/„) is defined as 



^(D2/3„'a) 





^-i\u}\ri2 
— iO) — Ea + UJ 



(15) 



Using the multiple commutator approach pni where /(ri 2 is expanded 
in terms of ri 2 /3„/q and the powers of ri 2 replaced by the multiple 
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commutators with the Dirac one-electron Hamiltonian, one can show that most 
of the commutators are canceled between “bound” and “free” terms in Eq. (12). 
The remaining “bound” expression is given by |TT1TT)| 

{a\joEbou{Ea)\n) = - (ln\Eg - Ea^\sm{{Eg - Eg>)ri2) 

, Txi \ 

n' ^ 

-h^sgn(£;„/)cos((EQ - Ea')ri2)^ \n'n) . (16) 

In the “free” electron counterterm the bound state wave functions |o) and |n) 
are expanded in terms of free electron states. Unlike ITTOTl where the plane- 
wave-type functions were used for this purpose, the spherical-wave-type functions 
were employed in PH). The summation over n! in Eq. pa) is replaced by the in- 
tegration over the continuous quantum number p, defining the energy of the free 
electron Ep = and the summation over the standard angular quan- 
tum numbers An important difference between the standard numerical 

PWE procedure !I4II.^II6II7| and the version used in PH) is that in PH) only 
terms diagonal in p,j,l,m are retained in the counterterm after expansion of 
the bound states (a| and |n). The motivation is that the interaction with the 
vacuum cannot change the exact free-electron quantum numbers. 

This PWE was used in PH) to obtain the numerical results. For the numeri- 
cal implementation the B-spline approximation m was chosen that represents 
actually the refined version of the “space discretization” approach. In Table 1 
the convergence of the PWE approach with the multicommutator expansion is 
presented for the lowest-order SE correction for the ground state of hydrogen- 
like ions with Z = 10. The minimal set of parameters for the numerical spline 
calcuations was chosen to be: the number of grid points N = 20, the number 
of splines k = 9. This minimal set allowed to keep a controlled inaccuracy be- 
low 10%. What is most important for the further generalization of the PWE 
approach to the second-order SESE calculation is that with Z^ax = 3 the inac- 
curacy is already below 10% (see Table 1). The same picture holds with even 
higher accuracy for larger Z values. The “direct” renormalization approach is 
not necessarily connected with the PWE. In m this approach in the form of 
the multicommutator expansion (Eq. (II 611 1 was employed in combination with 
the Taylor expansion in powers of (Ea — En')r\2. The numerical procedure with 
the use of B-splines and 3 terms of Taylor series yielded an accuracy comparable 
with the PWE-expansion with Zmax = 3. 

We now return to the loop-after-loop SESE calculations in HD. The first two 
terms of the potential expansion Eq. m, ZP and OP terms were evaluated in 
momentum space. For this purpose the Fourier transform was performed for the 
bound state wave functions |n) in coordinate space. The latter were evaluated 
by the “space discretization” method. The MP term was calculated entirely in 
coordinate space. 

An investigation devoted to the evaluation of SESE a) irreducible contribu- 
tion was accomplished by S. Mallampalli and J. Sapirstein [22). Using the same 
covariant renormalization approach with the potential expansion and employing 
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Table 1. Convergence of PWE approach with the multicommutator expansion (Eq. 
16) for the lowest-order SE correction for the ground-state of H-like ion with Z = 10. 

The accumulated sums ^ (l'S|7o-£'btu '*''*’* ^1^®) given for 7 partial waves. 

i'=0 

The extrapolation formula was = |(Ai5is(linax)-l-Ai?is(Zniax-|-l)) for different 

^max. All the values in eV 



1 


ae[‘] 


ae\^^ 

Is, ex 


ae[]^ ESI 


Deviation 


0 


0.1269 




0.1566 




1 


0.1769 








2 


0.1615 


0.1692 






3 


0.1715 






8.0% 


4 


0.1659 








5 


0.1702 








6 


0.1672 


0.1688 




7.8% 



a more refined numerical B-spline approach the authors were able to continue 
their results to the lower Z values up to Z = 1. For large Z their results coincided 
with [TTj . 

In the low Z limit the results of for the SESE a) irreducible contribution 
disagree with the results of the perturbation theory in Za [2323. Actually 
the disagreement concerns the coefficient —%j21 of the ln^{Za)~^ term found 
analytically by Karshenboim This disagreement became a subject of several 
controversal statements made in a series of subsequent papers EHEZESl. The 
Mallampalli and Sapirstein result m would imply that PT in aZ is in principle 
inapplicable even for Z = 1. 

The work m was devoted to the application of the PWE renormalization 
approach to the evaluation of the SESE a) irreducible contribution. In this work 
the multicommutator expansion version of the PWE CHI and the numerical 
B-spline approach was used. The results disagree strongly with Mallampalli 
and Sapirstein calculations for low and intermediate Z values but agree with 




In the publication by Yerokhin m the results of Mallampalli and Sapirstein 
m were confirmed. The analysis performed in m for the low-Z region, con- 
firmed, that the graph shown in Fig. Ek) provides the Karshenboim In^ (aZ)~‘^ 
term. Moreover, it was found that the cubic logarithmic term arises also from 
the graph Fig. Eb). The latter was never observed by an analytic analysis in 
P32B|. Yerokhin’s analysis was based on the numerical fit. Recently a new ana- 
lytic analysis in terms of the renormalization group 123 has been presented that 
contradicts to Yerokhin’s conclusions. 



Second-Order Self-Energy 627 



XXX XX 

a) b) 

Fig. 6. Feynman graphs responsible for the ln^{2Z)~^ contribution to the irreducible 
SESE a) graph in the low Z region. The graph a) yields the Karshenboim term, the 
graph b) corresponds to the additional Yerokhin term 



Summarizing, we can say that while the discrepancy between the different 
calculations of the SESE a) irreducible contribution for low and intermediate Z 
values is still to be resolved, there are no reasons to doubt the applicability of the 
PWE method for high Z regions where all the methods give stable coincident 
results. 



3 Other SESE contributions 



In this section we will calculate the reducible contributions to the graph Fig. ^ 
a) and the total contributions to the graphs Figs. d3)jlc). The general renor- 
malization scheme for these graphs was presented in m- This scheme exploits 
the potential expansion for separating out the divergent terms and is suitable 
for the application of the PWE approach. Later these results were rederived in 
m by a different method. 

The renormalized expression for the two-photon self energy (with- 

out the irreducible SESE a) term) for the bound-electron state |a) reads pTDj : 



A 

A K(i'ed)ren 

A p(in)ren 
A c;(ac)ren 



-p -I- -I- , 



(l)ren 



(a|7o^bou 



{Ea)\c 



dE' 



*l7o^i 



A"(e)I«> 



E^Ea 



AE(“)-5m(“)(a|7o|a) , 
AE(“)-5m(®-')(a|7o|a) , 






,(i) 



a\loEhou{Ea)\a) - {a\-fo\a) 



(17) 

(18) 

(19) 

(20) 

(21) 



As indicated by subscripts the various terms here denote the reducible loop- 
after-loop (red), the loop-inside-loop (in), the crossed-loops (cr) contributions 
and an additional counter term (ac) to the SESE b) graph, respectively. The 
subscript ren always signifies the renormalized expression, though the expres- 
sions and are individually still ultraviolet 

divergent. This happens since some of the counterterms cancel each other in Eq. 
m- Furthermore, all these expressions also contain infrared divergencies, that 
arise in the process of renormalization. However, all ultraviolet and infrared di- 
vergencies are going to vanish in the combination they appear in Eq. (El) EOl- 
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The terms AEa''\ represent the unrenormalized bound-electron expres- 
sions and are the corresponding counterterms. The additional 

counterterm has been derived in jSDj and later confirmed in It 

contains the first-order bound-electron self energy operator ifbou with quadratic 
denominator (see an explicit expression) and the corresponding first-order coun- 
terterm Sfh^^\ 



^-*-'SESE 



SESE a) irred. + < 



A 



W 



D- Dii ID- D 



A 



W 



SESE a) red. 





A ' 





SESE c) 



additional 

counterterm 



Fig. 7. The graphical represantation of the “direct” PWE renormalization approach. 
The double and ordinary solid lines with the cross denote the quadratic denominators 
in the bound and free electron propagators. The other notations are the same as in 
Figure 5. The graphs a)-c) correspond to Eqs. (18)-(20) and the additional counterterm 
correspond to Eq. (21), respectively 



Eq. (^^7^ is an analogy of the first-order diagonal (n = a) equation (11). 
In Fig. Han analogy of Fig. 0 , i.e., the graphical representation of the PWE 
renormalization approach to is depicted. Below we give the explicit 

expressions for all contributions from the graphs with double electron lines in 
Fig.EI i.e., “bound” electron terms: 



A 

dE 






E^Ea 



oo 




exp(2|g;|r) | 



diJ- 





{Ea - A - w)2 



, (22) 



A A") = 



a 



47T^ 



oo oo 






duj' 
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(23) 



oo oo 



*£<“> = -£ 5 !: jdu, jdu\ 



— 00 —00 



(Qg|7;.7^ exp(»|g;|r) (pr [7^7^ exp(»Jg; |r) 

{Ea - Ep- Uj'){Ea - Eq- UJ - Uj'){Ea - Er - Uj) 



(24) 



'-( 1 ) 

(a|7o^bou(^^a)|a) 



ZQ; 

97T f ^ 



dtJ 



P^Q _r 



|ga)(g|7ob) 
{Ea - Ep- Uj){Ea - Ea-Uj) 



(25) 



Here r = ri 2 and En = En{l — fO), so that the Feynman rules for the integration 
over UJ variables are assumed. All sums run over the complete Dirac spectrum 
for the electron in the field of the nucleus. The expressions for the counterterms 
are: 



= dTria 
= 47ria 
= 47ria 



d^k 



(27t)^ ^ ]i — ^ — m 









’ (26) 




f d^k 

J ( 27 t ) 4 ^^ 



1 

{^ — ^ — mY 




(27) 

(28) 



In this paper we adopt the PWE renormalization scheme. Accordingly, all “bound” 
terms in Eqs. |EI)-02U) appear as double sums over partial waves. These double 
sums arise from the product of two matrix elements containing exp(i|w|r). Each 
individual partial wave contribution is finite and only the sum over partial waves 
diverges. In our calculation this divergency is removed by term-by-term subtrac- 
tion of the corresponding counterterms. The PWE for the sum of all terms in 
Eq. dHJ thus ensures a correct cancellation. 

Within the PWE approach, using the expansion of the bound state |a) in 
terms of the free-electron spherical wave functions, we write the counterterms in 
the form: 



^ j dp (a|pj7TO)*(pj7m|a) J dq ^ J duo 

0 0 i' 7 '.™'-oo 

(pj7m, Iqj'l'm' ,pjlm) 

{Ep - Eg- uj) 



(29) 



= 



—a 

47T^ 



dp {a\pjlmy {pjlrn\a) 



0 
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OO OO 



/ ds / dq / dt du du' 

0 ' 



-OO — OO 



(pj7m, t/"Z"'TO'" |7^7^ I pj7m) 

{Ep - Eg - u - u') 

{pjlm, 

(ii^p - Eg- ui){Ep - Et- LO) 



(30) 



= 



47T^ 



dp (a|pj7m)*(pj7TO|a) 



OO OO 



/ ds / dq / dt du du' 

0 ' 



-OO — OO 



(pj7m, gj"r'm"| 7 ^ 7 ^ ^^PPI"P^ |sj'rm', ifTm'" 

{Ep - Eg - U) - U)') 

{s'j'Vm', \qflW,pjlm) 



{Ep - Eg - uj'){Ep - Et- uj) 



(31) 



= — dp {a\pjlm)* {pjlm\a) / ds ^ / dg ^ / dw 

^0 0 



(pj7w, sj7'm'|7^7^ *^^PP'‘^P^ \qj"l"m" ,pjlm) 
{Ep - Eg- Lo){Ep - Eg -u!) 
x{qj"l"m"\jo\sj'l'm') . 



(32) 



Here |pj7m) denotes the spherical- wave free-electron function with the usual 
notations for Dirac angular quantum numbers. The numbers jlm are fixed by 
the overlap with the bound-electron wave function |a) = |nj7m) where n is the 
principal quantum number. Integration over p is interpreted as integration over 
energies Ep = ±\/p^ -I- 

For the evaluation of the sums over the Dirac spectrum the B-spline approxi- 
mation has been employed. The number of grid points N and the order of splines 
k have been chosen to be = 23 and fc = 4, respectively. This corresponds to 
50 different radial Dirac states which are taken into account for a given Dirac 
angular-momentum quantum number. 
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For the integration over a, following transformation was made in Eq. 



(E3 



oo oo 



/ div / duj'- 



exp(i|o;|r)exp(i|a;'|r') 



— OO — OO 



oo oo 



= J doj J duj' sin(o;r) sin(o;V) 

0 0 

1 

^ 

(Apa -h wsign(Ap))(A,a + (w -h A)sign(A,))(A^a -h ArSign(o;)) 

w(sign(Ap) - sign(Ag))(A™ -h wsign(Ar)) \ 



(33) 






Apq - w'sign(A,) 



g;(sign(Ar) - sign(Ag))(Apa -H g;sign(£'p)) 
Arq - uj'sign{Eq) 



= J duJ J duj' + S‘-^^\uj,uj')) , 

0 0 

where Apg = Ep — Eg etc. 

The advantage of Eq. (03) is the possibility of neglecting the term containing 
S'(™)(w, w'). This neglect is due to the presence of large denominators of the type 
Ep — Eq-uj'sign(Eq). Remembering that this denominator is combined with the 
numerator sign(Ap) — sign(Ag) we obtain for Ep > 0, Eg < 0 the behaviour 
Ep — Eg — tt>'sign(Ag) > 2m and the behaviour Ep — Eg — w'sign(ifg) < —2 m 
for the opposite case. For large uj,uj' > 10 to the terms with begin 

to oscillate strongly what is evidently connected with the numerical instability 
and has no physical background since in principle the integral converges. 
We therefore cut off the oscillating part at 10 to. The remainer of , uj') 

contribution is then negligible compared to 1 in Eq. (03- The same situation 
arises also for the integral 

For the terms, containing only functions the inte- 

gration is extended up to 465 to. 

Within our approach the major source for inaccuracies is the different treat- 
ment of the bound-state terms and free-electron counterterms, since the B-spline 
representation of the latter terms generates severe numerical difficulties. There- 
fore, we prefered to add and subtract zero-potential terms of the potential ex- 
pansion Fig. 0 to each individual expression in Eq. dm. Zero-potential terms 
differ from the bound-electron terms by the substitution of the bound-state 
propagators by the free-electron ones but keeping the bound-state energy Ea 
in the energy denominators. Differences between each of the bound-electron 
terms and corresponding zero-potential in Eq. dm can be evaluated equally 
well within the B-spline approach. The evaluation of the remaining differences 
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between zero-potential terms and counterterms can be accomplished semiana- 
lytically. A similar procedure has been already utilized earlier in the calculation 
of the first-order electron self energy This diminishes the inaccuracy in 

the numerical calculations which in our case still remains rather high: about 
40%. This inaccuracy was determined by the unstability of the results with the 
change of the number of grid points from = 23 to = 46. 

The individual terms of the double partial-wave expansion 

A AE[Y (34) 

for uranium {Z = 92) and lead {Z = 82) H-like ions are listed in the Tables 2,3. 
Table 2. Partial- wave contributions to for the H-like U ion (in eV) 





^2 = 0 


I 2 = 1 


h=2 


l2 = 3 


Zi = 0 


0.699 


0.384 


0.106 


-0.059 


h = 1 


0.384 


-0.188 


0.563 




h=2 


-0.427 


-0.376 






Zi = 3 


0.501 









Table 3. Partial- wave contributions to for the H-like Pb ion (in 

eV) 

^2 = 0 ^2 = 1 ^2 = 2 Z 2 = 3 
Zi = 0 0.439 0.158 0.051 -0.04 

H = 1 0.186 -0.092 0.228 
H = 2 -0.135 -0.124 
Zi = 3 0.172 



The inaccuracy of our calculations is determined by the unstability of nu- 
merical results with the change of the number of grid points from Al = 23 to 
N = 46. This unstability can be as large as 38% (SESE b), li = 2, I 2 = 0, 
Z = 82). However, we can consider these errors as statistical, not systematical. 
It follows from the Tables 2,3 where nearly one half of the values have the op- 
posite signs. Then in the sum Eq. (38) this inaccuracy should decline as Ij^/n, 
where n is the number of terms, in our case n = 10, so that we estimate the 
final inaccuracy as 12%. The other argument is that for same reason the final 
inaccuracy should not exceed too much the absolute inaccuracy for the one term 
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Table 4. Lamb shift contribution for the ground state of ^38^91+ eV). Here 

Ro denotes the nuclear radius, M is nuclear mass and oo is the Bohr radius. The finite 
nuclear-size correction is calculated for a Fermi distribution with = 5.860±0.002 

fm. The corrections VPVP (f) and S(VP)E are known only in Uehling approximation. 
The inaccuracies assigned to these rather small corrections are estimated as the average 
of the inaccuracies of the Uehling approximation deduced from exact results for the 
corrections VPVP (e) and SEVP (g),(h),(i) 



Correction 


Order of magnitude 
and scaling with Z 


Numerical value 


Reference 


Binding energy 


m{aZ)^ 


-132279.66 




Finite nuclear size 


m(RZjaof' 


198.82 ±0.10 


[3] 


Electron self energy 


ma{aZ)‘^ 


355.05 


[3] 


Vacuum polarization 


ma{aZ)‘^ 


-88.60 


[3] 


Total first-order QED 


ma{aZY 


266.45 




SESE (a) (irred) 


ma^[aZ)^ 


-0.97 


[11,22,26] 


SESE (a) (red), (b),(c) 


ma^ [aZY 


1.28 ±0.15 


This work 


VPVP (d) 


ma^iaZ)^ 


-0.22 


[7,8,35] 


VPVP (e) 


ma^{aZ)‘^ 


-0.153 


[4,5,6] 


VPVP (f) (Uehling) 


ma^{aZ)‘^ 


-0.60 ±0.01 


[4,5] 


SEVP (g),(h),(i) 


ma^iaZ)^ 


1.12 


[8,9] 


S(VP)E (Uehling) 


ma^iaZ)^ 


0.13 


[8,10] 


Total second-order QED 




0.59 ±0.16 




Relativistic recoil 


m{m/M){aZ)'^ 


0.16 


[36,37] 


Nuclear polarization 




-0.2 ±0.1 


[38] 


Lamb shift (theory) 




465.82 ±0.26 




Lamb shift (experiment) 




469 ± 13 


[1| 



of the double PWE. In the example given above this absolute inaccuracy is 0.09 
eV. The final value was obtained by an extrapolation from the numbers 

given in Tables 2,3. Accordingly, we evaluated the accumulated sums 

^ 1 +^ 2 —^ 

Si= (35) 

h 

for I = 0, 1, 2 and 3. Corresponding values in eV for U and Pb are 

U : S'o = 0.70, 5i = 1.47, S'a = 0.96, = 1.59 , (36) 

Pb : S'o = 0.439, Si = 0.783, S 2 = 0.607, S 3 = 0.843 . (37) 
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Table 5. Lamb shift contribution for the ground state of 208 p^ 8 i+ eV). The 

notations are the same as in Table 4. The finite nuclear size correction is calculated for 
a Fermi distribution with = 5.505±0.001 fm. The SESE (a) (irred) correction is 

obtained by an interpolation from the known values for Z = 70, 80, 92. The inaccuracy 
of the Uehling approximation for VPVP (f) and S(VP)E corrections is neglected. The 
zero value presented for the nuclear polarization is due to the cancellation of the usual 
nuclear polarization [35] with the mixed nuclear polarization (NP)-vacuum polariza- 
tion correction [36]. The latter effect arises when the nucleus interacts with a virtual 
electron-positron pair. For lead, due to the collective monopole vibrations, specific for 
this nucleus, mixed NP-VP effect becomes rather large. Therefore, the nuclear polar- 
ization effects which otherwise limit very precise Lamb shift predictions are almost 
completely negligible for ^°®Pb, making this ion especially suitable for the most precise 
theoretical predictions 



Correction 


Order of magnitude 
and scaling with Z 


Numerical value 


Reference 


Binding energy 


m{aZ)^ 


-101581.37 




Finite nuclear size 


m(RZ ! ao)^ 


67.25 


[3] 


Electron self energy 


ma{aZ)‘^ 


226.33 


[3] 


Vacuum polarization 


ma{aZ)‘^ 


-48.41 


[3] 


Total hrst-order QED 


ma{aZ)‘^ 


177.92 




SESE (a) (irred) 


ma^{aZ)^ 


-0.51 


[11] 


SESE (a) (red), (b),(c) 


ma^ [aZ)‘^ 


0.73 ± 0.09 


This work 


VPVP (d) 


ma^iaZ)^ 


-0.09 


[7,8,35] 


VPVP (e) 


ma^ [aZ)‘^ 


-0.07 


[4,5,6] 


VPVP (f) (Uehling) 


ma^ [aZ)‘^ 


-0.34 


[4,5] 


SEVP (g),(h),(i) 


ma^iaZ)^ 


0.53 


[8,9] 


S(VP)E (Uehling) 


ma^{aZ)^ 


0.07 


[8,10] 


Total second-order QED 




0.32 ± 0.09 




Relativistic recoil 


m{m/M){aZ)'^ 


0.10 


[36,37] 


Nuclear polarization 




0.00 


[38,39] 


Lamb shift (theory) 




245.59 ±0.09 




Lamb shift (experiment) 




290 ± 75 


[40] 
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The extrapolation formula was the same as for the the first order (see Table 1). 
The results are 



A£,(2)ren(^^92) ^128 ±0.15 eV, (38) 

A£,(2)re„(A ^ 32) = 0.73 ± 0.09 eV . 

We should stress that one should not require the convergence of in 

both directions along Zior I 2 in the two-dimensional space This kind of 

convergence would exist only in the case of the weak coupling between the two 
partial wave expansions in e.g. when the two expansions are fully 

independent and factorize. The numbers in Tables 2,3 indicate that in our case 
the coupling is strong. The limit of the number of partial waves was set by 
the extremely large computer time required. The calculations were performed 
at the computer center of the Technical University of Dresden on the CRAY- 
T3E supercomputer with 32 parallel processors. The inclusion of 4 partial waves 
= 0, 1, 2, 3 in both PWE with the limitation Zmax <3, I = W+I 2 required 
more than 20 thousend single-processor CPU hours for each ion (U,Pb). 

In Tables 4,5 we summarize all known corrections to the ground-state energy 
of hydrogen-like U and Pb ions including the complete set of the SESE correc- 
tions obtained in the present paper. The inaccuracy assigned to our results for 
SESE a) (red) -I- SESE b), c) corrections remains the main source of the total 
error in the theoretical Lamb shift prediction. We expect that the inaccuracy can 
be essentially diminished within the framework of the method described above. 
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Abstract. Calculation of higher-order two-loop corrections is now a limiting factor 
in development of the bound state QED theory of the Lamb shift in the hydrogen 
atom and in precision determination of the Rydberg constant. Progress in the study 
of light hydrogen-like ions of helium and nitrogen can be helpful to investigate these 
uncalculated terms experimentally. To do that it is necessary to develop a theory of 
such ions. We present here a theoretical calculation for low energy levels of helium and 
nitrogen ions. 



1 Introduction 

The Quantum Electrodynamics (QED) theory of simple atoms like hydrogen or 
hydrogen-like ions provides precise predictions for different energy levels PI2|. 
Particularly, some accurate results were obtained for the Lamb shift in the 
ground state of the hydrogen atom. The accuracy of the QED calculations of the 
Lamb shift has been limited by unknown higher-order two-loop corrections and 
inaccuracy of determination of the proton charge radius . As far as the proton 
size is going to be determined very precisely from a new experiment 0 on the 
Lamb shift in muonic hydrogen, the only theoretical uncertainty is now due to 
the two-loop contribution. Improvement of the theory is important to determine 
the Rydberg constant with high accuracy 0 and to test the bound state QED 
precisely. 

Since the theory seems not to be able to give now any results on higher-order 
two-loop corrections {a^{Za)^m and higher) we have to look for another way to 
estimate these terms and so the uncertainty of the hydrogen Lamb shift theory. 
An opportunity is to study the problem experimentally, measuring the Lamb 
shift in different hydrogen-like ions at not too high value of the nuclear charge 
Z. Only for two such ions the Lamb shift can be available with a high accuracy 
from experiment at the present time or in the near future. Namely, these are 
helium m and nitrogen 0 ions. The experimental estimation of higher-order 
two-loop terms is quite of interest also because of recent speculation on a great 
higher-order term jOj (see also Refs. [iUll 1[ L 

The advantage of using Z > 1 is determined by the scaling behaviour of 
different QED values: 

* E-mail: ivanovv@gao.spb.ru 

** E-mail: sek@mpq.mpg.de 
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• The scaling of the Lamb shift is 

• The scaling of the radiative line width of excited states (e. g. of the 2p and 
3s states) is as well; 

• The scaling of the unknown higher-order two-loop corrections to the Lamb 
shift is 

Thus, relatively imprecise measurements with higher Z can nevertheless give 
some quite accurate data on some QED corrections. 

Our target is to develop a theory for the Lamb shift and the fine structure 
in these two atomic systems. Eventually we need to determine the 2s — 2pi/2 
splitting in the helium ion (for comparison with the experiment p]), difference of 
the Lamb shifts El{2s) — El ( 3s) in '^He+ (for the project [Zj) and the 2pa/2 — 2s 
interval in hydrogen-like nitrogen. The difference mentioned is necessary n 
if one needs to compare the results of the Lamb shift (n = 2) measurement jS| 
and the 2s — 3s experiment. 

Since the uncertainty of the QED calculations is determined for these two 
ions (He“'" and N®"*") by the higher-order two-loop terms, we are going to reduce 
the other sources of uncertainty. We present results appropriate to provide an 
interpretation of the experiments mentioned as a direct study of the higher-order 
two loop corrections. The results of the ions experiments should afterwards be 
useful for the hydrogen atom. 



2 Theoretical contributions 



2.1 Definitions and notation 



The Lamb shift is defined throughout the paper as a deviation from an unper- 
turbed energy levefl 



E‘'°\nlj) = ruR f{nj) - 1 



mr 



2{M + m) - 



f{nj) - 1 



( 1 ) 



where M and m are the mass of the nucleus and of the electron, and mR stands 
for the reduced mass. The dimensionless Dirac energy of the electron in the 
external Coulomb field is of the form 



f{nj) 



/ 

1 + 

V 





(n-j-^ + \J{j + \Y - {ZaY 




1 

2 



(2) 



The Lamb shift is mainly a QED effect, perturbed by the influence of the 
nuclear structure 

AE — Z\Eqed + 2iENuci • (3) 



1 



We use the relativistic units in which h = c = 1. 
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The QED contribution 



^Eqeb = AEao + AEm (4) 

includes one-, two- and three-loop terms calculated within the external-field 
approximation 




and a recoil corrections AEm, which is a sum of pure recoil and radiative recoil 
contributions depending on the nuclear mass M 

AEm = AE^ec + ^£^rrc • ( 6 ) 



2.2 One-loop contributions: self energy of the electron 

Let us start with the one-loop contribution. The terms of the external-field 
contribution are usually written in the form of an expansion 

{Za)^F{Z) = ^ {ZaY In^' . (7) 

i,j ' 



The dominant contribution comes from the one-loop self energy of the electron. 
The known results for some low levels are summarized belovp: 



Fl^iZ) = 



4 m 4 , , 10 

+ (Za) - 1 ln(2)i + {Zaf In^ 



{ZaY 



+ Aei{ns) In 



{Za)‘ 



+ Gns{Z) 



FiZJ.2:) = - ji» (4(2p» - ~ + (Zo)» i„ 



{ZaY 



+ G2pj^,^{Z) 



Fip%YZ) - “ 3 (^o(2p)) + Y^— + (ZaY 



29 1 



G 



2p3/2 



(Z) 



where the state-dependent logarithmic coefficient 246i(ns) is known 
Aer(l.) = fln(2)-|, 



It is useful to keep somewhere the reduced mass m_R. 



( 8 ) 



(9) 



( 10 ) 



2 
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A6i(2s) = yln(2) + |, 

A6i(3s) = -41n(3) + |ln(2) + ^, 

the Bethe logarithm is H3) 

ln(/co(ls)) = 2.984128 56... , 
ln(A:o(2s)) = 2.811 769 89 ... , 
ln(A:o(3s)) = 2.767 663 61 ... , 
ln(fco(2p)) = -0.030 016 71... 

and higher-order self-energy terms Gni{Z) are numerically found in Sect. 2.5. 



2.3 One-loop contributions: polarization of vacuum 



The coefficient of the expansion (7) for free vacuum polarization can be calcu- 
lated in any order of in a closed analytic form m. In particular, the result 
was found in Ref. HH for the circular states {I = n — 1) with j = 1 + 1/2. For 
n = 1, 2 one can expand at low Za and find 



F,ViZ) = 



pVP 

^^P3/2 



{Z) 



4 , Stt 

15 + 38 



15 



(Za)M gin 



1 4 , 1289\ 

^ 15 ^ " 1 ^ ) 

1 



96 



70 



(Za)^ 



(Za)2 



57t 237t 

— ln(2) -I 

48 ^ ^ 288 



1024 



( 11 ) 

( 12 ) 



In the case of other states the result has been known only up to the order 
{Zaf 1161151121 . We present here new results for two other states at n = 2 and 
for the 3s state: 



FYs^(Z) = 




4 

15 



57T 

48 



(Za) 



1 



^ ' 15 {Za)^ 900 

(Za)" ( gin 



1 



96 



57T 



— {Zaf 
140 ^ ’ 

4 , Stt 

(Za) 

15 48 ^ ^ 



4l7T 

3072 



(Zaf 



(Za)^ ( 1^ 






1 4 3 

15 (Z^ “ 15 2 “ 

^7T 

(Za)2 + 48^^^®^ + ' 



8417t\ 

9216 J ’ 



1139\ 
1575/ 
1377t\ 
2592 J ■ 



(13) 

(14) 



( 15 ) 
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2.4 Wichmann-Kroll contributions 

It is not enough to consider the free vacuum polarization. The relativistic cor- 
rections to the free vacuum polarization in Eqs. (fTTHTll are of the same order as 
the so-called Wichmann-Kroll term due to Coulomb effects inside the electronic 
vacuum-polarization loop. To estimate this term we fitted its numerical values 
from Ref. which are more accurate for some higher .Z ~ 30, by expression 



We found that the contribution of A^q and Ayi terms is small enough. The 
accuracy of the calculation in Ref. HZ! is not high at Z = 7 and we performed 
some fitting of higher Z data. To make a conservative estimate we find two pairs 
of coefficients which reproduce the result at Z = 30. The results are: 

An(ns) = -0.23(2), Ayoins) = 0 and Fwk(7) = 0.000 139(1) ; 
An(ns) = 0, Aro(ns) = -0.07(1) and Fwk(7) = 0.000 130(2) , 

where the uncertainty comes from inaccuracy of the numerical calculations of 
Fwk(30) — 0.0020 HZI? which is estimated here as a value of a unit in the last 
digital place. Comparing the results above one can find a conservative estimate: 
Fwk{7) — 0.000 134(6). The value Fwk{^0) = 0.0020 is valid for both the Is 
and 2s states and we use this value for the 3s state as well. On this level of 
accuracy (i5Ewic(30) ~ 0.0001) there is no shift of the 2p levels and we use 
a zero value for them. 

2.5 Fitting of one-loop self energy contributions 

We separate from the expression for the self-energy part of the one-loop correc- 
tion (7) the function 



Using numerical values of Aqq from Refs. [I bll 9) and ones of G{Z) from Refs. 
naEn, we performed several types of fitting for these functions. 

We started with fitting (I) with function 



iTTira 



Fwk{Z) = (Zaf ^ -L (Za)^ ^ 




G(Z) = Aqo + (higher-order terms) . 



(17) 




(18) 



minimizing the sum 



G{Z) - [Ago + {Za) (An ln{l/(Za)^) + A70)] 



2 
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with respect to A^o and An for Is state (where Z = 1 ... 5) and to A^ for 
2s state (where Z = b, 10). In the latter case we used the fact that A 7 i(ls) = 
Ati{2s). The statistical error of data 



SG{Z)] ^ 



[<5„umG(Z)]" + In^iZafAf^^ 



( 20 ) 



contains uncertainty of numerical integrations in Refs. Eirm and of the fit in 
Eq. (113) due to neglecting of higher-order terms of absolute order a{Za)^m 
(where A^J is a result of preliminary fitting with SG = 6numG ). 

To estimate the additional systematic uncertainty which originates from the 
unknown term of order a{Zay we studied a sensitivity of the fit (I) to intro- 
duction of some perturbation function h{z) 



G{Z) = G{Z) + h{Z) , 



( 21 ) 



The final uncertainty of the fit was calculated as a random sum of differences of 
the fits without function h and with h(Z) from the binomial expansion of the 
expression 

for the Is and 2s states and 

for the 2p-states and for the difference G 2 s — Gns (see below) . 

The logarithm ln(l/(Za)^) in the expansion (7) is a large valu^ at very low 
Z but it is quite a smooth function of Z around Z = 1 (see Table [Q . Due to 
that, we can also use a non-logarithmic fitting function 

G(Zo)+A(Z-Zo) + |(Z-Zo)2 (24) 

with smooth behaviour at Z ~ 7. In particular, we applied Eq. (24) for numerical 
data from Ref. at Z = 3,4,5 with central value Zq = 4 (fit //) and 

Z = 5, 10, 15 with Zo = 10 (fit 111). 

For the 2s state we also performed independent fits for Gis and the difference 
Gis — G 2 s, finding G^s as their combination. Values of corresponding fits are 
labeled (IV) (fits for low Z), (V) {Z = 3,4,5 for Is and Z = 5,10, 15 for the 
difference Gis — G 2 s) and (VI) (both fits for Z = 5, 10, 15). That can be useful 
because data on the Is state is more accurate mwm , and in case of difference the 
uncertainty is smaller (cf. Eqs. (22) and (23)) and one of higher-order parameters 
is known {Aji — 0) [2‘2f I 2] . 

Only few data are available for 3s at Z = 10, 20, 30 . . . and we perform 
two fitting: fit / with Z = 10, 20 and fit III with Z = 10, 20, 30 at Zq = 20. 

® Note that a natural value for the constant term is about In ( ko{ns )) ~ 3). 
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Table 1. Function ln^l/(Za)^^ for small Z 



z 


ln(l/(Za)2) 


Z 


ln(l/(Zo) = ) 


1 


9.840 


7 


5.949 


2 


8.454 


8 


5.682 


3 


7.643 


9 


5.446 


4 


7.068 


10 


5.235 


5 


6.622 


15 


4.424 


6 


6.257 


20 


3.849 



Different fitting functions are plotted in Figs. EHSlfor n = 1, n = 2, G\s — G^s 
and Gis — G^s- The points with error bars are for numerical values obtained in 
Refs. 



mmim 



G(1s)+31-50(Za) 




G(1s)+31-50(Za) 




Fig. 1. Fitting of G{Z) for Is and 2s states 



The results of all fits for Z = 2 are summarized in Table 0 and Z = 7 in 
Table 0 The value for the Is state at Z = 7 is in agreement with the less accurate 
one obtained in Ref. m- 

2.6 Two-loop contributions 

Two-loop corrections have not yet been calculated exactly and only a few of the 
terms have been known up-to-date 

/ 217Q Hi 3 Q \ 

+ 2^' ^^(2) - ^C(3)j - 21.556(3) {Za) 
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G(1s)-K3(3s) 





Fig. 2 . Fitting of Gis(Z) - G2s{Z) and G2s(Z) - G3s(Z) 



G(1s, 



G(1s, 





Fig. 3 . Fitting of G(Z) for the 2pi/2 and 2pa/2 states 
1 



+ (Zaf 

H2pi/^{Z) = - - Q4 + {Za) 
H- 



In 

[ 27 {Za)‘ 



+ GHAZ) 



1 



2p3/2(^) — g 04 + (Za)^ 






9 {ZaY ' ^2pi/2^ 



(25) 

(26) 
(27) 



where for I Y 0 the leading contribution is due to the anomalous magnetic 
moment of the electror@ 

1 Q7 7T^ 7T^ S 

= 144 + l2 ■ Y + 4^^^^ ■ ■ ■ ■ 



We follow a notation — 2)qbd = 2 • ^ a 2 n • See Ref. m for detail. 



( 28 ) 
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Table 2. Values G(2) for different types of fitting 



Value 


(I) 


(IV) 


Gi. 


-29.772(7) 




G2s 


-30.7(2) 


-30.64(3) 


Gls - G2 s 


0.87(3) 




G2s - G3s 


-0.12(9) 




G2p^/2 


-0.95(3) 




^^P3/2 


-0.48(3) 





Table 3. Values G(7) for different types of fitting 



Value 


(1) 


(II) 


(III) 


(IV) 


(V) 


(VI) 


Gis 


-27.6(1) 


-27.68(1) 


-27.677(9) 








G2s 


-28.5(1) 




-28.47(5) 


-28.4(1) 


-28.47(5) 


-28.45(3) 


Gls - G2. 


0.77(3) 




0.79(5) 








G2pl/2 


-0.84(3) 




-0.85(5) 








G2p3/2 


-0.41(3) 




-0.41(3) 









The higher-order terms denoted as {Z) are not known. We expect ^ that the 
magnitude of does not exceeded by half the value of the leading logarithmic 
term (In^(Za) for the ns states and ln^(Zo;) for the 2p states) a.t Z = 1 and 
use the estimation for G^^(l) for any Z. The purpose of this calculation is to 
eliminate any other sources of theoretical uncertainty and to study a value of 
G^ by a comparison with experiment. 

The leading state-dependent term for the s-state is also known E3I3, and 
in particular one can find 



His{Z) - H2s{Z) 



H2s{Z) - Hs^iZ) 



(Zaf 

{Zaf 



In" 


1 


1 

1 




+ G{i{Z) 


(Za)2 


sj 


In" 


1 


fl^ln^- 

^9 2 


91^ 


1 + 


(Za)2 


81, 



(29) 

(30) 



and unknown higher-order contributions G^^ are estimated in the same way as 
for the 2p states. 



646 Vladimir G. Ivanov and Savely G. Karshenboim 



2.7 Three-loop contributions 

The three-loop contributions for ns state at ^ = 0 was eventually obtained in 

Ref. [S3 

= 0.4174... , (31) 

while for the p-states the corrections 

-^ 2 ^ 1/2 (^) “ ~3 

'^2p3/2(0) ~ g ) (33) 

comes from the g — 2 of electron: 

06 = 1.181241... (34) 



2.8 Pure recoil corrections 

The pure recoil correction 

AEnec = -^'^{Za)^R{Z), 
7T M 

where is known analytically with sufficient accuracy [23 



Rns{Z) 



R2p{Z) 



(Za) 



'2 1 8 

_3 (Z^ ~ 3 

7 



+ (Za)^ 7T ( 41n(2) — 



(Za) 



--In {ko(2p)) 



In {ko(ns)) 



187 

U 



7 

18 




(35) 



(36) 

(37) 



Some numerical results for the states with n = 1, 2 are also available m- Second- 
order recoil corrections ((Za)'^(w ? are known m but their contribution 
is negligible. 



2.9 Radiative-recoil corrections 

The radiative-recoil corrections are known only in the leading order |2H! 

a(Za)^ mm, 

= (- 1 - 36449 ) < 5 , 0 . 



AEB.Rci'nl) 



7T 



(38) 
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Table 4. Nuclear square charge radius 



Atom 


Rn 

[fm] 


4li5Nucl(2s) 

[MHz] 


Ref. 


"He 


1.674(12) 


8.80(13) 


m 




2.560(11) 


3145(33) 


ESI 


15n 


2.612(9) 


3274(30) 


m 



2.10 Finite-nuclear-size correction 



The correction for s-states due to the finite size of the nucleus is of the form 

AEuUnl) = l^^^{m R^yS,o (l + 1 " M 

where Rn is the rms nuclear charge distribution radius. The leading term in 
Eq. (39) vanishes for the p states because their non-relativistic wave function is 
vanishes at the origin itself. However, the small component of the Dirac wave 
function contains a factor of crp/2m and the Dirac wave function is not equal 
to zero at the origin. In particular, one can easily find 



(^2p3/2(0)) 



2 

2 



3 {Za)^m^ 
~ ^ n 

= 0 , 



(40) 



and 



Z\Enuci(2pi/2) = ^ {Zaf m (m , 

4\Enuc1 ( 2 ^ 3 / 2 ) = 0 . (41) 

The error of the logarithmic term can be estimated as 1/2 Z\Enuc 1 {Za)^ ln(l/a). 
The nuclear radii and corrections are presented in Tabled 

3 Summary 

All contributions and final values of the Lamb shifts in the lowest states of 
hydrog-like ions ^He"*", and are presented in Tables 0 El and 0 

respectively. The final results for intervals which can be measured are listed in 
Table ISl The results in Table El involve three main sources of uncertainty and we 
split the uncertainty there and in auxiliary Tables 00 respectively: 

• The higher-order two-loop corrections; 

• Nuclear structure corrections (They require further study); 
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Table 5. Different contributions to the Lamb shift in hydrogen-like helium ^He ( 
MHz) 



Contribution 


2s 


2pi/2 


2Ps/2 


SE 


14251.51(2) 


-204.747(10) 


201.503(10) 


VP 


-426.78 


-0.022 


-0.005 


WK 


0.02 


0 


0 


One-loop 


13 824.75(2) 


-204.769(10) 


201.498(10) 


Two-loop 


0.70(11) 


0.420(2) 


-0.201(2) 


Three-loop 


0.004 


0.003 


0.002 


Pure recoil 


2.53 


-0.131 


-0.131 


Radiative recoil 


-0.01 


0 


0 


QED 


13827.98(H)(2) 


-204.484(2)(10) 


201.168(2)(10) 


Nuclear size 


8.80(13) 


0 


0 


Total 


13 836.77(11)(13)(2) 


-204.484(2)(10) 


201.168(2)(10) 


Table 6. Different contributions to the Lamb shift in ^ 


^^N (in MHz) 


Gontribution 


2s 


2pi/2 


2P3/2 


SE 


1390 601(19) 


-29 298(19) 


31088(19) 


VP 


-62 021 


-40 


-8 


WK 


32 


0 


0 


One-loop 


1328 611(19) 


-29 338 


31080 


Two-loop 


-411(209) 


68(2) 


-25(2) 


Three-loop 


0.5 


-0.5 


0.3 


Pure recoil 


319 


-17 


-17 


Radiative recoil 


-2 


0 


0 


QED 


1328 517(209)(19) 


-29 287(2)(19) 


31038(2)(19) 


Nuclear size 


3145(33) 


6 


0 


Total 


1331662(209)(33)(19) 


-29 281(2)(19) 


31038(2)(19) 
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Table 7. Different contributions to the Lamb shift in (in MHz) 



Contribution 


2s 


2pi/2 


2P3/2 


SE 


1390 611(19) 


-29 298(19) 


31088(19) 


VP 


-62 022 


-40 


-8 


WK 


32 


0 


0 


One-loop 


1328 620(19) 


-29 338 


31080 


Two-loop 


-411(209) 


68(2) 


-25(2) 


Three-loop 


0.5 


-0.5 


0.3 


Pure recoil 


297 


-16 


-16 


Radiative recoil 


-2 


0 


0 


QED 


1328 505(209)(19) 


-29 286(2)(19) 


31039(2)(19) 


Nuclear size 


3 274(30) 


6 


0 


Total 


1331779(209)(30)(19) 


-29 280(2)(19) 


31039(2)(19) 



Table 8. Differences of energies (in MHz) 



Atom 


Value 


Result 


^He 


AE(2s — 2pi/2) 


14041.25(11)(13)(2) 


^He 


8El{2s) - 27El{3s) 


-768.35(29) 


14n 


AE{ 2 p ^/2 — 2s) 


25 030 522(209) (33) (27) 


15n 


AE{ 2 p ^/2 — 2s) 


25 030 475(209) (30) (27) 



• Other theoretical QED uncertainties beyond the higher-oder two-loop effects. 

The theory (with unknown higher-order two- loop effects excluded) is found to be 
accurate enough and we hope the study of helium and nitrogen hydrogen-like ions 
is a promising way to study in detail the two-loop contributions experimentally. 
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Abstract. Recently, a precise measurement on the bound electron g factor in hydrogen- 
like carbon was performed Q. We consider the present status of the theory of the g 
factor of an electron bound in a hydrogen-like atom and discuss new opportunities and 
possible applications of the recent experiment. 



1 Introduction 

Until now any precision test of bound state QED |2| was always realized in the 
way that only a final theoretical figure could be compared with some experimen- 
tal result and no term of any theoretical expression could be tested separately. 
Any theoretical expression is a function of few parameters and one of them is 
the nuclear charge Z . However, there was no way to measure any function of Z. 
Only very few particular values of Z were available for precision experiments of 
the Lamb shift, fine and hyperfine structure. Now this has been changed dra- 
matically. 

Recently a bound electron g factor in the hydrogen-like carbon ion was mea- 
sured very accurately by the Mainz-GSI collaboration P . We consider here this 
new opportunity to test bound state QED and to determine precisely some fun- 
damental constants from the study of the bound electron g factor. 

In contrast to the study of the Lamb shift and hyperfine structure, it is 
possible to perform experiments on the g factor of the bound electron in different 
hydrogen-like ions with about the same accuracy. The experiment [1] is now in 
progress and some other hydrogen-like ions can be measured soon. This provides 
a possibility to learn about the bound g factor as a function of the nuclear charge 
Z and the nuclear mass number A. The ions under study Pj must have spinless 
nuclei and so they have the most simple level scheme. 

The measured value is equal to {Z — l)m/gM, where m is the electron mass, 
and M is the nuclear mass. The latter is usually known accurately in atomic 
mass units. If we determine the bound electron g factor from the theory, then the 
experiment leads to a new precision value of the electron mass in atomic units. 
The accuracy of the electron mass value is compatible with the one from a direct 
measurement |^. The uncertainty of the theory of the g factor in the carbon ion 
is on about the same level as the experimental one. The theoretical precision can 

* E-mail: sek@mpq.mpg.de 
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be improved if the beryllium ion, where the only unknown correction (Za)^mjM 
is small and negligible, is studied. 

Another way to manage experimentally the problem of the unknown term 
is to use another kind of theory. The usual theory in the case of simple atoms 
(we call it strong theory) give us some values, while in case of the g factor it 
must be useful even to fix a form of the theoretical expression (we call this 
option weak theory). When one knows part of the theoretical terms and a form 
of other terms, it is possible try to measure the unknown coefficients. The only 
unknown term which is important for carbon and ions with Z around 6 is of 
order {Za)‘^m/M. One can take an advantage of the weak theory approach and 
measure the coefficient of this term by studying with the oxygen ion. 

An important feature of the study of the g factor of a bound electron at Z = 
20 — 30 is also the possibility to learn about higher-order two-loop corrections, 
which are one of the crucial problems of bound state QED theory. Below we 
discuss in detail the present status of theory and experiment. We consider a new 
opportunity to precisely test bound state QED and to accurately determine two 
fundamental constants: the electron-to-proton mass ratio and the fine structure 
constant. 

Below we discuss in detail a number of problems arising due to the precision 
study of the bound electron g factor. 

2 Theory 

2.1 Present status 

We follow the notation of our paper 0 and present the g factor of a bound 
electron in a hydrogen-like ion in the form 

5 e = 2 • (1 -I- a -I- 6) , (1) 

where the bound electron anomalous magnetic moment at low Z is b ~ (Za)^, 
while the free part of the anomalous magnetic moment is a ~ a/27r. It is useful 
to split the bound-state electron anomaly into three terms 

b = 1 ■ bi a ■ ba b' , (2) 



where two first terms m 

2 (v'l - (Za)2 - l) 



= 



{Za)^ 



1 TO 


1-bZ 


/ TO N 2 


_2M 


2 


\m) _ 



~ (Za)2 



1 Im 1 + Z r m 1 



3 2M 






and [617 1 



ba = (Za)^ 



1 1 TO 

6 ~ 3M 



( 3 ) 
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are due to kinematic relativistic effects, while the last term is due to some non- 
trivial bound-states effects. The h' term starts from the order of {Za)'^ and 
contains QED {a{Za)'^m and higher) mm, nuclear size {{Za)'^{mRN)^ and 
higher) 0 and recoil {{Za)‘^m/M and higher) corrections. In Table 1 we 
present the most accurate published values 0 of different contributions to b'. 
The uncertainty was not specified there and we estimate it as half the value of 
the last digit. More precise calculations are presented in Ref. uni. 

Table 1. Some contributions to b' in units of 10~® 0 due to vacuum polarization 
(VP), self-energy {SE) and finite nuclear size {NS). The nuclear size effects were 
studied there for the main isotope of each element 



z 


b'vp 


b'sE 


^NS 


1 


-0.00(3) 


0.08(3) 




2 


-0.05(3) 


0.93(3) 




4 


-0.86(3) 


12.77(3) 




6 


-4.2(3) 


55.2(3) 




8 


-13.2(3) 


151.4(3) 


0(7) 


10 


-31.8(3) 


327.1(3) 


0(7) 


12 


-64.6(3) 


610.9(3) 


5(7) 


14 


-118(3) 


1030(3) 


10(7) 


16 


-200(3) 


1610(3) 


20(7) 


18 


-309(3) 


2 381(3) 


35(7) 


24 


-948(3) 


6127(3) 


135(7) 


32 


-2 890(3) 


16 808(30) 


620(70) 



2.2 Comparison to the experiment 



Precision studies of the g factor of a bound electron in simple atoms were started 
with experiments on hydrogen CH and its comparison with deuterium [umi 
and tritium m, as well as on the helium ion m- In particular in case of low Z 
the result for the non-trivial bound-state term 



b'{Z = 1) = 0.1 • 10"® 



( 5 ) 



and 

b'{Z = 2) = 0.9 • 10"® (6) 

is small enough and that explains why experimental results from the precision 
measurements done decadse ago have been out of the theoretical interest for two 
last decades. 
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We summarize experimental and theoretical data in Table 2. Some of them 
were obtained indirectly and we present in Appendix Table 0 all important 
auxiliary measurements. 



Table 2. Comparison of theory and experiment. Here, <?o(e) stands for the magnetic 
moment of a free electron and it contains the anomalous magnetic moment a ~ a/2'K 



Value 


Experiment 


Reference 


Theory 


g(H) 

So(e) 


1 - 17.709(13) • 10“® 


ITTIT^ 


1 - 17.694 • 10"® 


9(D) 

9(H) 


1 - 7.22(3) • 10“® 


m 


1 - 7.24 • 10"'^ 


9(T) 
9(H) 
9 (“He+) 
90 (e) 

9(b=C"+) 

2 


1 - 10.7(15) • 10"'^ 


[m 


1-9.7- 10“® 


1 - 70.88(30) • 10"® 


■liiiinfraiHiBiieiH 


1 - 70.91 • 10"® 


1 -b 520.798(2) • 10“® 


P 


1 -b 520.795(1) • 10“® 



In the case of the recent experiment with hydrogen-like carbon the non- 
trivial QED effects contribute an observable amount (see Table 1). We need to 
mention that, due to some delay of the final publications of the experimental 
result PP and theoretical calculations ma, no actual theoretical predictions have 
been published. Most of the presentations (conference and seminar talks and 
posters) dealt with unaccurate theoretical predictions because it was believed 
that nothing had been known on the two-loop corrections. However, that was 
not the case, because from the beginning of the theoretical calculations up to 
recent re-calculations it was clearly stated ed 0 that the {ZaY term in Eq. (4) 
is of pure kinematic origin and so the result is valid in any order of the expansion 
in a for the anomalous magnetic moment of a free electron, and in particular 



Z\5(two — loop) 



■ 


/Qf\ 2 


-0.328... 


(^)J 



= -5.7- 10"^° . 



:{Zaf 



( 7 ) 



We also confirmed this statement in our paper ^ . Our use of the known result 
on the o^{ZaY term leads to 

= 1 -b 520 795(1) • 10"® (8) 

and offers the accuracy presented in Table 2. 



2.3 Potential model 

The bound g factor is now a new value that must to be precisely calculated and 
it may be useful to compare the calculation of the g factor with evalutions for 
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the energy levels. A number of corrections can be described with the help of an 
effective potential, and in particular effects due to vacuum polarization of free 
electrons, the Wichmann-Kroll potential and nuclear size can be studied in the 
leading non-relativistic approximation with the use of a delta-like potential 



y(r) = A<5(r) , (9) 

where the energy shift of the ground state due to this potential is of the forrrQ 

{ZamCf 



AEa = A 

and for different corrections the shift is 



( 10 ) 



’ p ^ 


a{Za)'^m 


15 


7T 


A9 


7T^ \ a( 


= U 


27 J 



(Zafr 

7T 



AEns = g {ZaYm {uiRn)'^ 



( 11 ) 



We have calculated a correction to the bound electron anomaly and the result 



is Bi 



Ab'^ = 2 



AEa 



m 



( 12 ) 



In particular, for the finite-nuclear-size correction one obtains 

Ab'^s = ^ {ruRMf 

~ 2.5355- , 



(13) 



where the value root-mean-square charge radius TZ in fermi for carbon is 
equal to 2.478(6) ^D] and 

Z\6(vs(^^C®+) = 0.2 • 10"^ . (14) 



Our results are in agreement with direct numerical calculations for several 
corrections |0| (see Tables 3 and 4). The equation (12) can be used to estimate 
unknown corrections if we know the energy shift. Actually we put in Tabled 
3 and 4 the uncertainty of the analytic results found in this way However, 
one has to remember that the theory of the bound g factor is more complicated 
than the one for the Lamb shift and sometimes the bound anomaly can be more 
logarithmic. An example is the order a^{Za)'^'. the b' term contains a logarithm 
of {Za) and a non-analytic contribution due to low energy effects, while the 
contribution to the Lamb shift in this order has no logarithm and completely 

^ We use through the paper the relativistic units in which h = c = 1. 

^ We corrected some misprints in Table 4 (cf. [31) and re-estimated the uncertainty for 
nuclear-size correction with the result Sb'j^g = ^bjvs ' (Za)^ ln{ZamRN)- 
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originates from the high energy contribution. Higher-order two-loop terms have 
not been evaluated yet even in the case of the energy levels of low-Z atoms, and 
we do not anticipate the results in near future. As we mentioned, the bound g 
factor involve more complicated calculations than the theory of energy levels, 
and a reason of our study using effective non-relativistic technics is to find an 
appropriate approach for effective {Za) expansions which can be used to study 
two-loop corrections. 

Table 3. Comparison of the vacuum polarization contribution: Eq. (12) against [9]. 
The uncertainty of the analytic result was discussed in Ref. [4] 



z 


Numerical result 

Ref. |Hj 

[10-^1 


Analytic result 
Eq. (12) 
[10-^1 


1 


-0.00(1) 


-0.003 5 


2 


-0.05(1) 


-0.056(1) 


4 


-0.86(1) 


-0.90(3) 


6 


-4.2(1) 


-4.6(2) 


8 


-13.2(1) 


-14(1) 


10 


-31.8(1) 


-35(3) 


12 


-64.6(1) 


-73(8) 


14 


-118(1) 


-135(17) 


16 


-200(1) 


-230(33) 


18 


-309(1) 


-369(59) 


20 




-560(100) 


22 




-830(160) 


24 


-948(1) 


-1 170(250) 


26 




-1600(370) 


28 




-2 160(540) 


30 




-2 850(760) 


32 


-2 890(1) 


-3 680(1060) 



3 Precise tests of the bound state QED 

Now let us discuss possible precision tests of bound state QED. First we need 
to discuss what experimental results have been available up-to-now ^j: 

• Precision measurements of the Lamb shift are possible for Z = 1,2. 
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Table 4. Finite- nuclear-size contribution: Eq. (12) against [9]. The uncertainty of the 
analytic result was discussed in Ref. [4] 





Rn 

[fm] 


Numerical result 
Ref. 0 
[10-^] 


Analytic result 
Eq. (12) 
[10-*’] 


8 


2.737(8) 


0(3) 


0.78(6) 


10 


2.992(8) 


0(3) 


2.27(9) 


12 


3.08(5) 


5(3) 


5.0(3) 


14 


3.086(18) 


10(3) 


9.2(7) 


16 


3.230(5) 


20(3) 


17(2) 


18 


3.423(14) 


35(3) 


31(4) 


24 


3.643(3) 


135(3) 


112(22) 


32 


4.088(8) 


620(3) 


444(145) 



• The fine structure can be precisely studied for Z = 1 and Z = d>. 

• Transitions in the gross structure can be accurately measured Z = 1^2. 

• The hyperfine structure of the Is and 2s levels can be obtained precisely for 
the hydrogen atom and its isotop^ and for the helium-3 ion. 

• Precise measurements are also possible for a few transitions in helium. 

• In the case of some high-Z ions, precision experiments are also possible. 

Now we list the accurate theoretical predictions that have been available | 2 ] 
up-to-date: 

• Accurate calculations for the Lamb shift and hfs of hydrogen-like atoms are 
limited by their nuclear structure and higher-order QED corrections. In the 
case of low-Z Lamb shift, the finite-nuclear-size effects can be taken into 
account easily if we know the nuclear charge radius. 

• In the case of some high-Z experiments the uncertainty due to the nuclear 
structure disturbs any interpretations in terms of a test of quantum electro- 
dynamics. However, the QED calculations are still important for the study 
of nuclear structure. 

• Few-electron atomic systems cannot be precisely calculated at low Z, except 
some special cases (like e. g. isotopic shift). 

• In the case of high-Z few-electron ions, one of theoretical problems is the 
higher-order electron-electron interaction. 

Summarizing this section we need to underline that only a few of values 
of Z are available for the precision experiment, a comparison of experiment 
and theory can be done only for the final values and there is a problem of 

The tritium 2s hfs interval has not been measured. 



3 
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theoretical uncertainty due to unknown higher-order corrections, which cannot 
be calculated at the moment. We call a theory, which predicts only an final value 
to be compared with an experiment, a strong theory. 



3.1 Weak and strong theory 

The study of the bound electron g factor provides another option. It is possible 
now to check a part of the theoretical expression. The expression is a function 
of the nuclear charge {Z), the atomic mass (A) and the nuclear charge radius 
(Rn)- The nuclear effects can be easily calculated in the leading order if the 
nuclear radius is known. Since it is possible to measure the g factor for different 
values of Z and A, the complete functions can be now available. We put in Fig. 
1 all spinless nuclei with a not too high value of Z for hydrogen-like {Z* = Z) 
and lithium-like ions {Z* = Z — 2). The use of ions with different values of the 
charge-to-mass ratio can be also helpful to learn about systematic errors. Due 
to that it seems to be important to understand which progress in calculations 
for light and medium lithium- like ions is possible in near future. 

Such a situation with a broad range of available values of Z and A offers a 
different way to compare theory and experiment. It is possible now to compare a 
theoretical expression, which is known only partially, but with a form of unknown 




Nuclear mass A 



Fig. 1. Hydrogen-like and lithium-like ions with spinless nuclei 
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coefficients which is completely understood. For example one can write for Z ~ 6 

9e{Z) = <7known(-^) + C {Zo)^— , (15) 

where the first term is known. Studying experimentally carbon and oxygen the 
unknown coefficient C can be determined. We call this way to use theory a weak 
theory. 

3.2 Higher-order two-loop contributions 

When we go to a higher value of ^ (Z ~ 20) a wide set of unknown terms have 
to be taken into account. First we need to study all coefficients in equation 

Co + Cl a{Za)^ln{Za) + C 2 a{Za)'^ 

+ Cs{Zaf^ln{Za) + Ci{Zaf^ + C5a\Zaf . (16) 

These coefficients can be studied at Z = 10 — 20 or calculated. With Z higher 
than 20 it is necessary to take into consideration a^(Za)® terms which can 
contain temrs up to the cube of the low-energy logarithm (ln(Zo;)) and we have 
a problem of higher-order two-loop corrections. That is now one of the most 
important theoretical problems in bound-state QED. In particular, it essentially 
limits computational accuracy for 

• the hydrogen Lamb shift, fine and gross structure; 

• the hyperfine structure intervals in hydrogen, deuterium and especially in t 
he ^He“*' ion (namely, some special combination of that for Is and 2s levels 

my, 

• the Lamb shift and gross structure in the helium-4 ion; 

• the fine structure in hydrogen- like nitrogen; 

• high-Z few electron atoms (rather “exact” calculation in (Za) is needed). 

In the case of the bound g factor for the first time there is an opportunity to 
study the higher-order two-loop corrections experimentally in detail with varying 
value of Z. 

3.3 Physics of medium Z 

The possibility of the direct experimental study of these higher-order two-loop 
terms shows the importance of physics of moderate Z. Medium-Z theory pro- 
vides a possibility to develop both high-Z and low-Z approaches. In case of 
low-Z technics, one can expand over (Za) and see if our assumptions on higher- 
order terms is appropriate or not. Using high-Z methods one can perform a 1/Z 
expansion and treat the electron- electron interaction in few-electron ions as a 
perturbation. The study of the g factor of lithium-like ions offers an experimen- 
tal test of present ideas on how large higher-order corrections electron-electron 
interaction can be. 
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4 Carbon and calcinm experiments 



4.1 Carbon experiment and electron-to-proton mass ratio 



Comparison of theory to precision experiment often involves some other experi- 
mental data from different fields. In particular, the g factor experiment Q deals 
with a comparison of two frequencies: the Larmor spin precession frequency 



WL = 9e 



2mc 



■B 



and the ion cyclotron one 






(17) 



(18) 



2M/C 

They are proportional to the magnetic field B, but their ratio is field-independent. 
Eventually, the experiment leads to a value of geMj /m, where Mj is the ion mass. 
There are three sources of uncertainty involved: 



• an experemental for the frequencies wl and ujc', 

• a computational one for the g factor; 

• the one due to the determination of the electron mass m in proper units 
(either in atomic mass units or in terms of the proton mass). 



All of them are comparable PJ. The use of theoretical values and the experimen- 
tal data PJ for the frequencies leads to a value of the electron mass. 

One source of theoretical uncertainty is the unknown term in order {Za)^m/M 
(see Eq. (15)) and it might be helpful to study ^He“'' and ^°Be (the correction is 
negligible) or and (the correction is 2.4 and 2.1 times larger than that 
for ^^C). It is important to mention that comparing the results on the g factor 
at different Z values, one can check the consistency of the theory without using 
any data of the electron mass. Varying Z (Z = 2,4, 6,, 8) one can first fix the 
only unknown coefficient and then determine the electron mass. 

A study of the electron mass is now of interest also because of determination 
of the fine structure constant a from the photon-recoil-spectroscopy ESEni- A 
measurement of the recoil frequency shift 



bv hu 
~ ~ 2Mac^ ’ 



(19) 



where ^ is a transition frequency and Ma is an atomic mass, together with a 
known value of frequency v gives a value of H/Ma- The latter can be compared 
with the Rydberg constant 

= ( 20 ) 

and that allows to determine the fine structure constant a. The Rydberg constant 
is known very accurately the recoil shift Av jv was measured for D\ cesium 
line in Ref. 122], while the frequency of the Di line was determined in Ref. |2S|- 
To extract a we also need to know m/Mcs- The cesium mass in atomic mass 
units was obtained in Ref. ! 23 |. The accuracy of the frequency recoil shift [221 is 
larger, but compatible with the one for the electron mass in atomic units 0. It 
seems 1221 that in near future a determination of the fine struture constant from 
the recoil spectroscopy will be limited by the knowledge of the electron mass. 
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4.2 Calcium measurement: why it is getting interesting 

Another way to obtain the fine structure constant a via the bound electron g 
factor is to work at higher Z. As we mention, the investigation at Z ~ 20 and 
higher can be useful to learn about higher-order two- loop corrections. However, 
the study offers also a new way to determine the fine structure constant. For the 
calcium ion {Z = 20) the bound anomaly b is larger than the free term a and 
hopefully it is still possible to use an expansion in (Za). A value of a is to be 
extracted from (Za)'^ term. If a routine work from experimental and theoretical 
sides (i. e. a measurement in the hydrogen-like calcium ion with an uncertainty 
on a level of 10“® and a computation of QED corrections to the g factor, which 
are similar to the ones evaluated some time ago for the energy levels) a value of 
a with uncertainty about 10“^ can be reached. We expect that an experimental 
progress is possible and further improvement can be expected. 

5 Summary 



Table 5. Experimental data for the g factor of the hydrogen isotopes and the helium 
ion 



Value 


Result 


Reference 


9(“'Rb,6Si/2) 
9(H, Is) 

g(»^Rb,5Si/2) 

9(D,1s) 

9(®^Rb.5Si/2) 

50 

5(^He+, Is) 
9C4He,2^Si) 
9(^He,23Si) 

9(8^Rb.5Si/2) 

9("‘He,23Si) 

9(»^Rb.5Si/2) 

9(»®Rb.5Si/2) 

9(»mb.5Si/2) 


1 -t 23.585 5(6) • 10“® 
1-t 23.592 7(10) • 10"® 
1-t 5.876(13) • 10"® 

1 - 29.95(30) • 10"® 

1 - 46.798(50) • 10"® 

1 - 46.77(7) • 10"® 

1 -0.000 41(60)- 10"® 


mi 

m 

m 

m 



Concluding our consideration we would like to underline, that the study of 
the g factor of a bound electron offers a new opportunity for us to precisely 
test bound state QED theory and to determine two important fundamental 
constants: the fine structure constant a and the electron-to-proton mass ratio 
m/rrip. The experiment can be performed at any Z with about the same accuracy 
Q and one can expect new data at medium Z which will allow to verify the 
present ability to estimate unknown higher-order corrections (i. e. theoretical 
uncertainty) in both: low-Z and high-Z calculations. 
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Appendix: Auxiliary data on the bound electron g factor 
measurements 

We summarize in Table 5 all results of different auxiliary experiments 11211 lll6llVll8lin| 
important for comparison of the bound electron g factor hydrogen and deuterium 
atoms and the helium-3 ion. 
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Abstract. Transitions in highly charged ions are particularly sensitive to QED ef- 
fects, which scale rapidly with atomic number, Z. An experiment to determine the 2S 
Lamb shift in hydrogenic silicon, using ions trapped in the Oxford electron beam ion 
trap (EBIT) is in progress. The laser system required for the experiment is currently 
under development at the National Physical Laboratory (NPL); this involves locking 
a frequency-stabilised Ti:sapphire laser operating at 734 nm to a high finesse build-up 
cavity. This will be used to drive and measure the ^Si/ 2 ~^P 3/2 transition in Si^®'*'. 
The transition is much more sensitive to two-loop binding corrections in Si^®^ than in 
lower-^ systems. Thus this measurement offers the opportunity to test the uncertainty 
of theoretical contributions which presently limit the ability of transitions in hydro- 
gen and He”*" to serve as calculable frequency standards. A better understanding of 
QED effects could also pave the way for calculable X-ray standards based on An > 0 
transitions in high-Z hydrogenic systems. 



1 Introduction 

Transitions in hydrogen and hydrogenic (one-electron) ions are being studied 
in several laboratories with the aim of improving optical and X-ray frequency 
standards PJ ■ Transitions with An > 0 in hydrogen span a large frequency range 
from radiofrequencies into the vacuum ultraviolet. For hydrogenic ions of higher 
nuclear charge Z, this range extends into the X-ray region of the spectrum 
due to the scaling of the gross energy level structure. These transitions can 
be regarded as forming a “natural” frequency scale governed by the Rydberg 
constant i?oo = niee^ j c) . Thus hydrogenic systems offer the possibility 
of a set of frequency standards extending from radiofrequencies into the X-ray 
region, which are directly related to the fundamental constants via the Rydberg 
constant. 

The two-photon 243 nm lSi/2~2Si/2 transition and other transitions in the 
hydrogen atom have recently been included in a new list of approved radiations 
for the practical realisation of the metre 0 . The particular interest of these tran- 
sitions lies in the fact that, uniquely among present optical frequency standards, 
they may be calculated in terms of the Rydberg constant with an accuracy ap- 
proaching that with which they have been measured. The latest measurement of 
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the 1S-2S transition frequency by phase coherent comparison with a microwave 
Cs fountain clock reports an uncertainty of 46 Hz Pj . However the determination 
of the IS Lamb shift in hydrogen is limited by the knowledge of other hydrogenic 
transitions, e.g. the 2S-nS or the 2S-nD (n = 8, 12, ...) transitions, to 22 kHz 

Theoretical uncertainties in the calculation of hydrogen and hydrogenic tran- 
sition frequencies arise from a number of sources. Of greatest significance for this 
work are the two-loop QED corrections to the energy levels which are consid- 
ered in detail later. Other sources of uncertainty not considered further here are: 
(i) uncertainties which depend on the knowledge of values of the fundamental 
constants such as the fine structure constant and the electron to proton mass 
ratio, and (ii) nuclear size corrections which are particularly severe in hydro- 
gen itself because the two most precise measurements of the root mean square 
charge radius of the proton disagree m- A new determination of the proton 
size is underway via a measurement of the Lamb shift in muonic hydrogen P(. 

Owing to the rapid scaling of QED effects with atomic number Z, transitions 
in highly charged ions are much more sensitive than hydrogen to the two-loop 
binding corrections to the energy levels. Measurements in highly charged hydro- 
genic ions could therefore test the calculations of these terms, and enable the 
viability of hydrogen and other hydrogenic systems as calculable frequency stan- 
dards to be assessed. For example, the 2Si/2-2Pi/2 and 2 S 1 / 2 - 2 P 3/2 transitions 
in a number of medium-Z hydrogenic ions lie in a wavelength range that is ac- 
cessible to high-power tuneable lasers. The most sensitive measurement to date 
in this range of Z is that for pi'^+ which has a fractional precision of 0.14% 
of the 2S Lamb shift. This is about the same size as the self-energy correction 
of order a^{Za)^, and hence improved precision is really required to obtain a 
critical test of theory. 

This paper describes the progress of a laser resonance experiment which 
aims to measure the Lamb shift in hydrogenic silicon with an accuracy that 
will allow it to test the two-loop binding corrections mentioned above. This 
in turn should allow the viability of calculable frequency standards, based on 
transitions in lower- .Z one-electron systems such as hydrogen and He“*", to be 
assessed. Following a review of some theoretical contributions to hydrogenic 
energy levels, the details of the laser resonance experiment are outlined. 



2 Theoretical Contributions to Hydrogenic Energy Levels 

There have been a number of recent reviews of hydrogenic systems and QED jSj- 
P2|; these proceedings contain the most extensive and recent information. To 
calculate transition frequencies in hydrogen to an accuracy comparable with the 
experimental precision which has been achieved Pj, it is necessary to take into 
account a large number of corrections to the values obtained using the Dirac 
equation. These include quantum electrodynamic (QED) corrections, pure and 
radiative recoil corrections arising from the finite nuclear mass, and a correction 
due to the non-zero volume of the nucleus. The evaluation of these corrections 
is an extremely challenging task. 
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Here we briefly mention theoretical sources of uncertainty which arise from 
higher-order QED terms which were previously neglected or which are in unre- 
solved disagreement. Whilst the one-loop electron self-energy has recently been 
calculated with high numerical accuracy (2.4 parts in 10^® for the IS state of 
hydrogen) m, the situation for the two-loop binding corrections is less satis- 
factory. The energy shift due to the two-loop corrections may be written in the 
form [Dill I 

AEn = rrieC^ {oL/nf' [{ZaY/n^] Gn{Za) , (1) 

where Gn{Za) is usually written as a double expansion in powers of {Za) and 
ln(Zo;), 

Gn{Za) = i?4o -l- {Za)B^Q 

+ (Za)2 {563 In^iZa)-^ + Bq2 ln"(Za)-2 + ...}. (2) 

The leading-order term in this expansion has been known for many years m, 
but recent calculations have yielded a larger than expected value for the term 
550, of order a^(Za)^ [II 511 tij . Higher-order logarithmic terms (Bgs and 552) 
may also be larger than anticipated HZI-I2D]; there appears to be disagreement 
between these calculations which is not yet fully explained. There are indications 
that the convergence of the series expansion is very poor, and that it would be 
desirable to carry out a high-accuracy numerical calculation which avoids the 
expansion in Za, as has been done for the one-loop self energy. Clarification of 
the theoretical situation would be welcome; meanwhile experimental Lamb shift 
measurements which are accurate enough to be sensitive to these contributions 
are most interesting. This is the motivation of the experimental work described 
below. The approximate size of some of the different contributions to the 2S 
Lamb shift in is given in Tabled 

3 Experiment 

The technique for studying the 2Si/2~2P3/2 transitions in by laser spec- 

troscopy is illustrated in Fig.d Laser radiation at 734 nm is used to excite ions 
from the metastable 2Si/2 state to the 2P3/2 state, from which they rapidly de- 
cay to the ground state via an allowed electric dipole transition. The resonance 
is monitored by observing the rate of emission of 2 keV Lyman-a X-ray photons 
as a function of the laser frequency. The 2S Lamb shift may be deduced from 
such a measurement of the 2S1/2-2P3/2 interval because the n = 2 fine structure 
splitting is more accurately known theoretically. 

All previous 2S Lamb shift measurements for medium-Z hydrogen-like ions 
have been carried out using fast ion beams, and uncertainties associated with 
Doppler shifts form a significant source of error in all these experiments. Var- 
ious methods have been employed or suggested for reducing the sensitivity of 
fast beam experiments to Doppler corrections ra-Pl- A measurement of the 
2S1/2-2P3/2 transition frequency in N®'*" using a fast ion beam is currently under 
way at Florida State University 1^’ Our approach, however, is to reduce such 
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Table 1. Size of some contributions to the Lamb shift of the 2Si/2 state in Si^®'*'. All 
values are taken from reference 21 except the order a^(Za)® term which is from refer- 
ence 9. The two-loop logarithmic terms are not included due to the current discrepancy 
in the values obtained from different calculations (see text) 



Energy shift (meV) 


Order a self-energy 


67.681 


Vacuum polarization 


-3.984 


Finite nuclear size 


0.328 (± 0.005) 


Relativistic recoil 


0.019 (± 0.019) 


Relativistic reduced mass 


-0.003 (± 0.003) 


Two-loop radiative corrections: 




a^(Zaf 


0.021 


a^(Zaf 


-0.083 


Total 


63.97 




Fig. 1. Partial term diagram of the Si^®'*' ion, showing the transition that would be 
induced in an n = 2 laser resonance experiment. (Not to scale) 



systematic errors by using slow ions trapped in the Oxford electron beam ion 
trap (EBIT) which have no net centre-of-mass motion. 

The operation of an EBIT is described in detail elsewhere m- Briefly, neu- 
tral atoms or low charge state ions are injected into an electron beam which 
is compressed to high current density by an axial magnetic held, where they 
are stripped to high charge states by sequential electron impact ionization. The 
resulting ions are confined radially by a combination of the space charge of the 
electron beam and the axial magnetic held, whilst axial trapping is achieved us- 
ing potentials applied to a series of cylindrical electrodes. In this way, the ions are 
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confined to a cylindrical volume about 70 in diameter and 2 cm in length, 
where they are further excited by electron impact for spectroscopic measure- 
ments. The ionization balance obtained within the trap depends on parameters 
such as the electron beam energy and background gas pressure. 

The 2 Si/ 2“2P3/2 interval in hydrogen-like Si^^“*" has previously been observed 
using a fast ion beam | 28 | but there has been no precision measurement of its 
frequency to date. Our choice of is based on the availability of high-power 
lasers at the appropriate wavelength, the ease of ion production in an EBIT, 
and the efficiency with which the Lyman-a X-rays can be detected. The 2Si/2- 
2P3/2 transition in is at a wavelength of approximately 734 nm, and has 

a natural width of about 7 nm, so can be studied using a Ti:sapphire laser. 
Silicon ions have been injected into the Oxford EBIT using a metallic vapour 
vacuum arc (MEVVA) ion source |2S], and an electron beam energy of 3-4 keV 
has been shown to be sufficient to produce the hydrogen-like charge state m- 
The Lyman-a X-rays have an energy of about 2 keV, and may conveniently be 
observed using a lithium-drifted silicon (Si(Li)) detector. 

Although the lifetime of the 2Si/2 state in is much longer than that 

of the 2P3/2 state, it is still only 16 ns. For this reason, very high laser power 
(several kW or more) is required to obtain a reasonable transition rate to the 
2P3/2 state |Trj . The required intensities may be obtained by using an extremely 
high finesse enhancement cavity to build up the output power from a frequency- 
stabilized laser m- 




Fig. 2. Schematic diagram of the laser system to be used for a measurement of the 
2S1/2-2P3/2 transition frequency in Si^®^. (A/ 2 : half wave plate, A/ 4 : quarter wave 
plate, PBS: polarizing beamsplitter, VCO: voltage-controlled oscillator, AOM: acousto- 
optic modulator, EOM: electro-optic modulator) 



Radiation at 734 nm from a continuous- wave, single-frequency Ti:sapphire 
laser, will be coupled into a high finesse cavity constructed around the Oxford 
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EBIT as shown in Fig. El The trapped ions will lie at the laser beam waist 

within the enhancement cavity, and to keep the finesse of the cavity as high as 
possible it is necessary for the high reflectivity mirrors to lie within the EBIT 
vacuum chamber. The Ti:sapphire laser will be locked to the high finesse cavity 
using the rf sideband locking technique m- Fast frequency fluctuations will 
be corrected using an acousto-optic modulator in a double-pass configuration, 
whilst the slower branch of the servo loop will use a piezo- mounted mirror in the 
laser cavity. 

Construction of a prototype enhancement cavity and the associated locking 
electronics is currently underway. This demonstration cavity will initially operate 
in air and consists of two identical mirrors with 20 ppm absorption plus scattering 
loss, and 200 ppm transmission. The cavity dimensions are somewhat constrained 
by the ion trap geometry; we intend to use mirrors with 0.5 m radius of curvature, 
positioned in a near-confocal arrangement. This will give a beam waist radius of 
around 250 /im, sufficiently large to avoid serious difficulties in aligning the laser 
beam to the trapped ions. Such a cavity has a finesse of around 1.4 x 10^, which 
for an incident laser power of 100 mW would give an average intensity of about 
4kWmm“^ at the beam waist, sufficient to obtain a reasonable 2Si/2~‘2P^/2 
transition rate. 



4 Hydrogenic Systems for Calculable Standards 

The Lamb shift experiment described above is designed to test QED two- 
loop binding corrections which presently limit the ability of transitions in hy- 
drogen and He"*" to serve as calculable frequency standards. The limitations in 
hydrogen due to the proton size uncertainty may be avoided in He“'", where 
the uncertainty in the nuclear size correction is significantly smaller than the 
two-loop binding corrections. This has motivated a project at the University of 
Sussex, which aims to determine the 2S Lamb shift in He'*" via measurements of 
two-photon 2S-nS,nD transitions El- By comparing the results with the mea- 
surements in hydrogen, it should be possible to separate out the nuclear size 
and QED contributions to the Lamb shift. There was also a nine standard devi- 
ation discrepancy between the latest theoretical calculations and the best pre- 
vious measurement of the 2S Lamb shift for He“'" , carried out using a quenching 
anisotropy method m- However, an unexpected polarization-related systematic 
effect in that experiment has been reported and may resolve the situation ps|. 

A novel approach to He“*" might be to consider the two-photon transition 
from the ground state. He“'" might be interesting for the scheme proposed by 
Dehmelt for realising an optical frequency standard using electron shelving m- 
The scheme uses an allowed transition from the ground state for laser cooling 
and a slow “clock” transition from the ground state to a metastable state as a 
reference. In such experiments, the fluorescence photons from the cooling tran- 
sition of a laser-cooled trapped ion are detected using a photo- multiplier, with 
count rates typically upwards of a few kHz. When a photon is absorbed by the 
reference transition the fluorescence is extinguished until the metastable state 
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decays and a “quantum jump” is observed. The 30.4nm lSi/2~2Pi/2 Lyman-a 
transition in He+ which would have to be used for laser cooling is very short. The 
“clock” transition would be the IS 1 / 2 - 2 S 1/2 two-photon transition (analogous 
to the two-photon transition presently used in hydrogen) for which a 60.8 nm 
laser would be required. At first sight the helium ion looks like a very difficult 
candidate for the above scheme because of the very short wavelengths required, 
however technological developments may make it more tractable in years to 
come. 

Hydrogen and He“'" offer a number of transitions which might serve as calcu- 
lable frequency standards. At higher Z there are also opportunities to consider. 
The best measurements of Lyman- a wavelengths in one-electron ions in the range 
Z=12-28 have reported accuracies of up to 5 ppm I2Z1-P3 and measurements of 
lower accuracy have been made right up to 11®^+ POj , for which the energy of the 
Lyman-a X-rays is about 100 keV. If the measurements are improved and the 
QED contributions can be understood with sufficient accuracy, such Lyman-a 
transitions could one day become calculable frequency standards in the X-ray 
region. 

Measurements of transitions in hydrogenic systems are important both as 
tests of fundamental physics and for obtaining the Rydberg constant from pre- 
cision spectroscopy of atomic hydrogen. If the QED corrections to the energy 
levels can be calculated with sufficient accuracy, then hydrogenic systems offer 
the prospect of “natural” or calculable frequency standards which are directly 
related to fundamental constants. This paper has reported the progress of a 
laser resonance experiment which aims to measure the Lamb shift in hydrogenic 
silicon with an accuracy that will allow it to test QED two-loop binding correc- 
tions. This should allow the viability of calculable frequency standards, based 
on transitions in lower- .Z one-electron systems such as hydrogen and He“'", to be 
assessed. 
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Abstract. Contributions of quantum electrodynamics (QED) to the combined electric 
and magnetic interaction between the electron and the nucleus can be studied by optical 
spectroscopy in high-Z hydrogen-like heavy ions. The transition studied is the ground- 
state hyperfine structure transition, well known from the 21 cm line in atomic hydrogen. 
The hyperhne splitting of the is ground state of hydrogen-like systems constitutes the 
simplest and most basic magnetic interaction in atomic physics. The Z®-increase leads 
to a transition energy in the UV-region of the optical spectrum for the case of Bi®^^. 
At the same time, the QED correction rises to nearly 1 fraction of higher order con- 
tributions. This situation is particularly useful for a comparison with non-perturbative 
QED calculations. The combination of exceptionally intense electric and magnetic fields 
electric and magnetic fields is unique. This transition has become accessible to preci- 
sion laser spectroscopy at the high-energy heavy-ion storage ring at GSTDarmstadt in 
the hydrogen- like 209gj82-i- 207pj^8i-i- meantime, and iS5,i87pg74-i- 

were also studied with reduced resolution by conventional optical spectroscopy at the 
SuperEBIT ion trap at Lawrence Livermore National Laboratory. 



1 Introduction 

In neutral and low-charge atoms, the predictions of QFD are in perfect agree- 
ment with experiment. Radiative QED effects in highly charged hydrogenic ions 
increase by a scaling factor of Z^, and the size of these higher-order contribu- 
tions makes these systems exceptionally interesting for testing possible limits of 
validity of QED. This opportunity has given rise to renewed experimental effort 
to investigate the Lamb shift in heavy ions. Gompletely complementary is the 
possibility to test QED in the combination of strong electric and magnetic fields 
by precision laser spectroscopy of the ground state hyperfine splitting in high-Z 
hydrogenic systems. 

The magnetic interaction of the Is electron in the nucleus causes a hyper- 
fine splitting in the ground state of hydrogen and heavier isotopes. In particu- 
lar, the 1.4 GHz splitting frequency in hydrogen, corresponding to a transition 
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wavelength of 21 cm, has been extensively studied by precision microwave spec- 
troscopy, and in hydrogen masers the splitting frequency has been determined 
to an accuracy of 7 x 10“^^ P|. 

Transition energies for highly-charged ions are shown in Tab. 1. For the 
highest-Z atoms the increase of the splitting with shifts the HFS transition 
into the optical region of the spectrum, and makes it accessible to precision laser 
spectroscopy |2|. 

2 Storage Ring Laser Spectroscopy 

A unique access for laser spectroscopy of such highly charged ions has been 
created by the advent of heavy-ion cooler rings. In the past, poor beam quality 
and short interaction time had restricted the application of lasers at accelerators 
to exotic single events, and laser spectroscopy appeared as a more or less parasitic 
user of these installations. The key experimental features of heavy-ion cooler 
rings in comparison to standard accelerators are the increase in interaction time 
and the dramatic improvement of the beam quality achieved by electron cooling. 
Electron cooling was demonstrated for the first time in 1969 at the proton storage 
ring in Novosibirsk 0 and was applied to heavy-ion storage rings starting with 
the TSR at the Max-Planck Institut fiir Kernphysik in Heidelberg. 

There are a number of unique possibilities accessible for laser-based experi- 
ments in heavy-ion storage rings using the exotic properties of the stored ions 
to address fundamental problems of physics. Even laser-saturation spectroscopy 
is possible. This allows for resolution close to the natural line width of the tran- 
sition, and was used to test Special Relativity at the TSR. The much higher 
velocity, compared to conventional experiments, makes this test particularly 
sensitive to higher order contributions. The full spectrum of possibilities for 
storage-ring laser spectroscopy is reached at the very high energies available at 
the ESR, where intense beams of highly-charged ions are available for preci- 
sion laser spectroscopy, and give novel opportunities for the study of quantum 
electro-dynamics in high magnetic and electric fields. The stripping of uranium 
ions in a fixed metal foil requires a beam energy of 200 MeV per nucleon to 
reach a 10 percent efficiency. So far only the SIS (magnetic rigidity 18 Tm) - 
ESR (magnetic rigidity 9 Tm) facility. Fig. 1, can meet this requirement. The 
alternative production scheme by electron-bombardment in an electron-beam 
ion trap (EBIT) presently yields around 100 to 1000 ions per filling cycle for 
hydrogen-like uranium, compared to 10^ particles per pulse at SIS. For heavy 
ions like bismuth and uranium, beam intensities of 10® stored ions are reached. 

Heavy ions are pre-accelerated in the UNILAC linear accelerator to energies 
up to 20 MeV per nucleon. Before injection into the SIS heavy-ion synchrotron, 
the charge-state of these ions can be increased by passing them through a strip- 
ping foil. The final energy is limited by the bending fields of 18 Tm to e.g. 1 
GeV per nucleon for uranium. At this energy naked ions can be prepared by 
additional stripping. Laser light is introduced either parallel or anti-parallel to 
the direction of the ions. 
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Fig. 1. Possible candidates for laser spectroscopy 



An additional benefit for future experiments at the SIS - ESR facility is 
the availability of intense beams of unstable nuclei produced by fragmentation 
of the primary ion beam. At GSI, these secondary ions are separated from the 
primary beam in flight in the FRS (fragment separator), and the resulting beam 
of unstable nuclei can be stored in the ESR. 
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Nd:YAG 




Fig. 2. Laser spectroscopy set-up at the ESR facility at GSI 



3 Experimental Procedure 

For laser light impinging onto an absorber moving at relativistic velocity, the 
resonance frequency is shifted relative to the transition frequency vq in the rest 
frame of the ions according to the relativistic Doppler formula 

V = Vo [ 7(1 - /3cos6») ( 1 ) 

where 9 denotes the angle between the ions and the laser beam {theta = 0 for the 
parallel case) . This relation also causes the light emitted from the moving ion to 
be observed in the laboratory frame at a strongly shifted frequency. The large 
Doppler shift due to the relativistic ion velocity can be used to the advantage to 
excite transitions in the ultraviolet and infrared spectral regimes, even when no 
suitable lasers would be available at the transition wavelength in the rest frame. 
The detection of fluorescence after laser excitation of an infrared transition is 
facilitated by the large Doppler blue-shift under forward angles. This shifts and 
compresses the wavelength of the emitted light into the region detectable by 
single-photon sensitive photomultipliers. As a disadvantage, the velocity spread 
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^ of the ion beam leads to a Doppler width of 

Dopp ~ z/ ■ ^ S [3 . (2) 

This Doppler width can be avoided by typical sub-Doppler laser spectroscopy 
techniques. Laser saturation spectroscopy with a resolution close to the natu- 
ral line width was used for a test of Special Relativity at the ESR. For such 
sub-Doppler resolution one must also take into account the small additional 
broadening and shift arising from the angle 9 between laser beam and ion beam 
in the Doppler formula. At an interaction length of 10 meters and more, angles 
are easily controlled to be better than 1 mrad. This limits a possible shift, which 
enters by 

Avg = —v0^9^ (3) 

to 2 • 10“^ V or smaller. 

In the same way the transverse beam temperature leads to a broadening via 
the betatron movement of the particles. For the straight sections this effect can 
be estimated to be of minor importance for cooled beams. 

In order to increase the signal-to-noise ratio, experiments can be performed 
on a bunched beam. In this way a pulsed laser can cover a much larger percentage 
of the ions stored in the ring as compared to the coasting beam condition. An 
intrinsic background correction can be provided by using two bunches in the 
ESR, where only one bunch was excited by the laser. As an example a result 
from hydrogen-like lead is given in Fig. 3. The resonance was found at Aq = 
1019.7(2) nm. The transition was excited by a frequency-doubled Nd:YAG laser 
in collinear geometry. 



4 Results and Outlook 



Table 1. Ground-state hyperfine structure in some hydrogen-like ions 





RMS radius 


Magnetic moment 


Hyperfine Splitting 


Ref. 


iiiuy g 


5.519 fm 


4.1106(2) 


243.87(2) nm 


[4] 


207pb81+ 


5.497 fm 


0.58219(2) /ijv 


1019.7(2) nm 


[5] 


165ho66+ 


5.21 fm 


4.132(3) 


572.79(15) nm 


[6] 


185Re74+ 


5.39 fm 


3.1871(3) 


456.05(30) nm 


[6] 


187Re74+ 


5.39 fm 


3.2197(3) /Tjv 


451.69(30) nm 


[6] 



So far data on the energy difference of the hyperfine splitting and of the tran- 
sition lifetime were measured by storage ring laser spectroscopy for hydrogen-like 
bismuth ^ and lead ^ . In addition data with lower resolution were measured for 
the transition wavelength in holmium and rhenium jOI . Excellent agreement was 
found for the transition lifetime in hydrogen-like bismuth. The decay probability 
of an excited Is hyperfine structure level can be given in terms of the g-factor of 



Hyperfine Structure of Hydrogen-Like Ions 



677 





Fig. 3. Upper trace: Background corrected and normalized fluorescence signal. Lower 
trace: Time dependence of fluorescence count rate after excitation by the laser pulse 



the electron bound in the electric field of the nucleus ge- First measurements of 
g were performed only in rather light systems (H, D, He and The earlier 

lifetime measurements of the excited hyperfine state in hydrogenlike bismuth 
and lead performed by laser spectroscopy in the ESR suffered from a lack in ac- 
curacy. Especially the measurement for bismuth was subject to doubt because of 
its large deviation from calculations. A remeasurement of the transition lifetime 
resulted in an accuracy sufficient to test the relativistic correction. In addition 
there is good agreement with the theoretical value including QED but some 
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disagreement, if QED effects are not included in theory, which would lead to 
Qe (no QED) = 1.7281 for hydrogenlike bismuth. Unfortunately, the agreement 
of the transition wavelengths with theoretical values is not very convincing j2|. 
This is probably due to the fact that the accuracy of the nuclear magnetic mo- 
ment data and also of the theoretically deduced Bohr-Weisskopf values is hard 
to asset. Especially in the case of lead, two different values for the magnetic 
moment are found in the literature. Independent experimental verification, is 
difficult to achieve. Theoretical investigations indicate that it would be possible 
to eliminate this problem by the measurement of the 2s-hyperfine structure in 
lithium-like bismuth. The transition wavelength is predicted with high accuracy 
using the result from the Is-hyperfine splitting in the hydrogen-like case as input 
for an elimination of the Bohr-Weisskopf-effect jEj. However, in an experiment 
performed at the ESR no resonance line was found within the limits given by 
the present theoretical estimates. A major improvement of this situation would 
arise from an accurate determination of the nuclear magnetic moments with an 
independent method, which would also support or disproof the Bohr-Weisskopf 
calculations. 
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Abstract. Using Doppler-tuned fast-beam laser spectroscopy the ls2p ®Pq - ®Pi fine 
structnre interval in has been measured to be 833.133(15) cm“^. The cali- 

bration procedure used the intercombination ls2s ^So - ls2p ®Pi transition in 
The result tests quantum-electrodynamic and relativistic corrections to high precision 
calculations, which will be used to obtain a new value for the fine structure constant 
from the fine structure of helium. 



1 Introduction 



Precision spectroscopy of two-electron atoms tests fundamental relativistic and 
quantum-electrodynamic atomic theory. Additional current interest in helium- 
like ls2p fine structure stems from the possibility of obtaining the fine struc- 
ture constant, a, from comparison of theory 1 1 12131 and experiment j4lbltil'/l?^in] 
for the fine structure of helium. Measurements in moderate Z ions, though less 
precise than those in helium, can be more sensitive to higher-order relativistic 
and QED corrections. Measurements have been carried out using laser techniques 
in Li+, see e.g. ref. [113], 1 1 ,31 1 4j . and 1 1 bl I b| . For 

higher Z ^ fine structure intervals have been obtained from VUV emission spec- 
troscopy of the ls2p ^Pj - ls2s ^Si transitions, but only of the J = Q - J — 2 
interval for Z > 12, see e.g. jl 711 8j . For Z = 47 ^0] and 64 ^0], 0—1 mea- 
surements have been obtained indirectly from the hyperfine-quenched lifetime 
of the 2 ^Pq state. Here we report the extension of laser techniques to the direct 
measurement of the ls2p ^Pq - ^Pi fine structure transition at Z = 12 [23 . The 
precision obtained, better than 20 ppm, provides an exacting test of higher-order 
relativistic and QED corrections. 



2 Method 

The relevant energy levels of Mg^°+ are shown in fig. 1. The experimental ar- 
rangement, see fig. 2, was similar to that described in refs. 1 1 411 5j . A nominally 
50.3 MeV beam of ^^Mg®+, u/c ~ 0.067, was obtained from the Florida State 
University tandem electrostatic accelerator and momentum analyzed in a 90° 
bending magnet. The analyzed beam, current 5-10 particle-nA, was focused to a 
diameter of approx. 1.25 mm and passed through a 4 or 10 /ig cm“^ carbon foil in 
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the interaction chamber, for further stripping and excitation. After the foil, the 
Mgio+ charge-state was magnetically deflected 4.1°, bringing it co-linear with 
the laser beam. In the ion-laser beam overlap region, 17 cm down-beam of the 
foil, 1.3 keV X-rays were detected using a proportional counter, operated with 
pure methane at 500 mbar pressure and fitted with a 1 /im thick polypropylene 
window. The X-ray count rate in the proportional counter was 30 kHz/particle- 
nA for the 4 ^gcm“^ foil, and 50 kHz/particle-nA for the 10 /rgcm“^ foil. 



J 



T 




6.4 ns 

29.5 ps 
7.9 ns 



Fig. 1. Energy levels of relevant to the experiment 




Fig. 2. Schematic of the experimental arrangement. G is a diffraction grating, W a 
window, L a lens. Ml and M2 are mirrors, PC is a proportional counter, PM is a 
permanent magnet, and EMI and EM2 are electromagnets 



Details of the continuous wave, axial flow, line tunable, extended cavity CO 2 
laser system, and of our alignment procedure, are given in ref. PI- To access 
a wavelength near 12.0 ^m required operating the laser on the P-branch of the 
01^1 — [11^0,03^0]/ hot-band of [ 22 |, and using the laser beam co- 

propagating with the ion beam. The P-40 line at 890.9408 cm“^ was used for 
most of the data taking. Switching the laser discharge at 500 Hz with a 50% 
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duty cycle we obtained intracavity powers of 350 W, with a spot-size diameter 
at the interaction region matched to the ion beam. At the peak of the 
resonance the laser induced X-ray signal was 3 x 10“^ of the X-ray background. 

3 Allowance for Doppler Shift 

The fine structure interval AEqi is obtained from the laser wavenumber and 
the ion beam velocity using the relativistic Doppler formula. To calibrate the 
90° analysing magnet we tuned a beam from the tandem accelerator, 

through the 90° magnet, and through the same foil in the interaction chamber, 
and induced the ls2s ^Sq - ls2p intercombination transition with 

the CO2 laser. Detection was via the 426 eV X-ray decay of the ^Pi level to the 
ground state, using the same proportional detector, but operated at 300 mbar 
for increased gain. The wavenumber of this intercombination transition has been 
measured to be 986.0062(7) cm" -1 H3, and hence the velocity of the beam 
at the center of the resonance is well determined. With the normal band P-34 
CO2 line at 931.0014 cm“^ |23, this resonance occurs at a beam energy near 
21.5 MeV. At this energy the beams have similar magnetic rigidities 

to the 50.3 MeV ^4]y[g6-i-,io-i- ]30anis, respectively. Hence they are transmitted 
through the 90° analysing magnet at similar B-fields, and take similar paths 
through the fixed magnetic field in the interaction chamber. 

It is convenient to work in terms of the quantity p = /Jy, where f3 = v/c, and 
7 = (1 — In our situation, by relating the rigidities of the two beams 

transmitted through the analysing magnet, the /Jy’s of the two resonances are 
related by, 

= 2^p(N^+) + 6 ^" - B{N)] 

iviMg Mmq ats 

+2^Ap{N) - Ap{Mg) (1) 

where M^r, Mmq, and Mh are the masses of the and ions, and 

of the proton; B{Mg) and B{N) are the magnetic fields corresponding to the 
resonance centroids; dp{H^) / dB is the differential magnet calibration constant 
determined from a well known ^^C{p,p'Y‘^C nuclear resonance; and Ap{N) and 
Ap{Mg) are the losses in /3y for the two beams due to kinetic energy lost in the 
foil. 



4 Doppler-tuned Resonances 

Fig. 3 shows the combined Mg^°+ data, and resonances obtained with the 
same 4 pg cm“^ foil. The magnesium resonance width is dominated by the nat- 
ural width due to the 29.5 ps mean lifetime of the 2 ^Pi state m A Lorentzian 
fit gave a FWHM in beam energy of 315(24) keV, consistent with the 326 keV 
expected from the natural width. The widths of the much narrower nitrogen 
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resonances are dominated by the distribution of energy loss in the foil. Fits to 
simple Gaussians of the combined up and down scan resonances gave FWHM’s 
of 20(1) keV before, and 22(1) keV after, the magnesium run. 

5 Results 

Using centroids obtained from the fits, together with eqn. 1 and the relativistic 
Doppler formula, our result for the ^Pq - ^Pi fine structure interval 

is AEqi = 833.133(15) cm“^. The contributions to the final error are shown in 
table 1. The largest contribution is from the estimate of the difference of the 
actual, non-equilibrium, energy loss in the thin foil, and the standard, tabulated 
(thick foil) energy loss data ■ 



Table 1. Contributions to the error in the measurement of the 2 ®Pq — 2® Pi 



fine structure interval. Units are 10 ® cm ^ 

statistical 3 

foil thickness 0.9 

tabulated stopping power 2.1 

non-equilibrium stopping power 12 

ion, laser beam overlap 5 

angular misalignment, laser divergence 4 
average laser frequency 0.1 

wavenumber 0.6 

trajectory in 90° magnet 3 

90° magnet differential calibration 0.3 

total 14.5 



In table 2 our result is compared with the UV spectroscopic result of Klein 
et al. Also shown are the theoretical results of Zhang et al. [^, Plante et 
al. and Chen et al. m. The first of these uses perturbation theory, with 
matrix elements of effective operators derived from the Bethe-Salpeter equation, 
evaluated with high precision solutions of the non-relativistic Schrodinger equa- 
tion. This yields a power series in a and In a. The calculations of Zhang et al. 
include terms up to 0{a^ In a) but omit terms of 0{a^) a.u. The calculations of 
Plante et al. use an “all orders” relativistic perturbation theory method, while 
those of Chen et al. use relativistic configuration interaction theory. These both 
obtain all “structure” terms, up to (Ea)^ a.u., and use explicit QED corrections 
from Drake m 

In fig. 4 we plot the differences between the results of precision experiments 
and theory for the 2 ^Pq - 2^Pi and 2^Pi - 2 ^P 2 intervals of helium-like ions for 
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9630 9640 9650 9660 9670 

90° Magnet Field (gauss) 



Fig. 3. Doppler tuned resonances of (a) the 2 ®Pq -2 ®Pi fine structure 

transition, and of the 2 ^So -2 ®Pi,f =2 intercombination interval, obtained (b) 

before, and (c) after, the magnesium data. All resonances were obtained with the same 
4 fj.g cm“^ carbon foil 
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Fig. 4. Results of precision experiments for the 2 ®Pq -2 ®Pi and 2 ®Pi -2 ®P2 fine 
structure intervals for 2 < .Z < 12, compared with the 0{a^meC?) theory of Yan 
and Drake [1] (baseline). The 0{a^ In a) corrections of Zhang, Yan and Drake [2] are 
indicated by crosses. The experimental points are as follows: a) Shiner et al. [4], b) 
Lewis et al. [30], and Frieze et al. [31], c) Riis et al. [10], d) Scholl et al. [11], e) 
Thompson et al. ]14], f) Myers et al. [16], g) Myers et al. ]15], h) Storry et al. [5,8], i) 
Minardi et al. ]6], j) This work (Myers et al. [21]), k) Castillega et al. [9]. On this scale, 
the error bar for magnesium is contained within the point shown 

Table 2. Experimental results for the ^“*Mg^°^ 2 ®Po -2 ®Pi fine structure interval 
compared with recent theory 



AEoi (cm ^) 


This experiment 


833.133(15) 


Previous experiment [2^ 


832(9) 


Zhang, Yan and Drake | 2 ) 


832.335 


Plante, Johnson, and Sapirstein ^7| 


833.1 


Chen, Cheng, and Johnson |28| 


833.3 



Fine Structure in Helium-Like Magnesium 



685 



Z < 12. For the baseline we take the well established perturbation theory up 
to O(a^) The additional terms of 0{a^ In a) piitj are indicated by crosses. 
The scaling factor of Z(Z — corresponds to the spin-dependent part of the 

one-electron self-energy for the 2p state Q. From the figure it can be seen that, 
while the inclusion of the 0{a^ In a) terms greatly improves agreement between 
theory and recent measurements for helium, it does not do so for higher Z. 
However, the discrepancies are within the estimated magnitude of the remaining 
terms of 0(a®) a.u. which are being calculated and checked |:12| . 





Fig. 5. (a) Results of precise ultra-violet emission spectroscopy for the 2 ®Po -2 ®P 2 
intervals, and (b) present result, and results of hyp erfine- quenched lifetime measure- 
ments for the 2 ®Po -2 ®Pi intervals Z > 12, compared with the relativistic theory of 
Plante et al. [27] (baseline). Other UV spectroscopic results with significantly larger 
error bars, when scaled by Z{Z — 1)®, e.g. [26], have been omitted for clarity. The ex- 
perimental points are as follows: a) Howie et al. ]33], b) Curdt et al. ]34], c) DeSerio et 
al. [35], d) Howie et al. ]36], e) Howie et al. [17], f) DeSerio et al. [35], g) Kukla et 
al. ]18], h) Buchet et al. [37], i) Martin et al. [38], j) This work (Myers et al. [21]), k) 
Birkett et al. [19], 1) Indelicate et al. [20]. The block around point j indicates the theo- 
retical uncertainty corresponding to the number of significant figures given in ref. [27]. 
Elsewhere the theoretical uncertainty is smaller than the experimental uncertainties 



For completeness, in fig. 5 we compare some of the more precise experimental 
measurements of helium-like n = 2 fine structure at higher Z with the “all- 
orders relativistic perturbation theory” calculations of Plante et al. m Fig. 5a 
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shows the results for 2 ^P 2 — ^Pq intervals obtained from ultra-violet grating 
spectroscopy. Fig. 5b shows the results of our laser spectroscopic measurement, 
and of the two hyperfine-quenched lifetime measurements. As can be seen, all 
previous experiments, within the experimental error bars, show no significant 
disagreement with theory. In view of the relatively large numerical rounding 
error in the theory m for Z = 12 on the expanded scale in fig. 5b, the excellent 
agreement with the experimental result is partially coincidental. 
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Abstract. Measurements of the 2Si/2 — ‘2P\/2 and 2S\/2 — 2P3/2 transitions in moder- 
ate Z hydrogen-like ions can test Quantum-Electrodynamic calculations relevant to the 
interpretation of high-precision spectroscopy of atomic hydrogen. There is now particu- 
lar interest in testing calculations of the two-loop self-energy. Experimental conditions 
are favorable for a measurement of the 2S'i/2 — 2P3/2 transition in using a carbon 
dioxide laser. As a preliminary experiment, we have observed the 251/2 ~ 2P3/2 tran- 
sition in using a 2.5 MeV/amu foil-stripped ion beam and a continuous- wave 

CO2 laser operating on the hot band of ^^C^®02. The measured value of the transi- 
tion centroid, 834 . 94 ( 7 ) cm~^, agrees with, but is less precise than theory. However, 
the counting rate and signal-to-background ratio obtained indicate, that with care- 
ful control of systematics, a precision test of the theory is practical. Work towards 
constructing such a set-up is in pro gress. 



1 Introduction 



An important problem in the theory of one-electron atoms is the calculation 
of binding corrections to the two-loop contribution to the self-energy, partic- 
ularly for terms of order {a/nY{ZaY[{Za)'^ /v?]mc^ and higher 1 11213 j . Such 
terms limit the accuracy of QED corrections in atomic hydrogen to a few ppm, 
and limit the precision of the values for the Rydberg constant and the proton 
mean-square charge radius, that can be extracted from ultra-high precision spec- 
troscopy of atomic hydrogen [415161711^ . One way to study this problem is to make 
comparisons between theory and experiment in moderate Z ions. Because the 
terms of interest as a fraction of the measured intervals scale approximately as 
a useful test can be provided by Lamb Shift measurements of lower precision 
than those in hydrogen. 

For various ions the 2 iS'i /2 — 2Pij2 and 25i/2 — 2 P 3/2 transitions match 
the wavelengths of certain efficient lasers enabling spectroscopy with the fast- 
beam laser-resonance technique |^. The most precise measurement of this type, 
achieved after considerable experimental development, was of the 2 S'i /2 — 2 P 3/2 
transition in m, where an uncertainty equivalent to 0.15% of the 2Sij2 — 
2 Pi/2 interval was obtained. A high-power pulsed dye-laser producing intensi- 
ties of over 10 MW/cm“^, but with a duty cycle of about 10“®, was required to 
obtain a good signal-to-background ratio. 

However, in these experiments it can be shown that the signal for a given laser 
intensity scales as Z~^ while the background, from the two-photon decay of the 
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2S'i/ 2 level, scales as . Hence at lower Z, at the expense of somewhat reduced 
sensitivity to higher-order QED corrections, adequate signal-to-background can 
be achieved with much lower laser intensity, allowing continuous-wave lasers to 
be used. Apart from the great increase in overall signal, the necessary charac- 
terization of the laser beam at the interaction region, in time, frequency, power 
and spatial distribution, is considerably easier with continuous wave lasers. The 
2 <S'i /2 ~ 2 P 3/2 transition in see fig. 1, is near 12.0 /im, and is accessible to 

the highly efficient CO 2 laser. This system is therefore a good candidate for a 
precision Lamb Shift measurement. 




Fig. 1. Energy levels of N®^ relevant to the Lamb shift measurement 



Ivanov and Karshenboim m have determined a theoretical value for the 
2 <S'i /2 ~ 2 P 3/2 transition in of 834.928(7) cm“^, where the error is dom- 

inated by the uncertainty in the two-loop binding corrections. Other QED cor- 
rections, and the nuclear size correction (based on the stated error of the nuclear 
rms charge radius measurements), contribute only about 0.001 cm“^. Hence an 
experimental precision of ±0.002 cm“^ or better would provide an interesting 
test of the two- loop corrections. This corresponds to subdivision of the 8 cm“^ 
natural resonance FWHM by a factor of 4000. 
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2 Survey Experiment 

2.1 Experimental Arrangement 

The experimental arrangement used for the survey experiment is shown in fig. 2. 
This was a modification of an existing set-up designed for co-linear spectroscopy 
of heliumlike ions |1 Mil 4| . A beam of 35 MeV ions was obtained from the 

Florida State University tandem accelerator. The accelerated ions were focused 
onto a 10 /rg/cm^ carbon foil, Foil-1 in fig. 2, placed near the entrance slits of 
a 90° momentum analysing magnet. Fully stripped ions were selected by the 
magnet and then passed through a second, nominally 5 ^g/cm^ foil, Foil-2. Here 
approximately 30% of the ions captured an electron to produce of which 
of the order of 10% are formed in the metastable 2S'i/2 state. Typical currents 
of N^+ were 1 — 2 particle-nA. The ions then traveled a distance of 4.1 m to 
the laser-ion interaction region. In order to make use of our existing interaction 
chamber it was necessary to deflect the ions by 1° using a magnet place d 1.2 m 
up-beam of the interaction region. The resulting laser-ion intersection angle, as 
subsequently measured by scanning a 25 /im wire through the laser and ion 
beams, was 4.07 ± 0.15 degrees. A small intersection angle was advantageous 
as regards increased laser-ion interaction time and hence signal. It also enabled 
the transition to be reached with laser wavelengths around 11.1 /im, making 
use of the Doppler shift. A true co-linear geometry was not practical due to the 
problem of Stark quenching of the 2S'i/2 state in the motional electric field of 
the bending magnet. 




Fig. 2. Set-up used for the survey experiment. G is a diffraction grating, W a window, 
L a lens. Ml and M2 are mirrors, PC is a proportional counter 



The laser system uni was based on a flowing gas, 7 m discharge length, 
industrial CO 2 laser, originally rated at 350 W. The laser cavity was extended 
to produce an intracavity waist, with spotsize approximately 1.5 mm in diameter 
at the interaction region. A 75 lines/mm concave diffraction grating enabled 
selection of different laser lines. In order to produce a range of wavelengths to 
map out the broad resonance, the laser was successively operated on the P-23 to 
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P-41 rotational lines of the [01^1] — [11^0,03^0]/ (hot) band of Precise 

wavenumbers for these lines were obtained from ref. m- To facilitate background 
subtraction the laser discharge was switched at 500 Hz with a duty cycle of 50%. 
Typical time averaged intracavity powers of 150 W at discharge currents of 10- 
40 mA, depending on the laser line, were obtained. The intracavity power was 
determined by measuring the power transmitted through the nominally 99% 
reflecting mirror M2, a nd using the manufacturer’s data for the transmission as 
a function of wavelength. Unfortunately, presumably due to thermal effects and 
hysteresis effects in the laser discharge, it was often difficult to achieve stable 
and reproducible lasing, and retuning between different laser lines often took 
several minutes. There was also difficulty in resolving the components of the 
closely spaced hot-band doublets. 

X-rays from the ions were detected by a proportional counter mounted above 
the midpoint of the interaction region. The counter, operated with flowing pure 
CH4 at 300 mbar, was fitted with a 0.6 ^m thick aluminized polypropylene 
window. The effective detector aperture, 2.5 cm above the ion beam, subtended 
a solid angle of 0.4 sterad at the center of the interaction region, the solid angle 
falling to zero at points 3 cm up and down-beam. Hence the observation region 
was reasonably well matched to the trapezoidal (when viewed from above) laser- 
ion interaction region, of approximate total length 5 cm. Allowing for losses due 
to window absorption and the window supporting grids, the effective quantum 
efficiency for detecting the 500 keV Lyman-a X-rays was estimated to be 40%. 

The measured laser induced signal was 1.0 x 10® s“^ per particle-nA. This 
is consistent with an estimated laser induced transition probability, based on 
time dependent perturbation theory, of 1.7%, together with the above estimate 
of detection probability, and a 2 Si /2 fraction of approximately 10%. 

The two-photon decay of 2S'i/2 produces a continuous spectrum peaked near 
250 eV. Sensitivity to the high energy part of this spectrum is suppressed in our 
detector by the K-absorbtion edge of carbon in the polypropylene window, while 
the lower part is discriminated electronically by a suitable threshold setting. The 
observed background rate was 4 kHz/particle-nA. Thus the signal-to-background 
ratio in the resonance peak was 25. 

2.2 Procedure 

The 2Si/2 ~ 2P3/2 resonance was scanned at a fixed beam energy and interac- 
tion geometry by selecting different laser lines by manually adjusting the diffrac- 
tion grating and adjusting the discharge current to maintain approximately con- 
stant laser power. For each laser line the difference in X-ray counts, laser(on) - 
laser(off), as well as the average laser power and beam current, was recorded for 
30 seconds. The data from such a scan is shown in fig. 3. The counting statistics 
in our 30 s sample correspond to a measurement of the signal level to better than 
.1%. The much greater scatter observed in the data of fig. 3 is believed to be due 
to non-reproducible changes in the shape and position of the laser mode at the 
interaction region as the wavelength is changed, and also due to variations in 
the sensitivity of our proportional counter, and variations in the sensitivity and 
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baseline shifts in our measurements of laser power and beam current used for 
the normalization. Because this experiment was in tended as a survey, no great 
attempt was made to study and reduce these problems. 




Laser Frequency (cm-'') 



Fig. 3. Resonance curve obtained by changing the laser line. P-J denotes a vibrational- 
rotational line of the hot-band of ^'^C02 



The laser-induced X-ray count rate data, normalized to laser power and beam 
current, were fitted with a Lorentzian using a least-squares technique to obtain 
the resonance centroid in the laboratory frame. The average resonance width, 
corrected to the rest frame of the ions, was 8.5 ± 0.4 cm“^, compared to the 
natural width of 8.0 cm“^. This is consistent with some saturation in the transi- 
tion probability and also in the detection sensitivity of the proportional counter 
at increased count rate. The wavenumber of the resonance centroid, in the rest 
frame of the moving ion, is obtained using the relativistic Doppler formula, 

w' = W 7 (l — /3cos(0)) ( 1 ) 

where u' , uj are the centroids in the moving and laboratory frames, respectively, 
j3 =(ion velocity)/c, 7 = (1 — and 9 is the intersection angle between 

the ion and laser beam in the laboratory frame. An initial value for the beam 
velocity was obtained from an NMR measurement of the magnetic field of the 
90° magnet, using the standard laboratory calibration which was based on an 
accurately measured proton induced nuclear resonance. This was corrected for 
energy loss in the foil using the manufacturer’s quoted thickness, and a tabulation 
of energy loss of fast ions in carbon nni. An improved calibration and estimate 
of foil thickness was obtained by inducing the 2 ^S'o — transition in 
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N^+ using the CO 2 laser, also with X-ray detection. The wavenumber of this 
narrow resonance has been previously measured to be 986.5799(7) cm’ -1 m 
The procedure was to transmit a beam through the analysing magnet, and 
scan resonances by varying the beam velocity, with and without the second foil 
in place. By using the P-28 line of the regular, 10.4 ^m band, and using the 
laser beam at 186° to the ion beam, these resonances occurred at approximately 
17.5 MeV. The magnetic field in the analysing magnet, when transmitting 
was then close to the field used when transmitting at the higher energy. 

2.3 Results 

Our result for the corrected centroid of the 2Si/2 — 2 P 3/2 transition is 

834.94(7) cm“^. The fitting error, 0.05 cm“^, was obtained from the scatter of 
centroids of three separate data sets and is consistent with the error supplied 
by the fitting routine. To this were added, in quadrature, contributions due 
to the 0.15° error in the intersection angle (0.013 cm“^), and errors due to the 
magnetic field calibration equivalent to 3 gauss (0.036 cm“^), and a conservative 
40% uncertainty in the 25 keV energy loss in the carbon foil (0.0086 cm“^). 
The error in the magnet calibration was based on the simple difference between 
the “standard” calibration and the more reliable one obtained from the 
resonances. This error, and in fact all the errors associated with the Doppler 
shift can be reduced by an order-of-magnitude by careful attention to detail, 
using procedures we have already developed for measurements on heliumlike 
ions. There was no statist ically significant shift in the centroid when the “adder” 
foil was relocated to be only .4 m upstream of the interaction region. This shows 
that the interaction between the laser and the possible small fraction of long 
lived Rydberg states, which survives to the interaction region, is not an obvious 
obstacle to a precision measurement. The hyperfine splitting of the 2S'i/2 level 
in is approximately 0.22 cm“^, and produces a negligible broadening and 

asymmetry to the resonance in the present experiment. 

Our result is compared with the theoretical results of Johnson and Soff m 
and Karshenboim and Ivanov HH in table 1. 



Table 1. Comparison of result of survey experiment with theory for the 2 Si /2 — 2 P 3/2 
transition on N®’*'. Units are cm“^ 



Theory 


Johnson and Soft (1985) 


834.913 




Ivanov and Karshenboim (2000) 


834.928(7) 


Experiment 


This Work 


834.94(7) 
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3 Ongoing Work 

3.1 Set-up using Two Lasers and a 5° Interaction 

Geometry 

By far the most serious problems with the previous experiment were the diffi- 
culties of precisely measuring and leveling the intracavity laser power, and of 
keeping the interaction geometry constant, as the laser line was changed. To 
address these problems we are building a new setup where the large industrial 
CO2 laser operating on the hot-band is replaced by two scientific CO2 lasers 
operating on the regular band of ^^C^®02, see fig. 4. 




Fig. 4. Schematic of set-up using two ^®C02 lasers 



The power outputs of the lasers will be actively stabilized and matched us- 
ing a system of thermopile power meters (PM) and acousto-optic modulators 
(AOM’s). Spatial filters (SF) will be used to ensure a well defined laser mode 
at the interaction region. A system of beam scanners will be used to accurately 
characterize the laser and ion beams at the interaction region and to measure 
the intersection angles 6*1,2 • 

Although various interchanges of laser wavelengths, power meters, etc. will be 
made to control systematics, the basic technique for the measurement is indicated 
in fig. 5. The lasers are set on laser lines approximately equidistant from, but 
on either side of the resonance centroid, and balanced in power. The lasers are 
chopped in anti-phase and the difference signal, S'(o;i) — 8 ( 102 ) is recorded. The 
beam velocity is varied till the “zero-crossing” (where the signals are equal) is 
found. The resonance centroid (in the ion’s rest frame) is then obtained from 
the relativistic Doppler formula and the mean of the two laser frequencies. 
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C02'= CO2Y(1-Pcos(0)) 



S(C0,') - S((o;) 



0 




P=v/c 



Resonance centroid C0,'= (C0,+C02) YoO"P“s(0)) 

2 

Fig. 5. Schematic of “zero-crossing” technique for determining the resonance centroid 



The beam velocity will be obtained by making use of a third laser, operating 
on the normal band of to induce the ls2s ^Sq — ls2p ^Pi,f 

resonances, which have been measured to better than 1 ppm. This hence gives 
the absolute value of j3 for the ls2s ^Sq ions to a comparable precision. The 
difference in energy loss between ions leaving the gas canal in the 2 Si /2 
state and in the 2^50 state has to be allowed for. But the effect on the 
2 <S'i/ 2 ~ 2^3/2 measurement is only 1.2 ppm per keV energy shift. Hence the 
beam velocity can be determined with sufficient precision for a measurement at 
the level of a few ppm. Because of certain cancellations, the measurement is more 
sensitive to the angle between the laser beams, than to the angles of intersection 
of either beam with the ion beam. To achieve the required accuracy it will be 
sufficient to measure this angle to 0.2 mrad. 

3.2 Set-up using a Transverse Geometry and a Laser 

Using a laser operating on ^'^C^®02, the regular band of which spans 12.0 /rm, it 
is possible to perform the experiment with a transverse geometry with a fast ion 
beam, or with a slower ion beam, for example from an ECR ion source. A possible 
setup is outlined in fig. 6. Because of the shorter interaction time, a build-up 
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cavity will be required to obtain sufficient power (^200 W) with a fast beam. To 
avoid sensitivity to the first-order Doppler shift it is essential that the co- and 
counter-propagating beams be accurately co-linear. The chief technical difficulty, 
however, is that of monitoring and leveling the intracavity power as the laser 
wavelength is changed. Monitoring the power by monitoring the transmitted 
power through one of the mirrors suffers from the wavelength dependence, and 
possible power dependence (due to thermal effects) of the transmission of the 
high-reflection coatings. 



Power 




Fig. 6. Schematic of set-up using two ^^C02 lasers 

A possible solution to monitoring the laser power in the build-up cavity is 
indicated in fig. 7. This scheme is developed from the “auto-collimation” tech- 
nique of Mueller et al. HZ! Our scheme (in its simplest variant) is based on 
a triangular ring build-up cavity, in which the direction of propagation can be 
precisely reversed, e.g. by alternately feeding it with two lasers, A or B. The two 
lasers operate on the same laser line, e.g. P-38 at 833.684 cm“^. By correctly 
selecting the intersection angle and beam velocity /3, it is possible to arrange that 
the laser intersecting the ion beam under detector D2, will be Doppler shifted 
by equal amounts above and below the resonance centroid. Hence equal signals 
in D2 will be obtained, as the direction of propagation is alternated, provided 
the circulating power at the interaction region is kept constant. (We neglect the 
small relativistic change to the laser power in the moving frame here. This can 
be calculated and allowed for.) The resonance centroid, in the ion rest frame, is 
then given by lo ' = qw/, where w/ is the laser frequency and 7 = (1 — In 
practice the ion beam velocity would be varied to search for the point of equal 
signals. For P-38, the required ion beam energy would be close to 19.2 MeV and, 
for the Doppler shifted frequencies to correspond to the half-height points on the 
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Fig. 7. Simplified schematic of set-up to facilitate power leveling in a build-up cavity 



resonance, 9 = 85°. Beams, propagat ing in either direction, intersect the ion 
beam under detector D1 at 90°, and are Doppler shifted (via the second-order 
Doppler shift) to the resonance peak. Hence equal signals should be obtained 
for the beams in either direction, with a relatively weak dependence on beam 
energy, enabling the exact balancing of the laser power. 

4 Conclusion 

We have carried out the first measurement of the 2Si/2 — 2 P 3/2 interval in 
Our result is in good agreement with the theory, but the precision of 0.07 cm“^, 
or .17% of the Lamb Shift interval, is not sufficient to provide a useful test. How- 
ever the count rates and signal-to-background ratio achieved, 100 kHz/particle- 
nA and 25 respectively, are consistent with obtaining a statistical precision of 
±0.001 cm“^. The beam current and detector solid angle can be increased in 
future experiments if necessary. 

The Doppler shift, even with a near co- linear geometry, is not a serious limi- 
tation to the precision, at least at the level of ±0.002 cm“^ for the 2 S'i /2 — ‘ 2 P 3/2 
interval. We are pursuing a set-up using a 5° intersection angle, with two ^^C^®02 
lasers. The beam velocity calibration will make use of previously accurately mea- 
sured transitions in heliumlike ions. 

To reduce sensitivity to the Doppler shift further the experiment can be 
carried out using a transverse geometry on a fast beam, or on a slow beam, or 
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even with an ion trap, using a laser. Obtaining sufficient laser power to 

carry out the experiment with a fast beam may require the use of a laser build-up 
cavity and a technique for accurately monitoring the intracavity power. 

With adequate laser equipment, and precise characterization of the inter- 
action geometry, detector response, and measurement of laser power, sufficient 
precision to test the theory of the two-loop binding corrections should be ob- 
tainable. 
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Abstract. Absolute measurements of the energies of helium-like vanadium resonances 
on an electron beam ion trap (EBIT) are reported. The results agree with recent 
theoretical calculations and the experimental precision (27-40 ppm) lies at the same 
level as the current uncertainty in theory (0.1 eV). The measurements represent a 
5.7%-8% determination of the quantum electrodynamics (QED) contribution to the 
transition energies and are the most precise measurements of the helium-like resonances 
in the Z = 19-31 range. These are the first precision X-ray measurements on the 
National Institute of Standards and Technology EBIT and strongly commend the EBIT 
as a new spectroscopic source for QED investigations. 



1 Introduction 

Theoretical calculations of two-electron ion energy levels have been the topic 
of much research since the discovery of quantum mechanics. The contribution 
of relativistic effects via the Dirac equation and QED contributions has been 
intensely studied in the last three decades P|. Two-electron systems provide a 
test-bed for quantum electrodynamics and relativistic effects calculations, and 
also for many body formalisms | 2 |. 

Theoretical calculations of energy levels in helium-like ions using variational 
techniques, relativistic corrections and a Za expansion in the unified approach 
were pioneered by Drake in 1979 and 1988 m Since then there has been ac- 
tive research in the calculation of energy levels in helium-like ions using new 
techniques. Major progress in theoretical calculations of QED contributions has 
occurred in the last decade, particularly in developments avoiding the Za ex- 
pansion by using all-orders techniques j5IBi7l8j . Plante et al. provide a recent 
review of calculations of the n = 1 and n = 2 states of helium-like ions and 
present relativistic all-order many-body calculations. Rigorous QED calculations 
for the helium iso-electronic sequence are possible (^. 

To critically test QED contributions at the 10% or better level in medium 
Z ions requires an experimental precision of 10-30 ppm. In many cases exper- 
iments of sufficient precision have not been performed which could resolve the 
differences between theories inii Earlier theoretical work ^ claimed an uncer- 
tainty of 1 ppm due to uncalculated higher order terms. However, the discrep- 
ancy between current theories approaches 30 ppm in the Z = 23 region. Recent 
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work of Persson et al. 0 estimates their uncertainty to be of order 0.1 eV or 
20 ppm of helium-like resonances in vanadium due to missing correlation effects 
in QED terms. This new value for the uncertainty of computations in this region 
of Z is consistent with the theoretical variation observed. Precise experimen- 
tal calibration of helium-like resonances (n = 2 to n = 1 transitions) can probe 
these discrepancies and uncertainties. The QED contributions to helium-like res- 
onances in vanadium are 480-550 ppm of transition energies 0. The literature 
has suggested that across the Z = 19-26 range experimental determinations of 
the w transition are on average 60 ppm greater than theory mm- We have 
made absolute measurements of the helium-like resonances in vanadium with an 
uncertainty of 27 ppm for the w line. 

Most precision spectroscopy of medium Z ions has been conducted at accel- 
erators or tokamak plasmas, but the recent development of the electron beam ion 
trap (EBIT) has offered a new spectroscopic source to experimenters. Our exper- 
imental method takes advantage of the Doppler free and relatively clean spectra 
produced by an EBIT and is coupled with an external calibration source to allow 
absolute measurement of highly charged ions. These are the first precision X-ray 
measurements conducted at the NIST EBIT [Ej. 

2 Experiment 

The experimental configuration is shown in Fig. Q]. The EBIT uses an intense 
and mono-energetic electron beam which is magnetically confined to trap and 
ionize charged ions. Metal ion species such as vanadium are created by a metal 
vapour vacuum arc (MEVVA) and are sequentially ionized as they enter the 
trap region of the electron beam. The NIST EBIT and spectra are described in 
further detail elsewhere [1811 4| . 

We employ a Johann spectrometer with a Ge(220) crystal {2d = 4. 0007 A) 
which has a useful wavelength range between 1.9 A and 2.8 A in first order. The 
radius of crystal curvature is 1.846m and the resolving power (A/Z\A) of the 
spectrometer in the wavelength region of investigation is 2000-2500. The spec- 
trometer has a ‘Seemann wedge’ which can be lowered towards the crystal pole, 
reducing the effective crystal area and the X-ray throughput, but improving reso- 
lution. The detector is a two-dimensional position-sensitive proportional counter 
which employs capacitive charge division from a backgammon design cathode to 
determine position [I15f16j . The spectrometer has a fixed crystal radius so the 
detector does not always remain on the Rowland circle. This has substantial 
systematic effects on measurements HH. 

We locate the EBIT source and calibration source inside the Rowland circle 
by design. Bragg diffraction angles of calibration lines are in the range 29-45° 
while the helium- like resonances are observed around 39°. The plane of crystal 
dispersion is parallel to the electron beam axis. The crystal acts as a polarizer 
at Bragg angles near 45° and radiation polarised perpendicular to the electron 
beam axis is the dominant diffracted component. 
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2.1 Calibration 

Calibration is a detailed and extensive procedure because we map the dispersion 
function of the spectrometer across a broad range of wavelengths around the re- 
gion of interest. Using a large number of calibration lines ensures the dispersion 
function is well determined and a wide range of wavelengths ensures that any 
higher order wavelength dependent effects are included. We systematically in- 
vestigate effects of variations of source size and Seemann wedge position during 
calibration. This is necessary for precise absolute measurement. 

The calibration source consists of a 20 keV electron gun and a series of metal 
targets (Mn, Cr, V, Ti) located on the opposite port to the spectrometer as 
indicated in Fig. Q1 Calibration spectra are collected for a range of K a and 
KP characteristic wavelengths (1.9A-2.8A) about the helium-like resonances 
of vanadium. Kai and Ka 2 are well resolved in our system and so the Ka 
doublet provides two reference wavelengths at one detector location. This gives 
an absolute calibration of detector scale [l17l1Mj . 

A solid state Si(Li) detector is used to maximise the flux of helium-like vana- 
dium transitions, to minimise contamination from undesirable charge states and 
to monitor dielectronic recombination transitions. A small amount of pure ni- 
trogen gas is leaked into the trap (injection pressure « 5 x 10“^ Torr) to increase 
the proportion of lower charge states via evaporative cooling. 

In plasma experiments the electron energy distribution is very broad. By 
contrast, the electron beam energy distribution of the EBIT is narrow and the 
energy can be tuned. The helium-like resonances are isolated by setting the 
electron beam energy to 7.0 keV, 1.85 keV above the direct electron-impact exci- 




Fig. 1. Spectrometer configuration at NIST EBIT; note that the EBIT source is located 
well inside the Rowland circle. The spectrometer is in the “perpendicular” orientation 
where the axis of the spectrometer is perpendicular to the long axis of the EBIT source. 
The detector arm moves vertically with changes in diffraction angle. 
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tation energy. At this energy dielectronic resonances are not excited, resulting in 
a spectrum clean of dielectronic satellite lines. The space charge of the electron 
beam will alter the electron beam energy by approximately 100 eV from that due 
to the accelerating voltage. The electron beam current was typically 140 mA. 

In the EBIT an axial trapping potential is created by a series of three drift 
tubes and the depth of the trap may be varied rapidly. The sequencing of each 
input of ions from the MEVVA with the lowering of the potential walls is impor- 
tant in maximising the number of trapped ions. The duration and height of trap 
formation is optimised to maximise trapped ions and to avoid the build up of 
undesirable metastable states and background barium ions. A single spectrum is 
collected and saved every 2 hours and spectra collected under identical conditions 
are summed during the data analysis. Fig. El shows a helium-like vanadium res- 
onance spectrum from 24 hours observation, with the intensity and lithium-like 
resonance indicated. 



2.2 Clinometry 

During the relatively long observation periods any shifts in the diffraction angle 
or detector position must be monitored and minimised. Clinometers monitor the 
detector and crystal angles continuously with arcsecond resolution. Spectra were 
collected continuously for several days with 24hour-a-day EBIT operation. Most 
observations were made with the Seemann wedge removed to maximise flux. The 
detector has a window wider than the full helium-like resonance spectrum of the 
EBIT. Hence several detector angles centering on various features of the spec- 




channel number 

Fig. 2. Summed observations of helium-like vanadium spectra at the NIST EBIT rep- 
resenting some 24 hours of observation. The q {Is2s2p ^Ps /2 ^ ls'2s ^Si/ 2 ) con- 
tamination does not impair the final measurement. Spectra are fitted with Lorentzian 
convolved with slit profile and a background quadratic term. The dotted lines are the 
fitted profiles to each resonance line, the solid line is the sum of all fitted profiles and 
background 



Absolute Test of QED for Helium-Like Vanadium 



703 



trum were able to investigate detector linearity. A post-measurement calibration 
ensured that no changes in alignment had occurred during the measurement. 



3 Curved Crystal Theory and Systematic Shifts 

Curved crystal geometries are often used in precision X-ray spectroscopy to 
obtain increased signal and lower statistical error or to focus an extended source. 
Dynamical X-ray diffraction plays a crucial role in any wavelength dispersive 
spectroscopy such as ours. The best known systematic shift in X-ray diffraction is 
the refractive index (RI) correction which is due to the mean change in refractive 
index in the crystal changing the angle of incidence relative to the air or vacuum. 
The angle of diffraction 0b is shifted from that determined by Bragg’s law of 
diffraction to become 



nA = 2dsin0_B 5 ^^ (1) 

where RI is the index of refraction (specific to wavelength and the crystal) . The 
magnitude of the refractive index correction is 100-300 ppm I10I20I depending 
upon the wavelength, crystal and geometry and so must be determined to a few 
percent. 

Most curved and flat crystal spectrometry QED investigations have addressed 
systematic corrections based upon ray-tracing methods, incorporating the simple 
refractive index correction Some of these QED measurements were cal- 

ibrated using wavelengths observed in different orders of diffraction ^n| . These 
measurements, however, did not use a full dynamical diffraction theory to calcu- 
late systematic shifts and therefore did not consider additional significant shifts 
relating to depth penetration, lateral shifts, source size and detector location. 
Any of these effects can cause systematic shifts comparable to the refractive 
index correction. All systematic shifts down to the level of 10-30 ppm must be 
accounted for to perform useful tests of QED in medium Z highly charged ions. 
These issues led to the development of the first theory to combine curvature and 
mosaicity in a dynamical diffraction theory by Chantler I23E31- 

3.1 Depth Penetration 

Depth penetration refers to the mean depth that X-rays penetrate into the crys- 
tal and the effect that this penetration has upon the observed diffraction angle. 
For curved crystals depth penetration at angles other than normal to the surface 
will result in a variation of the angle of incidence in successively deeper crystal 
layers. The depth penetration of X-rays into a crystal can have effects larger 
than refractive index shifts m- It is the dominant systematic in many curved 
crystal measurements, and is independent of refractive index and ray-tracing (ge- 
ometrical) corrections. The magnitude of this effect is dependent upon diffract 
ion order and angle of incidence. The resulting shift in angle for curved crystals 
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(radius 2R^ where Rz is the Rowland circle radius) can be estimated from the 
simple approximation 

^fi'in/out - arccos 

where d is the mean depth of penetration and ap is the mean angle of diffract- 
ing planes to the crystal surface m- A rigorous calculation with 1% accuracy 
requires dynamical diffraction theory rather than such simple estimates. The 
strong dependence of this shift upon diffraction order, due to the dependence 
of attenuation (/r) upon energy, implies that any X-ray QED measurement em- 
ploying diffraction in different orders should compute this explicitly. 

3.2 Lateral Shifts 

Lateral shifts are also due to depth penetration and refer to a shift in the exit 
location of an X-ray at the crystal surface. This results in a transverse shift 
at the detector, typically 10%-100% of refractive index corrections While 
ray-tracing can adequately describe geometrical effects outside the crystal, the 
effects of depth penetration and lateral shifts require full dynamical diffraction 
theory. 

Estimates of shifts of spectra in curved crystal geometries are often calcu- 
lated for an ideal detector located on the Rowland circle. However, the detection 
surface is usually flat and therefore cannot lie on the Rowland circle. Detectors 
located on a fixed length detector arm will additionally travel off the Rowland 
circle as the Bragg angle is scanned unless the crystal curvature is simultane- 
ously scanned (which raises problems of stress hysteresis). Conventional shifts 
calculated for detection on the Rowland circle do not agree with shifts at a fiat 
extended detector and this systematic error can be 100-200 ppm for any Johann 
curved crystal spectrometer. We have incorporated fiat surface detectors located 
off the Rowland circle into the general theory 1 1 iSll vj . 

4 Data Analysis and Error Sources 

Calibration and EBIT spectra are fitted with Lorentzian convolved with slit 
profiles. The width of the Lorentzian and common slit components are free pa- 
rameters in the fit. For calibration lines the background is negligible and not 
fitted. Helium-like resonances and the largest satellite are fitted with Lorentzian 
profiles convolved with slit profiles in addition to a constant background. Fig. 0 
shows the result of profile fitting to a helium- like vanadium spectrum. 

Reference wavelengths for calibration lines are corrected from Bearden’s val- 
ues uni for the recent CODATA determination of lattice spacings and X-ray 
wavelengths |2S!- The dispersion function is fitted to the 10 calibration wave- 
lengths. The dispersion function relates the wavelength of a spectral feature 
located at the detector centre, to the angle of diffraction measured by clinome- 
ters. 



1 -k — ) cos(6»b ± ap) 



— {6b ± ap) 



( 2 ) 



Absolute Test of QED for Helium-Like Vanadium 



705 



The centroid of each clinometer distribution of an integrated spectrum gives 
the the crystal {6b) and detector (26b) angles. The dispersion function is deter- 
mined by a bi-variate nonlinear least squares fit to the function 



& = arcsin 



'DC-A{iy 




'cc-A{sy 


[ A{2) \ 




[ ^(4) J 



+ A(0) 



( 3 ) 



where DC is the centroid of the detector clinometer, CC the centroid of the 
crystal clinometer, 0 the reference wavelength of the calibration line (adjusted 
for refractive index and all systematic corrections) and A(0)-A(4) the parameters 
of the fit relating to offsets and scaling of clinometer response function, which is 
highly linear in sin0. 

One example of a systematic shift is that caused by the calibration source 
not being in the same location as the EBIT source. Our theoretical modelling 
determines the shifts of < 1 arcsecond associated with this mis-location. The 
dispersion function is not a simple relationship between angle and wavelength 
but a complex (but smooth) function of reference wavelengths, clinometer values, 
detector scale and systematic shifts. 



4.1 Error Budget 

The final error budget is laid out in Tabled The statistical uncertainty varies 
between 9.5ppm (w) and Sl.Oppm (x). The relatively low flux of the EBIT 
prohibits trivial improvement. The error is determined from curve fitting as the 
standard deviation of the centroid position for each resonance. This is consistent 
with a determination varying between 1/27 and 1/77 of the widths, which is a 
reasonable level of precision based on the statistics. 

The uncertainty of the dispersion function determination reported in Ta- 
ble n] is the estimated total uncertainty of the factors that contribute to the 
determination. The overall contribution of calibration source size and alignment 
uncertainty is 5 ppm. The statistical error associated with calibration lines is 
2-3 ppm and the error associated with calibration profile fitting is < 5 ppm. 

The major contribution to dispersion function uncertainty is the detector 
scale uncertainty at 15 ppm. This uncertainty relates to the absolute calibration 
of the detector position scale in channels per micron and the linearity of that 
scale. The helium-like resonances are widely spaced on our detector {w-z separa- 
tion « 8.5 mm) and uncertainty in the detector scale is critical when determining 
the position of these lines. The absolute detector scale is determined at < 0.5% 
which results in an average contribution to dispersion function imprecision of 
15 ppm. 

We have done explicit analysis to determine the error associated with the 
omission of the systematic shift caused by flat detector shape and location off the 
Rowland circle. This omission revealed a poor determination of the dispersion 
function and consequent errors of 100 ppm. Including this effect has allowed 
reduction of the dispersion function uncertainty to 20 ppm through the careful 
determination of systematic uncertainties. 



706 



David Paterson et al. 



Table 1. Error budget for helium-like vanadium measurement 



Error source 


Magnitude of error (ppm) 
Resonance line 
w X y z 


Statistical uncertainty of centroid position 


9.5 31.0 22.3 


12.9 


Dispersion function determination‘s 


19.6 




Reference wavelengths (Bearden [ i ttji 


12 




Diffraction theory‘s 


6 




Temperature and diffraction crystal 2d spacing variation 


< 5 




Doppler shifts 


< 4 




Satellite contamination 


< 4 




Total excluding statistics’^ 


24.9 




Total 


26.7 39.8 33.4 


28.1 



Summation of related uncertainties (see text). 

^ Total excluding statistics: Sum of all errors except statistical uncertainty of helium- 
like vanadium observations. 



Doppler shifts due to the low thermal velocities of the highly-charged ions 
in the EBIT are not significant sources of uncertainty. On average the Doppler 
shifts will be zero as there is no preferred direction of motion. Doppler broadening 
is 1.8 eV for IkeV ions and we allow for a possible 1% asymmetry of velocity 
distribution resulting in a maximum Doppler shift of < 0.02 eV or < 4 ppm. 

Summing all errors in quadrature results is a 27 ppm-40 ppm uncertainty. The 
main sources of uncertainty are therefore statistical, reference wavelengths and 
dispersion function determination. All major error sources are ‘soft’ and may 
be reduced further. Methods of reducing statistical uncertainty by improving 
spectrometer efficiency are being investigated and improved flux from the EBIT 
has been achieved in other studies 

5 Results and Discussion 

Our results are the first absolute measurements of all the resonance lines in 
helium-like vanadium using an EBIT. We do not rely on a single calibration en- 
ergy, but require a series of calibration lines to determine the dispersion function 
of the spectrometer. These measurements represent a 27 ppm-40 ppm determi- 
nation of the helium-like resonance lines in vanadium. Results are summarized 
in Table |21 and the notation of Gabriel m for each transition is indicated. 
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Table 2. Energies of helium-like resonances in vanadium comparison to theory 



Key 


Transition 


Theory U 


NIST EBIT & Univ. 


Melbourne EH 






Energy QED 


Energy 


Z\E 


Test of QED 






(keV) (ppm) 


(keV) 


(ppm) 


(%) 


w 


ls2p iPi ^ Is^ 


^So 5.205 15 471.1 


5.205 10(14) 


-10.1 


5.7% 


X 


ls2p ®P 2 ^ Is^ 


^So 5.188 72 478.1 


5.189 12(21) 


80.1 


8.4% 


y 


ls2p ®Pi ^ Is^ 


^So 5.180 31 482.5 


5.180 22(17)'= 


-19.2 


6.9% 


Z 


ls2s ^ Is^ 


5.153 88 415.5 


5.153 82(14) 


-10.8 


6.7% 



QED: QED contribution to transition energy using QED definitions of Drake [2- 
^ AE-. Energy (Expt— Theory) /Theory in ppm. 

Unresolved blend of y and ls2p transitions. 



5.1 Comparison to Theory 

Our results for all of the helium-like vanadium resonance lines are compared to 
the theory of Drake gj in Table El The values for the w (ls2s ^ Is^) and z 
(ls2s ^Si —>■ Is^) transitions lie just below theory but well within experimental 
uncertainty. The x (ls2p ^P 2 Is^) transition is the least intense of the helium- 
like resonance lines, so the statistical uncertainty is larger. However the result 
for the X line is less than 2 a from theory ^ which is within reasonable statistical 
variation. The results for the y and ^Pq transition have been discussed in detail 
elsewhere H2|. 

The uncertainty of theoretical calculations including the estimation of miss- 
ing or uncalculated terms has been receiving increasing scrutiny as techniques 
have advanced. One of the most recent two-electron Lamb shift calculations by 
Persson et al. 0 estimates missing correlation effects in QED contributions at 
0.1 eV for all elements or 20 ppm of transition energies in medium Z ions. In 
earlier work, Drake 0 claimed uncertainty for Z = 23 was < 0.005 eV or Ippm 
of helium-like resonance lines due to uncalculated higher order terms. Some of 
the latest theoretical calculations for the w transition in medium Z ions are 
summarized in Table El 

The discrepancy between theories is indicated and the maximum discrepancy 
ranges from 23 ppm to 30 ppm for Z = 18-26 and differences are consistent. Our 
measurements are at this level of uncertainty. A further indication of the uncer- 
tainty or accuracy of theory can be gained by considering the two configuration 
interaction (Cl) calculations of Cheng et al. |bf7] . The latest calculations for 
Taid-Z helium-like ions [Z| has resulted in new values which have shifted by up 
to 14 ppm from the earlier calculation |E|. The difference has been attributed 
to the exclusion of the Latter correction to the Dirac-Kohn-Sham potentials 
from which the QED corrections are evaluated. The new results are considered 
to be more reliable 0 and are in closer agreement to the unified calculation 
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of Drake The availability of new high precision EBIT measurements for 
medium Z helium-like ions m has been a major stimulation for theoretical 
re-evaluation of QED contributions. 

Table Q also shows the QED contributions to helium- like resonance lines in 
vanadium as determined by Drake. The QED contributions are also expressed as 
a proportion of the relevant transition in ppm. The level at which our measure- 
ments test these contributions is between 5.7% and 8%. The theoretical QED 
contributions include mass polarization and nuclear size effects but these con- 
tribute less than 1% to the total. If the QED contributions to the 21 states are 
assumed to be correct, then the Is QED contribution is measured to 6%. 

Our result for the w line in vanadium is within our experimental uncer- 
tainty of the theory of Drake ^ and Plante et al. |S|. We therefore find no 
evidence of the earlier reported trend that experimental values are greater than 
theory m- Our measurements are compared with other experiments in the con- 
text of medium Z X-ray measurements in the following discussion. 



Table 3. Selected w (ls2p — > Is^) transition energies (eV) for vanadium and 

surrounding medium Z ions 



z 


Experiment Ref. 


Theoretical transition 


energies Ref. ZlTh'‘ 


qed‘> 


2e‘^ 




(eV) 




H 




m 


m 


0 (ppm) 


(eV) (eV) 


18 3139.553(38) 




3139.577 3139.582 3139.617 




3139.65 23 


1.055 


0.09 


22 


4749.74(17) 


PH 


4749.63 


4749.64 


4749.65 


4749.71 


17 






23 


5205.10(14) 




5205.15 


5205.16 


5205.18 






2.474 


0.16 


24 


5682.32(40) 


PH 


5682.05 


5682.06 


5682.08 


5682.15 


18 






26 


6700.08(24) 


[2H 


6700.40 


6700.43 


6700.45 


6700.54 


6700.60 30 






32 10280.70(22) 


m 


10280.14 10280.19 10280.25 10280.39 


24 


7.674 


0.40 



^ ziiTh: Maximum discrepancy between theories. 

^ QED: QED contribution to the ground state (Is^ ^S'o) 1^. 

2e: Two electron QED contribution extrapolated (see text) 0. 



5.2 Two-electron Lamb Shifts 

The two-electron Lamb shift has been a topic of considerable interest recently 
following significant variation in the recent calculations of two-electron contri- 
butions to the ground state of medium and high Z helium-like ions jOEEl- The 
“two-electron Lamb shift” can be defined as the difference between the hydro- 
genic lsi /2 Lamb shift and the QED contributions to the helium-like ground 
state (Is^ ^iS'o). The two-electron Lamb shift relates to the two electron ra- 
diative QED Feynman diagrams (vacuum polarization and self-energy) due to 
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interactions between the electrons(3- Nonradiative two-electron QED (ladder 
and crossed-photon diagrams) are negligible for Z < 32. We have calculated the 
two-electron Lamb shift by subtracting the results of Johnson and Soff |23 for 
the hydrogenic lsi /2 Lamb shift from the QED contributions to the helium-like 
ground state from Drake For Z = 32 (germanium) we obtain 0.31 eV which 
can be directly compared to the 0.4 eV result of Persson et al. 0. For vanadium, 
the two-electron Lamb shift calculated in this manner is 0.15 eV or 29 ppm of the 
ls2s ^ Is^ transition energy. Two electron QED calculations for Z < 32 
are not available from Persson et al., so no direct comparison can be made with 
Drake’s calculation for vanadium. 

As a simple alternative calculation, we have estimated the two-electron Lamb 
shift for helium-like ions of Z less than 32 by extrapolating the results of Pers- 
son et al. for Z = 32-92 using a power law fit (2e QED = oZ^). The Z power 
dependence is interestingly found to be 5 « 2.5. Derived results for Z = 18 and 
23 are tabulated with Persson’s result for Z = 32 in Table 0 Theory might 
expect a power law dependence of 6 = 3 as the two-electron contributions scale 
as Z^. The result (6 « 2.5) from the power law fit to the sum of all computed 
contributions is in reasonable agreement with the expected theoretical value. For 
vanadium the two-electron Lamb shift is 0.16 eV or 31 ppm, slightly larger than 
the experimental uncertainty of 0.14eV of our measurements. The agreement 
between this result obtained from extrapolation of the results of Persson et al. 
and the value obtained by direct calculation from Johnson and Soff and Drake 
is excellent (0.01 eV difference). For Z = 32, where the comparison can be made 
directly without extrapolation, the difference is 0.09 eV, remarkably consistent 
with the uncertainty estimate (O.leV) of Persson et al. for contributions from 
missing correlation effects in QED. A significant improvement in experimental 
precision would provide a critical test of two-electron QED. 

In terms of basic physical effects included, the calculations of Drake and of 
Persson et al. are equivalent up to all terms of order (assuming that the Many 
Body Perturbation Theory expansion has converged sufficiently well), and also 
terms of order a^Z® and a^Z®. Any difference between the two calculations 
should therefore scale as a^Z^, at least through the intermediate range of Z. 

Persson et al. states that the missing correlation effects in their two-electron 
QED calculations is estimated to be of the order of 0.1 eV for all elements. For- 
mally this should only be only be applied to the range of elements 32 < Z < 92. 
The associated uncertainties for Z < 32 are unknown, but could be expected 
to increase in this regime. In the calculations of Drake, the uncertainty due to 
relativistic correlation effects in QED scales as a^Z'^. The sources of the uncer- 
tainty are quite different in the calculations of Drake, and of Persson et al.. The 
lowest order Lamb shift is of order a^Z^, and so the leading two-electron cor- 
rection is of order a^Z^, i.e. smaller by a factor of 1/Z. Higher order correlation 
effects contribute further terms of order a^Z^, a^Z,... . In the calculations of 
Persson et al., it is the uncertainty in these correlation corrections to the lowest 
order (in a) Lamb shift that accounts for their estimate of O.leV for all ele- 
ments. In contrast, the calculation of Drake accurately sums this entire series of 
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terms, but there are relativistic correlation corrections to the QED shift of order 
a^Z^, . . . , not included in his calculation. This accounts for Drake’s error 
estimate of 1.2(Z/10)'^ cm-l^, scaling as 

In summary, the calculation of Drake accurately treats the 1/Z expansion 
of the nonrelativistic two-electron QED shift, but not the aZ expansion of rela- 
tivistic and correlation corrections. The calculation of Persson et al. is improved 
for the aZ expansion, but not the 1/Z expansion of the nonrelativistic correla- 
tion terms. For larger Z the calculations of Persson et al. may be preferred, and 
for smaller Z the calculations of Drake may be preferable. 

Measuring the helium-like n = 2 to n = 1 transitions can be sensitive to the 
excited state QED contributions if the precision is sufficient. The QED contri- 
bution to the ls2s is 0.333 eV from Drake or 65 ppm of the transition 
energy. Our measurement of the z (ls2s ^Si Is^) transition is sensitive to the 
ls2s ^Si QED contribution at the 40% level. Most previous experiments in the 
medium Z region have only measured the w transition, while others have only 
measured the w and close lying x and y lines. Ours is one of the most precise 
measurements of the z transition in medium Z ions. 

Of course, the result is a direct measure of the ls2s ^ Is^ QED contri- 
bution. Most such measurements are insensitive to the excited state (2s or 2p) 
QED contribution. However, our measurement is indeed sensitive to the excited 
state QED contribution at the 40% level. Our result is comparable to the 51 ppm 
measurement for Z = 32 m which tests the ls2s QED contribution at the 
48% level. 



5.3 Previous Helium-like Vanadium Observations 

Four other observations of helium-like vanadium spectra have been reported. 
Two of these pniTTi were relative measurements to the w line and, as such, 
can not be compared to absolute measurements of the w line. These relative 
observations include a study of helium-like vanadium at an EBIT m and are 
the only prior observations of the helium-like resonance lines other than the w 
line (the x, y and z lines). 

Two measurements were conducted at a low-inductance vacuum spark 

plasma and a tokamak plasma respectively. In both cases only the w line was 
reported. The first study used a double Johann spectrograph and characteristic 
K lines were used for calibration m- The energy of the w was 5.20558(55) keV 
or a 105 ppm result The second study uni used a tokamak plasma and claimed an 
uncertainty of 40 ppm. Close lying Lyman series lines were used for calibration 
so this was a relative measurement chain assuming one-electron QED. Shorter 
wavelength calibration lines and helium-like resonances were observed in second 
order diffraction suggesting the significant systematic shifts discussed above. The 
third study HH was a relative measurement to the w line and, as such, can not 
be compared to absolute measurements. 

Dielectronic satellites can affect the precision of measurements. The lithium- 
like resonances directly concern this research due to their close location to the 
helium-like resonances and their relatively large electron-impact cross section for 
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inner shell excitation. We include the estimated influence of satellites in our error 
budget. Contamination in hot plasmas is often the major limiting uncertainty 
on the precision of energy measurements m 

This may be contrasted to the situation in an EBIT where very low satellite 
contamination can be achieved. A direct comparison between the hot plasma 
spectrum available from tokomaks at TFR |3S1 and PLT ^U| and our EBIT 
results demonstrates several key advantages of the EBIT for precision spec- 
troscopy. Firstly, equivalent or better results can be obtained from a very mod- 
est experimental facility. The EBIT is essentially a table-top device requiring 
staffing of only one or two scientists. Secondly, the EBIT spectrum is much 
cleaner and relatively free of satellite contamination. Thirdly, tokamak spectrum 
are Doppler-limited at high temperatures and high resolution spectrometers are 
severely compromised by Doppler broadening and shifts. Finally, we have demon- 
strated that absolute calibration can be achieved for EBIT spectrum so that the 
key advantages outlined can be realised ensuring highly accurate spectroscopy. 

A selection of experimental measurements across medium Z helium-like res- 
onances is shown in Table 0 and compared with recent theory. The most pre- 
cise absolute measurement is attributed to Deslattes and co-workers m with a 
12 ppm measurement of the w transition in argon. Our methodology is similar 
to that of Deslattes et al. in the use of an external X-ray calibration standard ly- 
ing close to the wavelength of interest. The recoil-ion experimental method used 
therein also eliminates the need for Doppler corrections and uncertainties in that 
work as in our EBIT experiment. Argon is at the lower end of the medium Z 
elements where QED effects are smaller relative to the transition energies. How- 
ever, this very precise measurement lies below all recent theoretical calculations 
shown in Tabled 

6 Conclusion 

In conclusion, we have made first absolute measurement of helium- like resonances 
at an EBIT. The results are in accord with Drake 0 and Plante et al. and are 
a 5.7%-8% test of QED contributions. Absolute calibration is achieved by using 
a spread of characteristic wavelengths to accurately determine the spectrome- 
ter dispersion. We have developed the dynamical diffraction theory necessary to 
evaluate systematic shifts at the precision level required to test QED. System- 
atic errors associated with the shape and location of the detector in the Johann 
geometry have been reduced to the level of reference wavelength uncertainty. 
The benefits of absolute calibration combined with rigorous diffraction theory 
in precision tests of QED have been demonstrated. The unique spectroscopic 
advantages of the EBIT have been crucial in the success of these QED inves- 
tigations, allowing Doppler free and low satellite contamination spectra to be 
measured. 

We acknowledge the assistance of A. Henins, R. D. Deslattes and L. Ratliff 
during the experiments at NIST. We thank G. W. Drake and K. T. Cheng 
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Abstract. The quantum electrodynamic theory of the nuclear recoil effect in atoms to 
all orders in aZ and to first order in mjM is considered. The complete aZ-dependence 
formulas for the relativistic recoil corrections to the atomic energy levels are derived in 
a simple way. The results of numerical calculations of the recoil effect to all orders in aZ 
are presented for hydrogenlike and lithiumlike atoms. These results are compared with 
analytical results obtained to lowest orders in aZ. It is shown that even for hydrogen the 
numerical calculations to all orders in cxZ provide most precise theoretical predictions 
for the relativistic recoil correction of first order in m/M . 



1 Introduction 

In the non-relativistic quantum mechanics the nuclear recoil effect for a hy- 
drogenlike atom is easily taken into account by using the reduced mass /r = 
mM/{m + M) instead of the electron mass m (M is the nuclear mass). It means 
that to account for the nuclear recoil effect to first order in m/M we must simply 
replace the binding energy if by if (1 — m/M). 

Let us consider now a relativistic hydrogenlike atom. In the infinite nucleus 
mass approximation a hydrogenlike atom is described by the Dirac equation 
(fi = c = 1) 



(-fa • V -I- /3m -I- Vc(x))^/>(x) = eV'W , (1) 

where Vc is the Coulomb potential of the nucleus. For the point-nucleus case, 
analytical solution of this equation yields the well known formula for the energy 
of a bound state: 

( 2 ) 

(aZ)^ 

[n-(j+l/2) + y/(j+l/2)‘^-{a.Zy Y 

where n is the principal quantum number and j is the total angular momentum 
of the electron. The main problem we will discuss in this paper is the following: 
what is the recoil correction to this formula? 

It is known that to the lowest order in aZ the relativistic recoil correction to 
the energy levels can be derived from the Breit equation. Such a derivation was 
made by Breit and Brown in 1948 P (see also |2|). They found that the relativis- 
tic recoil correction to the lowest order in aZ consists of two terms. The first term 
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reduces the fine structure splitting by the factor (1 — m/M). The second term 
does not affect the fine structure splitting and is equal to —{aZ)‘^rn^ / {8Mn^) . 
Calculations of the recoil effect to higher orders in aZ demand using QED be- 
yond the Breit approximation. In quantum electrodynamics a two-body system 
is generally treated by the Bethe-Salpeter method 0 or by one of versions of the 
quasipotential method proposed first by Logunov and Tavkhelidze In Ref. 0 
(see also [B|), using the Bethe-Salpeter equation, Salpeter calculated the recoil 
correction of order [aZ)^w? /M to the energy levels of a hydrogenlike atom. This 
correction gives a contribution of 359 kHz to the 2s - 2pi/2 splitting in hydrogen. 
The current uncertainties of the Lamb and isotopic shift measurements are much 
smaller than this value 0 and, therefore, calculations of the recoil corrections 
of higher orders in aZ are required. In addition, for the last decade a great 
progress was made in high precision measurements of the Lamb shifts in high-Z 
few-electron ions In these systems, the parameter otZ is not small and, 

therefore, calculations of the relativistic recoil corrections to all orders in aZ are 
needed. 



2 Relativistic formula for the recoil correction 



First attempts to derive formulas for the relativistic recoil corrections to all 
orders in aZ were undertaken in uma. As a result of these attempts, only a 
part of the desired expressions was found in ^ (see Ref. ^31 for details). The 
complete a^-dependence formula for the relativistic recoil effect in the case of 
a hydrogenlike atom was derived in HD. The derivation of HD was based on 
using a quasipotential equation in which the heavy particle is put on the mass 
shell 1 1 51 1 1)| . According to HD, the relativistic recoil correction to the energy of 
a state a is the sum of a lower-order term AE\^ and a higher-order term Aifn : 



AE = 
AAl = 

AAh = 



AAl -I- AFh , 

1 , , / , aZ ( (ct • r)r 



27tM 



^(a|(p2-— (a-p 

2M V r V r 
* duj{a\{p{io) 



P |a), 



uj + iO 



) 



cG(o. + £,)(d(o;) + ^^)| 



(3) 

(4) 

(5) 



Here |a) is the unperturbed state of the Dirac electron in the Coulomb field 
Vc(’’) = —OLZjr, p = — iV is the momentum operator, G(w) = [uj — E[ {1 — 
is the relativistic Coulomb-Green function, H = cy. p + f3m + Vc , ai (Z = 1, 2, 3) 
are the Dirac matrices, Sa is the unperturbed Dirac-Coulomb energy. 



Dm{oj) = -AnaZaiDimiuj) , 



( 6 ) 



is the transverse part of the photon propagator in the Coulomb gauge. 
In the coordinate representation it is 



n 1 fexp(i|a;|r)^ ^ ^ (exp (Z|w|r) - 1) 

Dik \^ — /I 1 V 2 Vfc ^ 

47t I r 



}■ 



( 7 ) 
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The scalar product is implicit in the equation Q. In Refs. EEH], the formulas 
( 0-0 were rederived by other methods and in m it was noticed that AE can 
be written in the following compact form: 

7 r°° 



However, the representation 0-0 is more convenient for practical calculations. 

The term AE\^ can easily be calculated by using the virial relations for the 
Dirac equation [t™ . Such a calculation gives HD 



AEi^ = 



2M 



(9) 



This simple formula contains all the recoil corrections within the {aZ)'^m? /M 
approximation. The term AEn taken to the lowest order in aZ gives the Salpeter 
correction |S|. Evaluation of this term to all orders in aZ will be discussed below. 

The complete o;.Z-dependence formulas for the nuclear recoil corrections in 
high Z few-electron atoms were derived in Ref. IZD- As it follows from these 
formulas, within the {aZ)^rn? /M approximation the nuclear recoil corrections 
can be obtained by averaging the operator 



H 



(L) 

M 




Ps' 



aZ I 
r 



OLs 



{OLs ■ Ts)rs 







( 10 ) 



with the Dirac wave functions. This operator can also be used for relativistic cal- 
culations of the nuclear recoil effect in neutral atoms. An independent derivation 
of this operator was done in m- The operator (H3 was employed in m to cal- 
culate the {aZ)^m? /M corrections to the energy levels of two- and three-electron 
multicharged ions. 



3 Simple approach to the recoil effect in atoms 

As was shown in H3I, to include the relativistic recoil corrections in calculations 
of the energy levels, we must add to the standard Hamiltonian of the electron- 
positron field interacting with the quantized electromagnetic field and with the 
Coulomb field of the nucleus Vc an additional term. In the Coulomb gauge, this 
term is given by 

^ J dx7/>1'(x)(-fVx)V'(x) J dyV'^(y)(-iVy)7/>(y) 

pZ f p"^ Z"^ 

This operator acts only on the electron-positron and electromagnetic field vari- 
ables. The normal ordered form of EIm taken in the interaction representation 
must be added to the interaction Hamiltonian. It gives additional elements to the 
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Feynman rules for the Green function. In the Furry picture, in addition to the 
standard Feynman rules in the energy representation (see Ema), the following 
vertices and lines appear (we assume that the Coulomb gauge is used) 

1. Coulomb contribution. 



An additional line (’’Coulomb-recoil” line) appears to be 



UJ 



i Ski 

27 t M 



dco. 

J —oo 



• 

X y 

This line joins two vertices each of which corresponds to 



LU3 



CUi 




CU2 



-27Ti'y°S(uJi - lu2- 0 J 3 ) f dTcpk , 



where p = — tVx and k = 1,2, 3. 

2. One-transverse-photon eontribution. 

An additional vertex on an electron line appears to be 



LU3 



LUi 



UJ2 



-27ri7°5(wi -UJ2- wa)^ J dxpk , 



The transverse photon line attached to this vertex (at the point x) is 

UJ 



X y 



At the point y this line is to be attached to an usual vertex in which we 
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have — 27rie7°a/27T(5(a;i — uj 2 — W 3 ) / dy, where ai {I = 1, 2, 3) are the usual 
Dirac matrices. 

3. Two-transverse-photon contribution. 

An additional line (” two-transverse-photon-recoil” line) appears to be 

OJ 

• ^^/^dwAz(w,x)Afc(w,y). 

X y 

This line joins usual vertices (see the previous item). 

Let as apply this formalism to the case of a single level a in a one-electron 
atom. To find the Coulomb nuclear recoil correction we have to calculate the 
contribution of the diagram shown in Fig. 1. A simple calculation of this diagram 



Fig. 1. Coulomb nuclear recoil diagram 



yields (see Ref. m for details) 



AEg = 



1 i 
M 2 tt 




{a\pi\n){n\pi\a) 
uj - £„(1 - iO) 



( 12 ) 



The one-transverse-photon nuclear recoil correction corresponds to the diagrams 
shown in Fig. 2. One easily obtains 

Af; _ 4ti^ I (g|pi|n)(rt|Q!fcAfc(£a ~ tu)|a) 

M 2tt ^ n\ w-e„(l-iO) 

^ {a\akDiki£g - (^)\n){n\pi\a) 

OJ - £„(1 - zO) 
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Fig. 2. One-transverse-photon nuclear recoil diagrams 



The two-transverse-photon nuclear recoil correction is defined by the diagram 
shown in Fig. 3. We find 




Fig. 3. Two-transverse-photon nuclear recoil diagram 



^Etr{2) — 



(47raZ)^ i 
M ^ 
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{a\aiD^i{£g - u})\n){n\akDik{£g ~ <^)|a) 
u) - e„(l - iO) 

The sum of the contributions is 

1 i 

AE=—— duj (a\{p^+4:TraZaiDu{uj)) 

IVI Ztt 

xG{uj + £a){Pi + ^T^aZamDmi{oj))\a) ■ 



(14) 



(15) 



This exactly coincides with formula (jH|). 

Consider now a high-Z two-electron atom. For simplicity, we will assume that 
the unperturbed wave function is a one-determinant function 

u(xi, X 2 ) = ^ ^(-l)^^/>p„(xi)^/>pf,(x2) . (16) 



The nuclear recoil correction is the sum of the one-electron and two-electron 
contributions. The one-electron contribution is the sum of the expressions (El 
for the a and b states. The two-electron contributions are defined by the diagrams 
shown in Figs. 4-6. A simple calculation of these diagrams yields 



Fig. 4. Two-electron Coulomb nuclear recoil diagram 



^ {Pa\pi + ATTaZaiDii{£pa - £a)|a) 

p 

x{Pb\pi + AiraZamOrmiepb ~ £b)\b) ■ (17) 



The formula (HU was first derived by the quasipotential method in EH- 
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a b 



Fig. 5. Two-electron one-transverse-photon nuclear recoil diagrams 




Fig. 6. Two-electron two-transverse-photon nuclear recoil diagram 
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4 Numerical results 



4.1 Hydrogenlike atoms 

According to equations the recoil correction is the sum of the low-order 

and higher-order terms. The low-order term AE\^ is given by equation ®. The 
higher order term AE^ was calculated to all orders in otZ in l^nWTl . The 
results of these calculations expressed in terms of the function P{aZ) defined as 



AE^ = 



(azy 



P(aZ) 



(18) 



M Trn^ 

are presented in Table 1. To the lowest order in aZ the function P{aZ) is given 



Table 1. The results of the numerical calculation of the function P{aZ) for low-lying 
states of hydrogenlike atoms 



z 


Is 


2s 


2pi/2 


2Ps/2 


1 


5.42990(3) 


6.15483(5) 


-0.30112 


-0.3013(4) 


5 


4.3033(4) 


5.0335(2) 


-0.2692 


-0.2724(1) 


10 


3.7950(1) 


4.5383(1) 


-0.2277 


-0.2379 


20 


3.2940(1) 


4.0825 


-0.1393 


-0.1726 


30 


3.0437(1) 


3.9037 


-0.0421 


-0.1107 


40 


2.9268(1) 


3.8900 


0.0685 


-0.0517 


50 


2.9137(1) 


4.0228(1) 


0.2000 


0.0050 


60 


3.0061(2) 


4.3248(2) 


0.3655 


0.0597 


70 


3.2334(4) 


4.8656(5) 


0.5894 


0.1125 


80 


3.672(1) 


5.807(2) 


0.9214(2) 


0.1638 


90 


4.519(8) 


7.557(9) 


1.481(1) 


0.2138 


100 


6.4(1) 


11.4(2) 


2.63(2) 


0.2625 



by Salpeter’s expressions: 

P^\aZ) = log (aZ)- ^2.984129 +ylog2+y, (19) 
Pt\aZ) =-^log(aZ)- ^2.811769+^, (20) 

(2pi) (2P3) 8 7 

P = =Po " =-0.030017 . 21) 

s s 3 18 V ^ 

Comparing the function P{aZ) from Table 1 with the lowest order contribu- 
tions (II Dll - (12 1 II shows that for high Z the complete aZ-dependence results differ 
considerably from Salpeter’s ones. 

In the case of hydrogen, the difference AP = P — Ps amounts to -0.01616(3), 
-0.01617(5), and 0.00772 for the Is, 2s, and 2pi/2 states, respectively. Table 
2 displays the relativistic recoil corrections, beyond the Salpeter ones, to the 
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hydrogen energy levels. These values include also the corresponding correction 
from the low-order term Q which is calculated by 

= 0 , 

^ /\,p;(2pi/2) ^ {aZf 2[S+ ^/l-{aZ)‘^] 

^ ^ 64 [l + y^l-(aZ)2]3 M 

The results of Refs. which are exact in aZ are compared with the related 

corrections obtained to the lowest order in aZ . In it was found that the 

{ctZ'f log [aZ)w? /M corrections cancel each other. The {aZ)^m? /M correction 
was derived in HH| for s-states and in m for p-states. The {aZyiog^ {aZ)m^ / M 
correction was recently evaluated in Refs. HEE2). The uncertainty of the calcu- 



( 22 ) 

(23) 



Table 2. The values of the relativistic recoil correction to hydrogen energy levels 
beyond the Salpeter contribution, in kHz. The values given in the second and third 
rows include the (aZ)®m2/M contribution and all the contributions of higher orders in 
aZ. In the last row the sum of the (aZyrr? jM and [aZY \og^ [aZ)rn^ /M contributions 
is given 



State 


Is 


2s 


2pi/2 


To all orders in aZ, Ref. [25] 


-7.1(9) 


-0.73(6) 


0.59 


To all orders in aZ, Ref. [27] 


-7.16(1) 


-0.737(3) 


0.587 


{aZym? /M, Refs. [18,30] 


-7.4 


-0.77 


0.58 


[aZy\oy{aZ)im?/M, Refs. [31,32] 


-0.4 


-0.05 




The sum of the low-order terms 


-7.8 


-0.82 





lation based on the expansion in aZ is defined by uncalculated terms of order 
[aZyrn?/M and is expected to be about 1 kHz for the Is state. It follows that 
the results of the complete a^-dependence calculations are in a good agreement 
with the results obtained to lowest orders in aZ but are of much higher accuracy. 

As it follows from Ref. m. the formulas ( 0-0 will incorporate partially the 
nuclear size corrections to the recoil effect if Vc{r) is taken to be the potential 
of an extended nucleus. In particular, this replacement allows one to account for 
the nuclear size corrections to the Coulomb part of the recoil effect. In Ref. 1^ . 
where the calculations of the recoil effect for extended nuclei were performed, 
it was found that, in the case of hydrogen, the leading relativistic nuclear size 
correction to the Coulomb low-order part is comparable with the total value of 
the {aZym? /M correction but is cancelled by the nuclear size correction to the 
Coulomb higher-order part. 

One of the main goals of the calculations of Refs. [2bl2til33j was to evaluate 
the nuclear recoil correction for highly charged ions. In the case of the ground 
state of hydrogenlike uranium these calculations yield -0.51 eV for the point 
nucleus case EH] and -0.46 eV for the extended nucleus case EH). This correction 
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is big enough to be included in the current theoretical prediction for the Is 
Lamb shift in hydrogenlike uranium m but is small compared with the present 
experimental uncertainty which amounts to 13 eV cni. However, a much higher 
precision was obtained in experiments with heavy lithiumlike ions j8lhj . In this 
connection in Refs. the nuclear recoil corrections for lithiumlike ions were 

calculated as well. 

4.2 Lithiumlike ions 

In lithiumlike ions, in addition to the one-electron contributions, we must eval- 
uate the two-electron contributions. In the case of one electron over the (Is)^ 
shell the total two-electron contribution to the zeroth order in 1/Z is given by 
the expression 

= ^ (a|p-D(£a-e„)|n)(n|p-D(£a-£n)|a), (24) 

Sn—Sls 

where D is defined by equation (jOI) . Calculation of this term causes no problem 
[2,‘il2tij . For the 2pi/2 and 2p^/2 states, the results of this calculation expressed 
in terms of the function Q{aZ) defined by 

= -- — {aZfQiaZ) (25) 

are presented in Table 3. For the s-states the two-electron contribution is equal 
zero. To the lowest orders in aZ the function Q{aZ) is given by EHI 



Table 3. The results of the numerical calculation of the function Q{aZ) for low-lying 
states of lithiumlike ions 



z 


(ls)"2pi/2 


{lsY2ps/2 


10 


0.99741 


0.99810 


20 


0.98959 


0.99239 


30 


0.97645 


0.98281 


40 


0.95776 


0.96926 


50 


0.93313 


0.95165 


60 


0.90195 


0.92988 


70 


0.86320 


0.90390 


80 


0.81529 


0.87362 


90 


0.75570 


0.83896 


100 


0.68041 


0.79951 



— I -I- {aZ)'^(^-— -1-log-^ , (26) 

= 1 - 1 - {aZ)‘^(^-— + ■ ( 2 ’^) 
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The expressions ll2t)ll - ll2Yll serve as a good approximation for the Q{aZ) function 
even for very high Z . 

For low Z, in addition to the corrections considered here, the Coulomb inter- 
electronic interaction effect on the non-relativistic nuclear recoil correction must 
be taken into account. It contributes on the level of order {ljZ){aZ)‘^rn^ jM. 

To date, the highest precision in experiments with heavy ions was obtained 
for the 2p3/2 — 2s transition in lithiumlike bismuth 0. The transition energy 
measured in this experiment amounts to (2788.14 ± 0.04) eV. In [Sj the energy 
of the 2pi/2 — 2s transition in lithiumlike uranium was measured to be (280.59 ± 
0.10) eV. In both cases the recoil correction amounts to -0.07 eV and, therefore, 
is comparable with the experimental uncertainty. At present, the uncertainty of 
the theoretical predictions for these transition energies is defined by uncalculated 
contributions of second order in a (see Refs. |MESj)- When calculations of these 
contributions are completed, it will be possible to probe the recoil effect in high- 
Z few-electron systems. This will provide a unique possibility for testing the 
quantum electrodynamics in the region of strong coupling (aZ ~ 1) beyond the 
external field approximation since in calculations of all other QED corrections in 
heavy ions the nucleus is considered only as a stationary source of the classical 
electromagnetic field. 

5 Conclusion 

In this paper the relativistic theory of the recoil effect in atoms is considered. It 
is shown that the complete a^-dependence calculation of the recoil correction 
provides the highest precision even in the case of hydrogen. The recoil corrections 
to the energy levels of highly charged ions contribute on the level of the present 
experimental accuracy. It provides good perspectives for testing the quantum 
electrodynamics in the region of strong coupling (aZ ^ 1) beyond the external 
field approximation. 
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Abstract. The X-ray emission from highly charged hydrogen-like ions in an electron 
beam ion trap is free from the problems of satellite contamination and Doppler shifts 
inherent in fast-beam sources. This is a favourable situation for the measurement of 
ground-state Lamb shifts in these ions. We present recent progress toward this goal, 
and discuss a method whereby wavelength comparison between transitions in hydrogen- 
like ions of different nuclear charge Z, enable the measurement of QED effects without 
requiring an absolute calibration. 



1 Introduction 

The Is Lamb shift in highly charged one-electron ions tests QED theory in a 
strong-field regime. There has recently been much theoretical interest in the two- 
loop self energy contribution to the Lamb shift, which can be written as a series 
expansion in (Za) PJ: 

E(2-loop) = (^Y + {Za)B^o + (1) 

Vtt/ 

It has been noted that the coefficient B^q, evaluated as -21.6 [1 12) . is supris- 
ingly large, while Mallampalli and Sapirstein have questioned the validity of a 
perturbative approach for the evaluation of the 2-loop self energy, even at low 
Z |3]. Moreover, the results of Goidenko et al. for the loop after loop con- 
tribution to the second order self energy are in strong disagreement with the 
calculation of Mallampalli and Sapirstein . While Lamb shift measurements 
in atomic hydrogen are sufficiently precise to test the 2-loop self energy contri- 
bution, the interpretation of the measurements is obscured by the uncertainty in 
the finite size of the proton. This problem may be removed in the future through 
a measurement of the Lamb shift in muonic hydrogen In hydrogen-like ions, 
measurements of the Is Lamb shifts are not yet sufficiently precise to test the 
theory at the level of the 2-loop self energy. The current situation is summarised 
in FigUl which shows the complete Is Lamb shift (including the nuclear size 
corrections) [S], the contribution from the nuclear size correction to the Dirac 
energy (as given in 0), and the value of the term {a/'K)‘^{Za)^B^QmeC^ in (1). 
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Fig. 1. Is Lamb shift, contributions from nuclear size and binding corrections to the 
two-loop self energy. Experimental uncertainties are shown for specific values of Z, with 
references given in the text 



All are shown in units of (cr/ 7 r)(Za)^meC^. For specific values of Z the uncer- 
tainties in the experimental values for the Is Lamb shift are shown: Z=l: [71, 
Z=18: |H|, Z=28: 0, Z=36: [H]j, Z=54: HH, Z=79: Z=92: [Ej. With the 

exception of hydrogen, the experimental uncertainties are considerably larger 
than the theoretical ones. 

The most precise Is Lamb shift measurements in the hydrogen-like ions have 
been performed using fast beams of foil-stripped ions, and X-ray spectroscopic 
comparison against X-ray wavelength standards. At high Z the two Lyman-a 
components can be resolved using germanium solid state detectors of high effi- 
ciency. In the measurements of Au^®“'" and the Lyman-a lines were Doppler 
shifted to be nearly coincident with suitable 7 -ray standards. For the medium 
Z measurements, the Ka wavelengths of the neutral elements serve to calibrate. 
In all these experiments, the precision was limited by spectator-electron satellite 
contamination, Doppler shift uncertainties and counting statistics. 

In this paper, we summarise our progress towards Is Lamb shift measure- 
ments on medium Z hydrogen-like ions produced in an electron beam ion trap 
(EBIT), where the X-ray emission is free from the problems of satellite con- 
tamination and Doppler shifts. In this context, we note that a measurement of 
the Is Lamb shift in hydrogen-like has been performed at the Livermore 

EBIT using a quasimonolithic crystal setup, and reaching a precision of 13% 
for the Lamb shift dominated by counting statistics H3 With our setup, the 
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Fig. 2. Johann geometry crystal spectrometer coupled to the Oxford EBIT. Not to 
scale 



counting statistics are very much higher, and the difficulty is one of calibration. 
We consider two calibration methods, the traditional method of using the known 
Ka wavelengths, and a new method which avoids the use of external calibration 
lines altogether. 

2 Experiment Setup 

Our experimental setup consists of a Johann-type X-ray spectrometer cou- 
pled to the Oxford electron beam ion trap uni, as shown in FigO 

2.1 Electron Beam Ion Traps 

An EBIT is a device for producing, trapping and exciting highly charged ions, as 
has been described in detail elsewhere, e.g. Hg. Inside the EBIT trapping region, 
a nearly monoenergetic electron beam is compressed to a high current density by 
an axial magnetic field. Neutrals, or low charge state ions are injected into the 
trap where they are ionized to high charge states and excited by electron impact. 
These ions are confined radially by the magnetic field and the space charge of 
the electron beam, and are confined axially by the application of an electrostatic 
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potential well 14x- For the purposes of this paper, the EBIT is a highly charged 
ion X-ray source, and the important parameters are the spatial dimensions and 
temperature of the X-ray emitting ion cloud. The source is a cylinder, defined 
radially by the extent of the electron beam, diameter 70 ^m, and axially by 
the extent of the potential well, length «25mm. Ions of charge q are heated 
mainly by elastic collisions with the beam electrons, and in the absence of any 
cooling mechanism would reach the temperature required for axial escape from 
the trap, ksT = gI4x- However, an evaporative cooling mechanism operates 
whereby the highly charged ions exchange energy with ions of low charge state 
q' for which the axial escape temperature is lower by a factor q' /q. It is therefore 
common to simultaneously inject into the trap a light ‘coolant’ gas, along with 
the element of interest. Typical source temperatures are in the region of 500- 
1000 eV, although under suitable conditions, temperatures as low as 60 eV have 
been demonstrated HSl- 

2.2 High Resolution X-ray Spectroscopy 

To obtain X-ray spectra of high resolution, a crystal spectrometer is required. 
Although flat crystal spectrometers have been used successfully for EBIT X-ray 
spectroscopy e.g uni, their efficiency is low because the crystal reflectivity is only 
high inside a very small angular range about the Bragg angle, 0 b- To improve 
the efficiency, the crystal can be curved in such a way that the Bragg condition 
is met over a large portion of the crystal surface. In our spectrometer, a 4-bar 
bender is used to curve the crystal in the plane of dispersion with a cylindrical 
curvature of radius i?, where R is the diameter of an imaginary circle, the Row- 
land circle (see Fig|2). If both crystal and detector are placed on the Rowland 
circle, a distance i? sin 0 b apart. X-rays of a given wavelength are brought to a 
focus at the detector. The detector is a low noise, liquid nitrogen cooled X-ray 
CCD, with 1152 x 1242 pixels and 22.5 /rm spatial resolution. Provided that each 
pixel contains only a single X-ray photon, there is energy resolution of 150 eV 
in every pixel, allowing signal X-rays to be well discriminated from the back- 
ground. The crystal and detector are mounted on a common rigid arm in order 
to minimize motion-related line shifts. The spectrometer is operated in vacuum, 
with the ultra-high vacuum of the EBIT separated from the low vacuum of the 
spectrometer by a 25 ^m beryllium window. The source is placed on or inside 
the Rowland circle, with the source axis perpendicular to the plane of disper- 
sion. If the source is placed on the Rowland circle, the Bragg condition is met 
(for a given wavelength) over a large portion of the crystal and the spectrometer 
is maximally efficient. Conversely, the Bragg condition can then only be met 
for a small range of wavelengths so that the ‘bandwidth’ of the spectrometer is 
small. As the source is moved inside the Rowland circle, the efficiency for a given 
wavelength decreases, while the range of reflected wavelengths (the bandwidth) 
increases. For a given experiment, the source position is therefore chosen to give 
the maximum possible efficiency consistent with the required bandwidth. 
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Fig. 3. Ar^'^+ 2p3/2 - lsi/2 



3 Recent Results 



3.1 Lineshape Studies of Lyman-a 

In figure0we show an example spectrum of the hydrogen- like 2p3/2 — lsi /2 

line at 3.3 keV recorded using the experimental setup described above. Here, we 
used a Si(lll) crystal with a radius of curvature R = 1357mm and the source 
placed very close to the Rowland circle for high efficiency. The electron beam 
energy was 7keV and the beam current 120 mA, and the accumulation time 
for this data was 2 hours. The resolution of this spectrum is AX/X « 1/3000, 
whereas the intrinsic resolving power of the crystal is 7500. The ion temperature 
makes a large contribution to the observed linewidth. At a temperature T ions 
of mass M have a Doppler width given by 



Z\A\ /8Tln2 

“/dopp” 



(2) 



so a temperature of 300 eV implies (Z\A/A)dopp ~ 1/5000. Voigt fits to our 
datasets are dominated by the Gaussian component, and clear evidence for 
Doppler broadening has been obtained by lowering the axial trapping potential 
I4x thereby lowering the ion temperature. Figure^shows the resulting linewidths 
as a function of the applied axial trapping potential. Crystal imperfections and 
imperfect focussing may also contribute to the linewidth, while broadening due 
to the finite dimensions of the source are not significant here. 

In figure 0 a voigt fit is shown to guide the eye, while a complete lineshape 
model will be constructed using a code which ray-traces and solves the equa- 
tions of dynamical diffraction inside the crystal I2DI. Importantly, the line shows 
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Fig. 4. Linewidths as a function of the axial trapping potential in the EBIT 



no evidence of contamination by spectator electron satellite transitions, a prob- 
lem which limits the obtainable accuracy of similar spectroscopy on fast beam 
sources, and particularly on recoil ion sources, as in |S|. The absence of satellite 
contamination is due to the excitation conditions inside the EBIT, where double 
excitation is rare because the decay processes are faster than the excitation pro- 
cesses, and the electron beam energy is tuned away from dielectronic resonances. 
We note that although this spectrum is uncalibrated, the resolution and statis- 
tics are sufficient to locate the line centroid with a precision of AX/X = 10“®, i.e. 
if the spectrum could be accurately calibrated, the precision would be 3.3 meV 
(the current uncertainty in the value for this wavelength is 16meV). 

3.2 Lyman-a and Vanadium Kct 

We have recently obtained the spectrum of hydrogen-like Ti^^"*" Lyman-a on a 
common scale with the Ka lines of neutral Vanadium, as shown in figure 0 As 
pointed out above, the Ka lines of the transition elements are the wavelength 
standards in the X-ray region, and have been used to calibrate previous mea- 
surements of Lyman-a in the medium-Z hydrogen-like ions. In this experiment, 
we placed the EBIT source inside the Rowland circle to give the required wave- 
length range. The Ti^^'*' Lyman-a data was obtained using an electron beam 
energy of 13keV and current 120 mA. The resolution is Z\A/A = 1/3700, and 
the statistics during this 7 hour integration time enable a line centroid determi- 
nation of 2 parts per million. To obtain the spectrum of Vanadium Ka, a 1 mm 
diameter Vanadium wire probe was inserted into the EBIT trapping region so 
that the electron beam grazed the tip of the wire. A large flux of characteristic 
X-rays were then observed from the probe, although the flow of the electron 
beam through the trapping region and on towards the collector was virtually 
unaffected. The V Ka spectrum shown in the figure was obtained in 10 minutes 
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of integration time. The linewidth is typical for the characteristic X-rays, and the 
lineshape arises due to multielectronic satellite transitions. Since the calibration 
X-rays are produced inside the EBIT at the same spatial location as the highly 
charged ions, systematic shifts due to differences in source locations are mini- 
mized. However, the lineshape of the characteristic X-rays produced in this way 
is different to that produced by a standard X-ray source, as one might expect 
since the excitation conditions are different in the two cases. For this reason, the 
probe X-rays do not serve to directly calibrate the Ti^^+ Lyman-a lines. 

4 Future Directions 

4.1 Relative and Absolute Wavelength Measurements 

We have shown that high resolution X-ray spectra of medium Z hydrogen-like 
ions can be obtained with a statistical precision of 1 part per million using an 
EBIT and a Johann curved crystal spectrometer in a relatively short integration 
time. The calibration of such a spectrum at the same level of precision is prob- 
lematic. We plan to use a standard X-ray source outside the EBIT to produce 
the Ka spectrum, and to define the path through the EBIT using a slit which 
can be centred on the electron beam. To determine the Lyman-a wavelengths 
from the Ka wavelengths, the dispersion function of the instrument is required. 
This is strongly constrained by the two known intervals in the spectrum, the 
Lyman-ai _2 interval and the Kai _2 interval. In addition, the dispersion function 
and instrumental profile will be modelled, as for example in |2H . With the devel- 
opment of more intense sources of highly charged ions, such as the new EBIT in 
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Freiburg and an electron-cyclotron-resonance ion trap (ECRIT) [23? it niay 
soon be possible to make absolute wavelength measurements of the Lyman-a 
transitions in hydrogen-like ions, using flat or double flat crystal spectrometers. 



4.2 An Intercomparison Technique 



As we have seen, the wavelength standards in the X-ray region are not ideal 
calibration standards. They are broad and asymmetric due to the multielectronic 
satellite transitions, and the line profiles depend on the exact nature of the 
excitation conditions inside the source. We therefore propose a measurement 
technique which is sensitive to QED effects in the ground state of hydrogen- 
like ions, but avoids the use of secondary calibration lines, and does not require 
the measurement of an absolute wavelength, but rather of a small wavelength 
difference. We And transitions in two separate hydrogenic ions whose wavelength 
separation is small. 

To illustrate we concentrate on one example, the transitions 2 pi/ 2 , 3/2 ~ lsi /2 
in the hydrogen-like ion and ~ l'Si /2 in the hydrogen-like ion 

V 22 -i-^ The transitions all occur around 6.4 keV, and are very close in energy 
as shown in figure El which is a simulation of the lines expected in such a mea- 
surement. The near coincidence occurs because the Dirac contributions to the 
transition energies: 



E(n, k, Z) 




Za 



1 2 



- 1/2 



fc-b (P - ^2a2)l/2 



rUeC 



(3) 



are nearly equal in the two cases. Nevertheless, there remains a large difference 
between the QED contributions to the transition energies because these contri- 
butions have a faster Z scaling than the Dirac contributions. For the example 
given, the energy difference between 2 p ^/2 ~ lsi /2 (Mn 2 ^+) and 8 / 53/2 — lsi /2 
(y22+) is 2.9 eV, of which the difference between the Is Lamb shifts in the two 
ions accounts for 0.9 eV. Therefore, such a measurement scheme is sensitive to 
the small, uncertain part that is of interest, and insensitive to the large Dirac 
part, which is already known exactly. The interval of interest can be calibrated 
by the two fine-structure intervals which appear automatically in the measure- 
ment and are very well known from theory. A determination of the line centroids 
to 1 part per million would result in a measurement of the difference in ground 
state Lamb shifts between the two ions to a precision of 0.7%, significantly better 
than any direct Is Lamb shift measurement to date. Work in this direction has 
begun at the Oxford EBIT using the instrumentation described above. We have 
made a first observation of the Lyman-/3 lines of V^2+, 



5 Conclusions 

The use of a Johann-type curved crystal spectrometer and an electron beam 
ion trap allow us to obtain X-ray specta of the Lyman-a lines of medium Z 
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Fig. 6. A simulation of the lines to be expected in the intercomparison of Mn^'^+ 
Lyman-a and Lyman-/3 



hydrogen-like ions with high resolution and high statistical precision. The cali- 
bration of such spectra to the same level of precision remains problematic, but 
might be achieved using standard Ka sources outside the EBIT. An intercom- 
parison method has been presented whereby QED effects in the ground states of 
hydrogen-like ions can be measured without any absolute calibration of the X-ray 
wavelengths. We acknowledge the support of the Japanese Science and Technol- 
ogy Corporation, useful discussions with C. Chantler, the technical expertise of 
P. Hirst, T.Handford, K. Kiley and K.Schaub, and the extremely valuable sup- 
port given by R. Barnsley, N. Nelms, N. Peacock and staff at UKAEA-Culham. 
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CPT-Invariant Eight-Component Two-Fermion 
Equation 



Viktor Hund 

Institut fiir Theoretische Teilchenphysik, Universitat Fridericiana, D-76128 Karlsruhe, 
Germany 



Abstract. A Dirac equation with hyperfine operator and a recoil structure that re- 
mains valid even for positronium is presented and applied to the muonium hyperfine 
structure to the ordern a®. 



1 Introduction 



When describing arbitrary two-body systems fully relativistically, one would ex- 
pect that the formalism produces explicitly CT^T-invariant results. CT^T-invariance 
requires symmetry of the terms under change of the sign of the system’s total 
energy Ei + E 2 = E < — > —E, also for bound states where the individual ener- 
gies El and E 2 are not conserved. This means that the decisive equations should 
contain only even powers of E. 

The standard approaches for two-fermion systems like Bethe-Salpeter or Dirac- 
Breit satisfy this condition. But usually this property is lost in the final results, 
because (nonrelativistic) approximations (e.g. Ei « rrii) are used for one or both 
particles to simplify the calculation. 

In the following, an approach is presented that reproduces the main part of the 
recoil and hyperfine corrections without any nonrelativistic approximation and 
therefore with full CT^T-invariance. 

In sections 2 and 3, the derivation of the free equation and the implementation 
of the interaction in it is briefly outlined. The main point of this approach is that 
equation and wave function, in which the interaction has to be inserted, have 
only 8 components instead of 16. This means that an irreducible representation 
for a two- fermion system is used (2spini 0 2spm2 ^parity instead of 4 0 4). 

In section 4, the perturbation scheme is presented and the results are checked 
against current NRQED calculations [1] up to the order a®. 
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Section 5 gives some concluding remarks. 



2 The free eight-component two-fermion equation 



Starting point are the Dirac equations of the two particles {i = 1,2) [2]. At 
this point of the calculation with external potentials A^{ri) = {Vi/qi, Ai), 7rf = 
pf + Af (pf = {\dt, — iV), h= c = 1 ), which is more general than [2]. 

= 0 = [7T° - TOi7° - 7f(T,7ri]V'i 

with the standard definitions for the Dirac matrices 7^ = (7°, 7°7f cTi). Addition 
of the two Dirac equations gives a 16-component form of the equation for this 
system: 

[tt” + tt2- wi 7? - m272 “ ~ 12^2T^2\ = 0 . 

Here the asumption is = 0 as in the potential- free case {Af = 0), where 

■02. 

The 16-component wave function is now divided into two 8-component parts 
ip(i6) = {ip,x)i which have the following properties: 




7® and 7° act on the components of 0 and y like the operators in the one-particle 
case, especially {7^,7°} = 0 and 7®^ = 1 = 7°^. 



The 16-component equation becomes a system of two coupled equations 

(to 2 -I- TOl7°)x = [7T° - 7®((Ti7ri (T27V2)] 0 = [tt” - 7®7T+] 0 

(to2 -I- TOi7°)0 = [7T° - 7®((Ti7ri - (T27T2)] \= “ 7^’’'-] X (1) 

with 7T° = tt’I + TT2- Elimination of the y-components produces an 8-component 
equation. After multiplication with m2 + mi7° it reads 




{m 2 + mix^)‘‘ + 7r_-7T+p — 7 ^ 7r^7r+ -|- 7r_-7r' 



0 = 0 



•^7 / J 



with = {m2 + TOi7*^) / {m2 — mi7°) = {m2 + mi7°)^/ (m| — mf). 



( 2 ) 



The terms containing seem to be problematic in the case of equal masses 
(toi = m2) - but they are not. A second reduction of the number of compo- 
nents to 4 shows that all divergent terms cancel. If the external potentials are 
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neglected {A^ = 0), the disturbing mass- factors may be eliminated in the above 
8-component form in the center-of-mass-system (cms) [2] , where pi = p = —p2 
implies 



7 r_ 7 T+ = {(TlPlf - {(T 2 P 2 f = 0 

which means that the equation is linear in p: 

- (to 2 -I- TOi7°)^ - ( p{(Ti - (T2) +p{(Ti + (T2) — 

V \ 

with the cms-energy = E = = Ei + E2 Ai that case. 



^/> = 0 



The factor 1 / can be removed by a transformation of the wave function which 
fulfills the following conditions: 

ll 2 = Clp^, c{(Tl- 0-2)0= {(Tl- 0-2), C{ 0 l+ 02)0= {01+ 02 )H^ ■ 

c occurs when the equation is multiplied by 1 /c from left, = 7®c. For the 

c found is c = c: 

c = {ml - -h + 01O2)] ■ ( 3 ) 

It must be emphasized that this transformation is not unique. One can impose for 
example c(cti — 0-2)0 = — (o-i — 0-2) or c(o-i — 0-2)0 = {01 — 02)!^^, 0(01 + 02)0 = 
(oi + 02) and then ends at slightly modified transformations. 



The result is always an equation linear in p with just one set of Pauli matrices 
oi or 0-2; with the transformation ( 3 ), o\ appears in 

[E'^ — ml — ml — 2m2TOi7° — 2^^Epoi~\ = Q 

or, using a relativistic reduced mass p = m2mi/E and reduced energy e = 
(E'^ — ml — mf) / 2 E to get a dimensionless form in a variable p: 



7-7 p ai 



; o P 

= 0 , Q = pr, Pe = - 



( 4 ) 



3 Introduction of the interaction in the 8-component 
equation 



Here, the ^-matrix is also used for the interaction between the two particles. 
The Fourier-transform of the first Born approximation produces the potential in 
the 8-component equation. 
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In first Born approximation, the wave function is the product of a plane wave 
and a part which contains only the spin structure (V’ = Me“^, (j) = —K^Xf^ = 
KR — Et). Integration over d'^a: generates the energy and momentum conserving 
i5-functions, which are explicitly removed in the definiton of the T-matrix. The 
main point is now the connection between the 16 x 16 Tif = u'iu' 2 Tu\U 2 and its 
8x8 form M . Defining in analogy to the one-particle case 

Srlie) ^ 2 ;) = (f) = (f)^ + (j)2 = -iff Xi^ - iff X2^i 

one can transform u\U 2 < — > v,w (primed expressions analogous): 

Tif = u\u2TuiU2 = v'^TyV + v'^TynjW + w'^TwvV + w'^TyjW 
For the first Born approximation of Tif, = 0 = Ty,y is found. 

Tif may be brought into the form 

Tif = Mv or Tif = v'^ M^w with M = (5) 

depending on the equation for which the interaction is constructed [3] (the left 
Tif is used for the ■^-equation, the right one for %). 

One may compare this property with the one-particle case, where a different 
interaction arises in the 2-component Kramers-form of the Dirac equation for 
big and small components. 

The form (5) can be achieved using the coupled equations ® for w and v. After 
the c-transformation (3) of v (and with the appropriate for w), with Af = 0 
in the cms Tif becomes 




For the well-known first Born approximation Tif = aM']^U 2 ( 7 f 72 ^/( 7 ^)miU 2 ) the 
resulting interaction potential (for elastic scattering q'^ = E — E' = 0) in the 
dimensionless equation (4) is [4] 

K/.(e) =Vc- 17'’— ^Vb((Tl X (T 2 )Pb, Vc = 

E‘^ Q 

It is the sum of the ordinary Coulomb potential and a hyperfine operator. 
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4 Perturbation theory and results 



As usual, the dimensionless equation with interaction is separated in an exactly 
solvable part containing the Coulomb potential Vc and a perturbation Wp 



D T 7- / \ 

-7 - Vc- 7 PgO-i +17 X CT2)Pg 






V'c = 0 • 



( 6 ) 



-Ho 



-Wp 



The results of the exact equation {e/7^77 = well-known from 

the ordinary Dirac equation; replacing E,m ^ e, n results in [2, 4]: 

(n = principal quantum number, j = i + si = total angular momentum of 
particle 1, 7 = \/ {j + 1/2)^ — a^). 




As e//i = — m\ — rri^) /‘2,mim2, this result is CT^T-invariant. For a check 

using the present NRQED results, it is necessary to caculate E — m instead of 
E^ — w? {m = rm + m 2 being the total mass): 

E-m = mJl + 2^{fD-l) -m = - 1) - ~ if + ■ ■ ■ 

V m 2m 

with = mim 2 /m and the above fp- This could be expanded in arbitrary 
orders in a. 



The perturbation theory is performed in the usual way, but for e//r which is 
A^/2mim2. This means that any shift <5(e//r) corresponds to a shift 6E: 



E 1 

S(e/^) = (5(A^/2miTO2) = SE = —5E . 

m\m2 fJi 



(7) 



So the first-order shift caused by the hyperfine operator Wp contributes to E^^^ 
[4]: 



p(i) 



( 1 ) 



4 X - j) r3 (j + 1/2 ) Vd - kd/2 
y^Jhf / + 1/2 ^^n|3q(27+ 1) (27- 1) 



(8) 



/ = j ± 1/2 is the total angular momentum, and Kp = 2(£ — j)(j + 1/2). For 
E (and also in = mfm|/if^), the unperturbed value E^^^ will be used. (8) 
applies for arbitrary states. 



For the nS'-states (i.e. j = 1/2), E^ will be given to the order a®: 



E. 



( 1 ) 

hf 






hf,D 



l-k3l 



2n2 



1 - 



3 

4 



a 

n 



2\ 1 
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with 




2n 



f (1) 

Jhf,D 



11 

6n^ ’ 



4(/ j) I 2 I 4 'i 

(2/ + l)n3 (l + “ 

_ 1 f‘m ^ ^ 21 \ 

4 \ 18 2n 9n^ 3n^ 2n^y 



This is the CT^T-invariant result from the one-photon exchange potential. To 
order a®, it comprises all terms found by Pachucki [1] except for a® log a and 
n-independent terms. (Among these are on the one hand the hyperfine mixing 
of states with equal total angular momentum / and different j = £ + s\ (for 
example the S-D-mixing) and on the other hand contributions of higher-order 
graphs. First higher-order effects arise at the order a®/7r and are caused by 
two-photon exchange.) 



The structure of the leading a®-term (~ was assumed by Kinoshita 

[5]; all further a®-results are new and need confirmation by other calculations. 



5 Concluding remarks 



Although the 8-component equation given in (6) looks unusual in its asymme- 
try between the two particles, the comparison with NRQED results shows its 
correctness. 

The following points make this formalism interesting: 

• The dimensionless equation (6) is explicit CT^T-invariant. 

• The formalism has 8 components and is therefore an irreducible representa- 
tion of the Lorentz group. This implies that 

— the interaction generated by the scattering matrix is non-hermitian (to 
compare to the Dirac equation in irreducible Kramers-form with 2 com- 
ponents). 

— the first order interaction includes the main part of the interaction 

normally attributed to two-photon exchange, namely —V"^ (The 16- 
component interaction {E — V) becomes {E — V)"^ in 8 components, 
and {E — V)'^ — = E'^ — 2EV = E'^ — 2mim2Vg gives already the 

8-component first order potential Vg). 

• In the cms, the equation is linear in the momentum p. 

• The “Dirac-Coulomb-equation” (i.e. the dimensionless equation with Cou- 
lomb potential) has exact solutions and can therefore be used as a good 
starting point for perturbation theory. 
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Abstract. Precise predictions of atomic energy levels require the use of QED, espe- 
cially in highly-charged ions, where the inner electrons have relativistic velocities. We 
present an overview of the two-time Green’s function method; this method allows one 
to calculate level shifts in two-electron highly-charged ions by including in principle 
all QED effects, for any set of states (degenerate, quasi-degenerate or isolated). We 
present an evaluation of the contribution of the screened self-energy to a finite-sized 
effective hamiltonian that yields the energy levels through diagonalization. 



1 Experiments and Theory 

Experimental measurements of atomic energy levels provide more and more 
stringent tests of theoretical models; thus, the experimental accuracy of many 
measurements is better than the precision of theoretical calculations: in hydro- 
gen m, in helium 01 and in lithium-like uranium 0 and bismuth [0|. The 
current status of many precision tests of Quantum-Electrodynamics in hydrogen 
and helium can be found in this edition. 

Furthermore, highly-charged ions possess electrons that move with a velocity 
which is close to the speed of light. The theoretical study of such systems must 
therefore take into account relativity; moreover, a perturbative treatment of the 
binding to the nucleus (with coupling constant Za) fails in this situation 0. 
Perturbative expansions in Za, however, are useful in different situations (see 
0 for a review, and articles in this edition 

2 Theoretical Methods for Highly-Charged Ions 

There are only a few number of methods that can be used in order to predict 
energy levels for highly-charged ions within the framework of Bound-State Quan- 
tum Electrodynamics m- the adiabatic S'-matrix formalism of Gell-Mann, Low 
and Sucher d, the evolution operator method mm, the two-time Green’s 
function method m and an interesting method recently proposed by Lindgren 
(based on Relativistic Many-Body Perturbation Theory merged with QED) 1181 . 
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All these methods are based on a study of the some evolution operator or propa- 
gator; the two extreme times of the propagation can be both infinite (Gell-Mann- 
Low-Sucher), one can be finite and the other infinite (Lindgren), and both can 
be finite (Shabaev). 

But among these methods, only two can in principle be used in order to apply 
perturbation theory to quasi-degenerate levels (e.g., the ^Pi and ^Pi levels in 
helium-like ions): the two-time Green’s function method and Lindgren’s method 
(which is still under development). Both work by constructing a finite-sized 
effective hamiltonian whose eigenvalues give the energy levels m- 

The two-time Green’s function method has the advantage of being applicable 
to many atomic physics problems, such as the recombination of an electron with 
an ion po), the shape of spectral lines |2U and the effect of nuclear recoil on 
atomic energy levels P2I2g. 

2.1 Overview of the Two-Time Green’s Function Method 

We give in this section a short outline of the two-time Green’s function method. 
The basic object of this method m represents the probability amplitude for N 
fermions to go from one position to the other, as shown in Fig. ^ 



Probability amplitude? 




Time t Time t' 



Fig. 1. The 2-particle Green’s function is the amplitude for going from one state of 
two particles to another state 



The corresponding mathematical object is a usual Wparticle correlation 
function between two times: 

Sf (Xi, . . . , XV, t; Xi, . . . , X^, t ) (1) 

= (f?|T#“’(xi,t)-..-F“"(xv,t) 

(x'v ,*')■■■ (x'l ,t')\i^), (2) 

where \fi) is the vacuum of the full Bound-State QED Hamiltonian H, and 
where the quantum field iF is defined as the usual canonical electron-positron 
field evolving under the total hamiltonian in the Heisenberg picture m- 

A remark can be made here about Lorentz invariance: the above correlation 
function (or propagator) displays only two times, which are associated to many 
different positions. A Lorentz transform of the space-time positions involved 
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therefore yields many different individual times (one for each position); thus, 
the object CD must be defined in a specific reference frame. And this reference 
frame is chosen as nothing more than the Galilean reference frame associated to 
the nucleus, which is physically privileged. 



Fundamental Property of the Green’s Function 

The fV-particle Green’s function is a function of energy simply defined through 
a Fourier transform of Eq. ( 0 : 

0^(xi,...,XAr;x),...,x)v;F e R) 

= i S'f (xi, . . . ,XAT,Z\t;xi, . . . ,x)v,t' = 0) . (3) 



This function is interesting because it contains the energy levels predicted by 
Bound-State QED: one can show 123 that 



5^(xi,...,xat;x'i, 



• j F S R) 



(4) 



E 

Eigenstates |n) oi H 
with charge — AT|e| 



(I7|'0(xi) ■■ ■•0(xjv)|rt)(n|'0(x)y) ■ ■ ■■0(x()|f?) 
E - {En - fO) 



Eigenstates |n) oi H 
with charge +AT|e| 



(f7|^(x)v) ■ ■ ■-^(x()|n)(n|^(xi) ■ ■ ■ -0(xjy)|f?) 
E — [ — En lO) 



where \fi) is the vacuum of the total hamiltonian H\ if \s the usual second- 
quantized Dirac field in the Schrodinger representation and En is the energy 
of the eigenstate n of H . The poles in E with a positive real part are exactly 
the energies of the states with charge — A^|e|, which are physically the atomic 
eigenstates of an ion with N orbiting electrons (The charge of the nucleus is not 
counted in the total charge.), as shown graphically in Fig. |3 Such a result is 
similar to the so-called Kallen-Lehmann representation E3- 

In order to obtain the energy levels contained in 0, we must resort on a per- 
turbative calculation of the correlation function m, which belongs to standard 
textbook knowledge m- The position of the poles of o must then be mathe- 
matically found. It is possible to construct an effective, finite-size hamiltonian 
which acts on the atomic state that one is interested in; the eigenvalues of this 
hamiltonian then give the Bound-State QED evaluation of the energy levels ISI- 
This hamiltonian is obtained through contour integrations. 

2.2 Second-Order Calculations 

The current state-of-the-art in non-perturbative calculations (in Za) of atomic 
energy levels within Bound-State QED consists in the theoretical evaluation 
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Fig. 2. The 2-particle Green’s function contains information about the atomic energy 
levels of a 2-electron atom or ion 



of the contribution of diagrams with two photons (i.e. of order a^, since the 
electron-photon coupling constant is e). For instance, for ions with two electrons, 
the screening of one electron by the other is described by the six diagrams of 

Fig. El 








Fig. 3. The contributions of order c? to the electron-electron interaction 



However, most of the calculations of contributions of order c? were, until 
very recently, restricted to the very specific case of the ground-state (see m 
for references). The extension to the calculation of the energy levels of quasi- 
degenerate states represents one of the current trends of the research in the 
domain of non-perturbative (in Za) calculations with QED. 

We have calculated the contribution of the screened self-energy (first and 
fourth diagrams of Fig. E|) to some isolated levels in j27p2SI‘29p,‘-{()j . When energy 
levels are quasi-degenerate (e.g., the ^Pi and ^Pi levels in helium-like ions), the 
two-time Green’s function method allows one to evaluate the matrix elements of 
the effective hamiltonian between different states; for the first diagram of Fig. El 
we obtain the following contribution to this hamiltonian (The two electrons on 
the left are denoted by ni and ri2, and the two on the right by and and 
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other notations follow.): 



P.P' I 



+ X! (’^P(l)”'P(2)l'S'fc(*^np(i)i^n)„(jj)l’^P' 



fe/'n.p{l) 



'(1)’^P'(2) 



(5) 



^pl£„^(i) ((»^P(1)I^(P)I«P(1)) 

X (np(i)np(2) \I{p - )\n'p'{i)P'p'{2))] 

^P'\e / \^P{l)PP{2)\I{£np(^ ~ P )\Ppi(l)Ppi 

x(n'p,(i)|i7(p')|np/(i))) 



( 2 )/ 



where we made use of standard notations m-- Ek is the energy of the Dirac state 
k, (—1)^^ is the signature of the permutation P o P' oi the indices {1,2}, E 
represents the self-energy, and I represents the photon-exchange: 



(a6|/(w)|cd) = e^y [V'I(a;i)a''V'c(a:i)] 

X [V'|)(®2)a'''0d(a:2)]-Dpp(w; xi - X 2 ) 

{a\E{p)\b) =^. jdujY, 



lp,k\I {uj)\kh) 



£fc(l - iO) - (p - w) ’ 



( 6 ) 



(7) 



where a, b, c and d label Dirac states, and e is the charge of the electron; are 
the Dirac matrices, and ip denotes a Dirac spinor; the photon propagator D is 
given in the Feynman gauge by: 



Dppi{oj;r) = 



exp + ioj 



47r|r| 



(8) 



where p is a small photon mass that eventually tends to zero, and where the 
square root branch is chosen such as to yield a decreasing exponential for large 
real- valued energies oj. In Eq. Q, \xo is the partial derivative with respect to 
X at the point Xg, and the skeletons of the screened self-energy diagrams with a 
self-energy on the left and on the right are defined as: 

(np(i)np(2)|S'{(p,p')l»^P(i)«P(2)) = 

(np(l)np(2)|/(p-p)|fc^pq2)) g^(^_^^Q) _p, (fe|^(p)l^^pqi)). 

(np(i)np(2)|S'{(p,p')l»^P(i)«P(2)) = 
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(np(i) \S{p)\k) l^(P - P') l«P(i)«P(2)) ■ 

The terms of order — En'^) are not included in the above expression 

because they do not contribute to the level shift of order o? in which we are 
interested. (They contribute to higher orders, as can be seen in the particular 
case of two levels HQp. 27].) 

This expression is only formal and must be renormalized |Z3; angular in- 
tegrations can then be done and numerical computations can be performed in 
order to yield the Bound-State QED evaluation of the energy shifts. 

For the contribution of the first diagram of Fig.Olto have any physical mean- 
ing, it is necessary to calculate it together with the vertex correction (fourth 
diagram of Fig. EJ. We have obtained the following contribution to the effective 
hamiltonian for the vertex correction: 

(~1) (*l^P(2) |.^(£np(i) ~ ‘Sra'p,^jj)K2?T'p/(2)) 

P,P' ii,i2 

^2tt J [£i, (1 - fO) - (e„p(,, - w)j [Si^ (1 - fO) - - w)j 

+0[a2(Fi?)-£;W)] 

where ni,n 2 ) and {n'i,ri 2 ) still represent the electrons of the two states that 
define the hamiltonian matrix element given here, and where the sum over ii 
and i 2 is over all Dirac states. 

3 Conclusion and Outlook 

We have presented a quick overview of the current status of theoretical predic- 
tions of energy levels in highly-charged ions with Bound-State Quantum Elec- 
trodynamics. We have given a short description of the two-time Green’s function 
method, which permits the calculation of an effective hamiltonian that can in 
principle include all QED effects in energy shifts. We have also presented the 
specific contribution of the screened self-energy in the general case (isolated lev- 
els, quasi-degenerate or degenerate levels); the expression obtained can serve as 
a basis for numerical calculations of the corresponding effective hamiltonian. 
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Abstract. We have calculated the scalar and tensor dipole polarizabilities (/3) and 
hyperpolarizabilities ( 7 ) of excited ls2p ^Po, ls2p ^P 2 - states of helium. Our theory in- 
cludes fine structure of triplet sublevels. Semiempirical and accurate electron-correlated 
wave functions have been used to determine the static values of /3 and 7 . Numerical 
calculations are carried out using sums of oscillator strengths and, alternatively, with 
the Green function for the excited valence electron. Specifically, we present results for 
the integral over the continuum, for second- and fourth-order matrix elements. The 
corresponding estimations indicate that these corrections are of the order of 23% for 
the scalar part of polarizability and only of the order of 3% for the tensor part 



1 Introduction 

The fine structure of the ls2p multiplet of He I has been measured with high 
precision using both laser spectroscopy m and microwave techniques PEI- 
These zero-field measurements can be complemented by experiments in non- 
zero external fields. On the other hand, being the simplest many-body atom, 
helium has traditionally been the subject of testing the ground of the theoretical 
approaches to atomic interactions with external fields. Of particular interest 
are measurements with field strengths, where the energy separation of a pair of 
sublevels has a minimum. These energy separations at anticrossings are sensitive 
to matrix elements of the atomic Hamiltonian, which are of no importance in the 
zero-field fine- structure splitting. Therefore, they provide additional information 
valuable for detailed tests of the quantum electrodynamical description of the 
He atom. Energy separations of closest approach have recently been measured 
for electric-field anticrossings of He I singlet and triplet Stark sublevels jSj and 
for the 0“ x 0“ anticrossing of the pair of ls3p ^Pj Stark states with M = 0 and 
negative reflection parity at an electric field F ~ 150 kV /cm j^. A corresponding 
anticrossing occurs also in the Stark splitting of the ls2p ^Pj multiplet at an 
electric field F ~600 kV/cm with an energy separation AE ^ 30 GHz. 

Using modern techniques of laser cooling, high-intensity beams of metastable 
He (ls2s ^S) atoms can be prepared well suited for precision spectroscopy in high 
electric fields |7]. After transversal cooling, well collimated beams can be exposed 
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to homogeneous electric fields even as high as 600 kV /cm when traversing a pair 
of electric-field plates with a spacing of about 1 mm. The energy separation of 
closest approach of the 0“ x 0“ anticrossing can then be measured with high 
precision using microwave spectroscopy, since the resonance frequency of the 
0“ — 0“ transition is independent of the electric field strength in first order 
and therefore is not broadened by a residual field inhomogeneity. Experimental 
techniques for detecting these resonance transitions can easily be conceived. For 
example, one 0“ -sublevel can be excited selectively within the field region using 
a 1083 nm laser, and the population of the other 0“ sublevel can be selectively 
detected using two-photon ionization via a resonant intermediate ls3d state. 

Using these experimental techniques, the energy separation at the 0“ x 0“ - 
anticrossing can be measured as precise as the zero-field fine-structure splitting. 
This perspective justifies a thorough theoretical analysis of this anticrossing for 
determining all energy matrix elements contributing to the energy separation 
on the ppm level, in order to find out the theoretical parameters, on which the 
energy separation of the anticrossing depends most sensitively. 

In two previous papers we have calculated the static polarizabilities and 
hyperpolarizabilities for ls3p ^Pj {J = 0, 2)-states of helium. The method was 
based on degenerate perturbation-theory expressions for these quantities. The 
necessary dipole matrix elements were found by using the high-precision wave 
function on framework of the configuration-interaction (Cl) method jl l)j . The 
perturbed wave functions are also expanded in a basis of accurate variational 
eigenstates m- These basis sets of the wave functions explicitly take account 
of electron correlation. To control the result we have also carried out similar 
calculations with Fues’ model potential method. 

In this paper we modify and extend this approach in several ways. In partic- 
ular, we consider the magnetic fine structure effects in the presence of a uniform 
electric field F for ls2p ^Pj- excited states of helium. We introduce two sep- 
arate differential polarizabilities to describe the quadratic part of the electric 
field splitting and three differential hyperpolarizabilities to describe the terms 
the order of in the fine-structure splitting of the atomic multiplet ls2p ^Pj. 
We have developed a calculational approach that allows correct estimation of 
potential contributions due to continuum spectra to the dipole susceptibilities 
(3 and 7. In the next section we briefly outline our method. The details of the 
calculations of the angular and radial matrix elements have been described else- 
where m and are omitted here for brevity. Atomic units are used throughout. 

2 General formulation of method 

The Stark effect on the magnetic fine structure occurs as a result of disturbance 
of atomic levels under the influence of the relativistic and correlation effects as 
well as the interaction with external electric field F. If the fields are weak enough 
the centre of multiplet is shifted and there occurs the splitting of sublevels of 
atomic multiplet n, L, J. The dipole moment induced in an atom by a uniform 
electric field F is for most purposes expressed as a linear function of F, but higher 
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terms in F may become important when the field strength becomes sufficiently 
large. The induced dipole moment D is given by 

D = !3F+pF^ + ---, (1) 

in which (3 is the electric dipole polarizability, and 7 represents the devia- 
tion from a linear polarization law. The parameter 7 is the electric dipole 
hyperpolarizahility . Such a deviation from linearity corresponds to fourth-order 
terms in F in the phenomenological expression 

AE = E-Eq = - — F^-—F'^ , (2) 

2! 4! ^ 



where Eq is the field- free energy. Both (1) and (2) may be considered as the 
leading terms in a power series expansion in field strength of the induced moment 
and induced energy shift, respectively. In the present work we shall show that 
the Stark splitting of a fine-structure multiplet with states \nLJM > in a field 
E deviates from the quadratic law in rather weak fields, far from the ionizing 
one for a given level. 

The polarizability in (1) is conveniently expressed in terms of the second- 
order matrix element of the electric dipole moment component Dz 



PnLJM — 2 < 



D.Ge„jDz 



^n]> 



( 3 ) 



Here 






E 

\m>^nj 






Em. - E, 



nj 



( 4 ) 



is the reduced Green function of the atom with the energy Enj , and Em are 
eigenstate and energy, respectively, of the zeroth-order Hamiltonian, the symbol 
indicating summation over all discrete levels and integrating over the con- 
tinuum. The corresponding expression for the hyperpolarizability is determined 
from the Rayleigh-Schrodinger expression for the fourth-order energy 



InLJM — 24 
1 



< I DzGe„jDzGe„jDzGe„jDz I > 



(0) 



~ 2^nLJM^nLJM{ — 3) 



( 5 ) 



where S'(— 3) is the sum of oscillator strengths of negative order 
SnLJMi-S) =< 



1 D.G'k^Dz I > . 



( 6 ) 



The polarizability (3 contains a scalar component [3'I^ej ^^nd a tensor compo- 
nent I3^ej i- 6 - 

PnLJM = PnLJ + l^nLJ J(2 J — 1) 



( 7 ) 
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The static hyperpolarizability tensor may be resolved into irreducible parts, 

liinLJ) 



InLjM = loinLJ) + i2{nLJ) 

, ^ ^,3(5M2- J 
+ j^{nLJ)— 



3Af2- J(J+1) 

J(2J- 1) 

2 - 2J)(5M2 + 1 - j2) _ 10M2(4M2 
J(2J- l)(2J-2)(2J-3) 



1 ) 



.( 8 ) 



Here 7 q (nLJ) corresponds to the scalar part of hyperpolarizability, 72(nLJ) 
corresponds to the rank 2 tensor part of hyperpolarizability, 74 (nLJ) determines 
the tensor part of the rank 4. As the field strength F increases, the splitting of 
the level may reach values comparable to the distance between levels of the 
same parity (the components of the fine structure of an atomic multiplet) and, 
therefore, the level shift AEnLjM can be found by solving the secular equation 



det WAEnLjAiSjj' — Vjji\\ = 0. 



(9) 



It should be noted, that the off-diagonal matrix element Vjji is finite only at 
J' = J±1, J±2 and contains a tensor part of polarizability, which depends on 
the projection M of the total angular momentum J. On the other hand, if we 
ignore the multiplet splitting in comparison with the energy difference between 
different multiplets with n' yf n, the martix element Vjj/ can be expressed in 
terms of the tensor polarizability of the Isnp ^P 2 -state. In our case of Is2p 
and Is2p ^P 2 states the matrix element V02 is given by 

^02 = (10) 

Using (9) and (10) the energy separation AEq 2 {F) in electric field F, may be 
written in the form 



AEo2{F) 







+ 2U4 (/3*3pJ^ 



( 11 ) 



where 

= P2^Pq ~ f^2^P2^ ^7 = 723Po ~ (12) 

and AEq 2 ^ is the energy separation of the zeroth-order Hamiltonian. Details of 
calculation fi and 7 are presented in the following Sections. 



3 Analytical basis set for higher-order calculations of 
transition amplitudes 

The problem of exact ab initio calculations of the quantities (3 and 7 is ex- 
tremely difficult and involves calculating spectral sums over the complete set 
of unperturbed states. The need for such summation appears in the process of 
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determining the perturbed wave functions or energy shifts of atomic levels in the 
perturbation-theory setting. In addition to direct summation over the discrete 
spectrum and integration over the continuous spectrum of intermediate states, 
which are extremely involved process in the relativistic case, we basically used 
two approaches to effectively calculate such spectral sums: a method for integrat- 
ing inhomogeneous differential equations and a method that uses the formalism 
of Green functions. 

An important advantage of first method is the possibility of using different 
expressions for the atomic potential, and the calculations can be done not only 
for a purely Coulomb interaction, but in the multiconfiguration interaction ap- 
proximation, the Hartree-Fock-Dirac approximation, and the relativistic random 
phase approximation with exchange effects. The most exact relativistic calcula- 
tions were done in H2] for the polarizability of the ground state of a helium-like 
atom. 

The effectiveness of the method of Green function is largely determined by the 
existence of the appropriate representations. Since the analytical representation 
for the Green function are known only for the Coulomb field, the use of this 
approach is restricted to problems in which the difference of the potential and the 
Coulomb potential is insignificant or can be taken into account by perturbation- 
theory techniques. 

In this paper we have taken the Green function for the Fues’ model potential 
from ftanj . The angular part of G£;(ri,r 2 ) is simply the product of spherical har- 
monics, while for the radial part we have taken an expansion in Sturm functions, 
which have only a discrete spectrum : 



Gis(ri,r2) = ^5z(G;ri,r2)y'/m(ni)y'4(n2), (13) 

l,m 






^ S k + Xi + l-,^ 



where v = 






, and 



Uki 



k\ 



r{k + 2 + 2\i) 



x^‘ exp 



(- 1 ) 






(14) 



(15) 



The parameter A; {I may represent a specific set of spin-orbit quantum num- 
bers, in addition to representing a specific angular momentum) can be found by 
comparing the quantity 

Enl = ~ „ 2 

with experimental energy values for the lowest state of a valence electron with 
a given 1. The quantity ly = Vni = + A/ -I- 1, with = 0, 1, 2, • • • is the radial 

quantum number. In particular, for the ground state we have = 1 and the 
effective angular momentum A = i>—2. Such definition for Aj implies the existence 
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of an additional ’’imaginary” state with the effective principal quantum number 
— 1 , since the set of states in the Green function should be complete. On 
the other hand, the binding energy of the ’’imaginary” state is almost ten times 
higher than the excitation energy of any level in a series, so that its contribution 
to the optical- transition amplitude can be ignored. 

The analytical expression for the Green function is particularly convenient 
when the matrix element under consideration is given by a finite number of the 
partial terms in expansion (13). 



4 Results and discussions 

Using the method described in Section 2, we have calculated the scalar and 
tensor dipole susceptibilities (3 and 7 of excited levels of helium. As noted pre- 
viously |8lt)j . the sum in the expression for fi is strongly dominated by the term 
with nJ = TO in (4), contributing about 99%. For example, using standard an- 
gular momentum theory ini, the resonant term for the scalar polarizability had 
the form |8lt)j : 

r,s(res) _ _2 ^ L{2J' + 1) j,n,L-l,J' ( L J 1 1 
“ 3^ Ej - Ej, [ \j' L- 11) 

2 \ 1)(2J' 1) 

+ 3^ Ej - Ej, 

where R are the radial matrix elements, 6j-symbol m For the 

circular states where n = L -|- 1, the resonant term in the second part of (17) 
vanishes. In this case the comparison of equations for /3® and gives « — /3*. 

The components of the hyperpolarizability have a more complicated reso- 
nance dependence. In this connection it is convenient to divide the components 
of 7 into resonant and nonresonant parts: 7j = . The resonant part 

is determined by the tensor part of multiplet polarizability and the fine-structure 
splitting Sjji (Table 1). 

Because the fine-structure splitting (5 12 is about one order of magnitude less 
than S 02 , the resonant terms with the factor l/<5i2 dominate in these expressions. 
But they cancel exactly in full expressions for the hyperpolarizabilities of states 
with the magnetic quantum number M = 0. The terms with the factor I/S 02 
cancel out of the states with M = 1. All resonant terms cancel out of the 
hyperpolarizability of the state with M = 2, because this state has no degeneracy 
and is not mixed to any sublevel of the n^P- state. 

In the perturbation theory for degenerate states the resonant hyperpolariz- 
ability is determined by the tensor part of polarizability jO) and may be extracted 
out of the fourth-order terms self-consistently: in the case of nondegenerate per- 
turbation theory the resonant part appears for separate sublevels of an atomic 
multiplet. The numerical results are listed in Table 2. 



R. 



n,L+l, 

n,L,J 



L J 1 
J' L+ 11 



(17) 
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Table 1. Resonant contributions to the irreducible parts of the hyperpolarizabilty in 
the triplet states 
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-12 
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<>12 


-9( f )^ 

<>12 
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i Pf + A] 


-1 ('’■)’ [A + A] 


It Vf [A 



Table 2. The numerical values for the compouents of polarizability and the nonreso- 
nant part of hyperpolarizability of helium (a.u.) 



Component 


Model potential 




50.69 


/?23P, 


50.73 


023P2 


72.12 




3.673 X 10'^ 


^(»on)(23p^) 


3.686 X lO’’ 


^(»on)(23p^) 


3.856 X 10® 


^(»on)(23p^) 


1.077 X 10® 



Table 3. Contributions of the d— states of the intermediate spectrum to the polariz- 
ability of the ls2p ^Po (a.u.) 



n 


fnd—3p 


3 


101.52 


4 


11.84 


5 


3.67 


6 


1.65 


7 


0.90 


8 


0.55 


9 


0.36 


10 


0.24 


Continuum 


5.90 


Total 


126.63 
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A typical convergence study with the size of the continuum contributions is 
shown in Table 3 for ls2p ^P 2 -state. These corrections are of the order of 23% for 
the scalar part of polarizability and only of the order of 3% for the tensor part. 
The magnitude of the electric field and the energy separation at anticrossing 
0“ X 0“ are: F = 632.96 kV/cm and AE = 30084 MHz , respectively. 

5 Conclusions 

We have calculated the second- and fourth-order dipole susceptibilities of an 
excited helium atom. Numerical results have been obtained for the ls2p ^Pq- 
and ls2p ^P 2 -states of helium. For the accurate calculations of these quantities 
we have used the model potential method. The interaction of the helium atoms 
with the external electric field F is treated as a perturbation to the second- and 
to the fourth orders. The simple analytical expressions have been derived which 
can be used to estimate of the second- and higher-order matrix elements. The 
present set of numerical data, which is based on the Green function method, 
has smaller estimated uncertainties in ones than previous works. This method is 
developed to high-order of the perturbation theory and it is shown specifically 
that the continuum contribution is surprisingly large and corresponds about 23% 
for the scalar part of polarizability. 

It is hoped that this theoretical investigation will add impetus to a the parallel 
experimental study on atomic characteristics of helium considered. 
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Abstract. We study the effect of a magnetic field on the probability of radiative tran- 
sitions of a hydrogen atom from diamagnetic manifold states. The analytical formulae 
have been derived for the susceptibilities determining the influence of diamagnetic 
interaction on the probabilities of radiative transitions. To derive the analytic expres- 
sions for the higher-order matrix elements, we use the Sturm expansion of the reduced 
Coulomb Green function. We also examine the frequency dependence of corrections 
to the radiative matrix elements and its correlation with the structure of the diamag- 
netic spectrum of excited levels. We discover the selective action of a magnetic field 
on the diamagnetic components of emission lines: when the field strength increases, an 
increase in the intensity of some lines is accompanied by a decrease in the intensity of 
the other lines. 



1 Introduction 

Calculation of electromagnetic susceptibilities of atoms is an important problem 
of Atomic Physics. These quantities provide essential information on the funda- 
mental interaction between electromagnetic field and matter. Atomic hydrogen is 
the only microsystem for which the exact theoretical calculations of amplitudes 
and electromagnetic susceptibilities are feasible and specifically in the analytical 
form. So the efforts for deriving analytical formulas and calculating numerical 
values for diverse quantities describing such processes are worthwhile not only 
for profound studies of the simplest quantum systems but also for providing pos- 
sibilities to giving new insights to the fundamental problem of the field-matter 
interaction. 

The problem of diamagnetic states in the Zeeman atomic manifold was stud- 
ied intensively during the last two decades. The diamagnetic components of the 
Zeeman spectrum may be optically resolved in rather strong magnetic field. 
However, due to huge magnitudes of internal atomic fields the perturbation the- 
ory, even in the lowest order, is often sufficient for describing the modification 
of the atomic properties under the action of a very strong field. There exists 
the field range where the perturbative description is yet possible but for under- 
standing the electromagnetic effect correctly the higher-order amplitudes and 
susceptibilities of atom should be considered. 

The principal optical properties of the diamagnetic sublevels in atomic hy- 
drogen — the shift and splitting in field of the energy levels — have been studied 
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up to the second order in diamagnetic interaction already in the mid-1980s (see 
the review article [1]). This progress had restarted in late 1990s when the studies 
of the higher-order corrections have begun [2-4] . This situation is quite simple to 
understand, since the set of constants of motion in a Coulomb plus magnetic field 
may be determined approximately, only up to the second order in diamagnetic 
interaction [5]. That is why the effective Hamiltonian could be constructed [6] 
only up to the second order and then diagonalized [7] within the set of degenerate 
states of an excited hydrogen level. 

The further progress has become possible for the third-order terms in dia- 
magnetic interaction with the use of another approach, based on the higher-order 
perturbation theory for degenerate levels and the reduced Coulomb Green func- 
tion formalism [4,8,9]. This formalism allowed to derive analytical expressions for 
the third-order diamagnetic matrix in a basis of degenerate spherical Coulomb 
states which may be used for determining the third-order diamagnetic energies. 
For a non-degenerate state the corresponding diagonal matrix element itself de- 
termines the third-order energy and thus provides analytical expressions for the 
diamagnetic susceptibilities of the two lowest levels (of opposite parity) in a 
Zeeman manifold with a given magnetic quantum number m [3] . 

The recursive algebraic procedure has been developed for calculating numer- 
ically very high diamagnetic susceptibilities of the lowest hydrogen levels [2] 
within the lowest Zeeman manifold m = 0. So the diamagnetic effect on atomic 
eigenfrequencies has been studied to very high orders of perturbation theory. 

However, the diamagnetic effect on the other important property of spectrum, 
namely, on the atomic line strength, has not yet been discussed so in detail. The 
only result in this respect was derived as a consequence of diagonalization of the 
diamagnetic Hamiltonian, which is usually carried out together with calculating 
the corresponding eigenvector of the diamagnetic sublevel. The splitting of a 
degenerate level into a set of diamagnetic states is accompanied by the splitting 
of corresponding atomic line into diamagnetic components. The intensities of 
these components are determined by the contribution of a dipole-accessible state 
into the diamagnetic sublevel. Thus a distribution of oscillator strengths over 
diamagnetic components of a Lyman line was derived [1,7]. Since the upper- 
level diamagnetic states arise from a strictly degenerate basis (all the states have 
exactly one and the same energy in the zero-field limit) and form an eigenvector 
of the first-order diamagnetic matrix, corresponding radiative oscillator strengths 
do not depend on the magnetic field. The field dependence appears only when 
one allows for the second-order terms in the diamagnetic interaction, thus taking 
into account all the complete atomic basis of states, including continuum. 

In this communication we report on the analytical expressions for the first- 
order diamagnetic corrections to the matrix elements of radiative dipole tran- 
sitions, determining the field dependence of the line intensities. Some of the 
backgrounds and basic aspects of the work may be found in [9] . 
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2 Radiation Matrix Element Dependence on a Magnetic 
Field 



The field dependence for the radiative transition matrix element may be pre- 
sented in the form of expansion in power series: 



■ ( 1 ) 

The coefficients of the series may be calculated on the basis of the perturbation 
theory for the initial- (|t)) and final-state (|/)) wave functions of atom in field. 
The simplest way of calculations is the use of the iteration procedure for the 
integral equation with the Coulomb Green function (r, r'): 

i?.(/)=i?l(O) + (l(0)|VD|z(/)), 

!*(/)) = |1(0))-G'^,(,,Vd|z(/)). (2) 

The first field-dependent term of expansion (1) = (7io(l) + 9io(0) is deter- 

mined by the corrections of the first order in the diamagnetic interaction 

to the free-atom wave functions of initial |1) (the term <7io(l)) and final |0) (term 
<Zio(0)) states. After integration over angular variables the terms (7io(l(0)) may 
be presented as combinations of the radial matrix elements. E.g., for 7r-transition 
from \nlm) into state with m = I' = I — 1 we have: 



— c?io I 1 -I- 

V S=1 






X 



I {nl\r'^g\'^\r,r')r'\n'l') 
4(2? -I- 3) (n?|r|n'?') ’ 

I 

4(2? -kl) 



(2? + 3){nl\rgi'^^ (r, r')r'^|n'?') — 2(nllrgi^ (r, r')r'^|n'?') 
(21 + 3)(n?|r|n'?') 



•( 4 ) 



With the use of the Sturm-series resolution for the reduced radial Coulomb Green 
function: 



(„) 4ZJ “ 

ffi [r,r) = — ^ 



f ( 2Zr \ f ( 2Zr' \ 

k\ Jkl[—)jkl[ — ) 



- U^;r.(^ + 2? + i)! 



?c -k ? -k 1 — n 



Ur'. 



(n-k?)!n[2 dr 



5 d 

X + r- 



r' — 
dr' 



furl 






2Zr' 



( 5 ) 



and the orthogonality of the Sturm function 

fki(x) = 



( 6 ) 
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to the radial wave function 



Rni{r) 



2Z3/2 / Ur\ , 

V? \j {n + 1)\ 




( 7 ) 



with equal argument, we derive the analytical expressions for the matrix elements 
of numerators and denominators of fractions for the quantities (4) in the form of 
generalized Gordon’s formulae. For small radial quantum numbers of the lower 
level simple analytical expressions in terms of ratios between the polynomials 
of the upper-level principal quantum number n can be derived. For the lines of 
Lyman series (n' = 1, F = 0) these expressions reed: 



30n® - lOOn® -h 74n^ -h - 55 
120Z4(n2 - 1) ’ 

- 260n« -f 348n® -f 125n^ - 208^2 -h 55 
120Z4(n2 - 1)2 



Similar expressions for transitions |np) ^ |2s) of the Balmer series {n' = 2, 
I' = 0) are: 

^ 15n® - 160n® -f 164n^ -h 4312n2 - 6560 

- 60Z4(n2 -4) ’ 

15ni° - 220nS -h 804n® -f 207671^ - 12288n2 -h 13120 
9np,2s - 30Z4(n2 - 4)2 ' 

No more complicated expressions may be written for the transitions |ns) ^ |2p): 



lOOn® - 675n® -f 1028n4 - 508871^ -h 7680^ 

120^4(772 - 4) ’ 

125n4° - 1630n® -f 5224 t 7® -h 92 8077^ - 5606477^ -h 61440 
120Z4(t72 - 4)2 



( 10 ) 



And for 1 77^777) ^ 1 2^777'): 



^nd0,2p0 



Qndl,2p0 



^ndl,2pl 



9nd2,2pl 



Qnd0,2pl 



156577® - 2004077® -f 50512774 -h I966O8772 - 344064^ 

5376(772 _ 4) ’ 

15774® - 26877® -f 139277® - 12877^ - 8448 t 72 -h 10752 
42(772 - 4)2 ’ 

1577® - 20877® -f 56O774 -h 300877^ - 5376 
42(772 - 4) ’ 

45774® - 80477® -f 417677® -f 512774 - 34304772 -h 43008^ 

84(772 - 4)2 ’ 

835774® _ 1658077® -h 9204877® -f 70976 t74 - 1081344t 72 -h 1376256 

2688(772 - 4)2 
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It is important to note that the main contribution to these equations is given 
by the variation in field of the upper-level wave function. So, for the Lyman- 
transition from the state n = 5 the field-induced variation of the ground-state 
wave function contributes to the coefficients q less than 0.02%. The variation of 
the lower state in the Balmer transition from the n = 5 state does not exceed 
3%. 

These formulae and numerical estimates don’t take into account the mixing 
of |n?m)-states with equal parity by the diamagnetic interaction. 

3 Diamagnetic Corrections to Matrix Elements of 
Transitions from Degenerate States 

Rigorously speaking, the excited hydrogen n^m-levels are degenerate, except for 
the four states with m > n — 3. For m < n — 3 only the magnetic quantum 
number m and parity P remain the integrals of motion. The state mixing occurs 
in arbitrary weak field, since the states with different I have one and the same 
energy. To calculate correctly the wave function dependence on field, we use the 
perturbation theory for degenerate states. The integral equation (2) for them 
transforms into 

V’rimAp(r) = ^ Oi(A)[l-kG'£;(r,r')VD(r')]”V„/™(r')), (12) 

where (r) is the wave function of a free atom with fixed orbital momentum; 
p = 0(1) is the number determining parity P = (— l)’”’*'^. The parameter A is 
the diamagnetic quantum number. The Green function G^(r,r') is orthogonal 
to the wave functions of degenerate basis states and accounts for the mixing into 
the wave function (12) of the complete set of atomic states including continuum 
and excepting the degenerate basis. 

The coefficients of the linear combination a; are determined from the system 
of linear equations: 

^max 

(F;„ - E)ai + (T’nim(r) I W{v,v') \ tp„,/^(r')) = 0, 

V —m-\-p 

l = m + p,m + p+2, . . . ,lrnax, (13) 

with 

OO 

TT(r,r') = VD(r)[l + G'^(r, r')Vb(r')]-' = %z5(r) ^[-G's(r, r')VD(r')]^ (14) 

s=0 

— the integral operator exactly accounting for the diamagnetic interaction. Re- 
solving in power series the matrix element 

OO (s) 

Ww = I VF(r,r') | 



(15) 
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AEx = Ex-E„ = -J2 (16) 

S=1 

is the s-order diamagnetic susceptibility), and coefficients 

OO 

= (17) 

s=0 

we may write the system of equations (13) for every term of the last resolution. 
To calculate the first-order correction to coefficients (17) we have to determine 
the first- and second-order terms of the matrix elements (15) and energy (16). 

Since the zero-order wave function of a diamagnetic state is a linear combi- 
nation of the degenerate basis wave functions and the diamagnetic interaction 
allows for extension of dipole selection rules to Al = ±1, ±3, the equation for the 
coefficient q is modified to read (we consider the lower state to be non-degenerate, 
with V = m'): 






JO) 



(A) 



-‘-I'+S 

(0) 



(A) 






(18) 



where q^i'+i n'v above-described coefficient for the transition between non- 
degenerate states. The factor n'l' ^1®° be calculated analytically. For 

example: 






^nf,2s 



Qng,2p 



n^\/3(n2 — 4)(n^ — 
480(n2 - 1) 
n^i/3(n2 — 4)(n2 — 
480(n2 - 4)2 
n^i/2(n2 — 9)(n2 — 
672(n2 - 4) 



(55n^ -h 225n^ - 
(55n® -h 360n^ - 
(I25n^ -h 780n2 



16); 



2832n^ - 4096) ; 
-512) . 



(19) 



4 Numerical Results for Lyman and Balmer Transitions 

The results of numerical calculations of the coefficients q^l'^ n'Vm' first- 

order diamagnetic corrections to the dipole matrix element of the Lyman (np 
Is) and Balmer {np —> 2s, ns ^ 2p and nd —>■ 2p) series corresponding to transi- 
tions from the excited hydrogen levels with n < 8 are presented in table 1. These 
results are calculated from equations (8)-(ll) without account for diamagnetic 
mixing of |n^m)-states with different orbital momenta 1. So they only demon- 
strate the order of magnitude for the coefficients and the relative contribution 
of the field-induced variation of the upper-state and lower-state wave functions. 
The results which take into account the diamagnetic mixing of degenerate states 
are presented for the 7r-transition matrix elements in table 2. 
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Table 1. The factors q^’'^ for magnetically induced corrections to the matrix elements 
of the radiative tt- and u-transitions np— Is, 2s and ndm, ns — 2pm' in hydrogen atom; 
(fc) = 10'“ 



q 


n = 2 


3 


4 


5 


6 


7 


8 


Qnp,ls (^) 


9.926 


136.7 


876.2 


3.543(3) 


1.091(4) 


2.801(4) 


6.315(4) 


^np,ls (1^) 


-1.468 


0.0833 


0.3815 


0.4931 


0.5477 


0.5788 


0.5983 


^np,ls 


-2.838 


-0.0573 


0.4647 


0.6580 


0.7522 


0.8057 


0.8391 


Qnp,2s (^) 




154.3 


564.6 


2.778(3) 


9.368(3) 


2.522(4) 


5.846(4) 


9np,2s (2s) 




-63.23 


35.51 


49.90 


54.48 


56.52 


57.60 


Qnp,2s 




-176.4 


17.02 


45.93 


55.38 


59.66 


61.99 


Qns,2p0 (^) 




-137.7 


-2.706(3) 


-1.149(4) 


-3.582(4) 


-9.245(4) 


-2.090(5) 


Qns,2p0 




-210.9 


-56.89 


-28.37 


-17.75 


-12.50 


-9.482 


Qns,2pl 




-421.8 


-113.8 


-56.75 


-35.50 


-25.01 


-18.96 


QndO,2po{'^) 




55.39 


538.2 


2.934(3) 


1.023(4) 


2.806(4) 


6.576(4) 


QZdO,2po{‘^p) 




-11.65 


23.11 


28.00 


29.50 


30.15 


30.49 


Qndl,2po(^) 




117.6 


568.9 


3.360(3) 


1.206(4) 


3.351(4) 


7.913(4) 


Qndl,2p0 




-54.27 


44.44 


55.82 


58.75 


59.82 


60.30 


Qndl,2pl (^) 




117.6 


568.9 


3.360(3) 


1.206(4) 


3.351(4) 


7.913(4) 


Qndl,2pl 




-51.71 


60.44 


74.54 


78.50 


80.08 


80.85 


Qnd2,2pl (^) 




176.4 


853.3 


5.040(3) 


1.809(4) 


5.027(4) 


1.187(5) 


Qnd2,2pl (2p) 




-80.13 


74.67 


93.09 


98.00 


99.86 


110.72 


Qnd0,2pl (^) 




183.3 


345.8 


2.533(3) 


9.688(3) 


2.766(4) 


6.630(4) 


Qnd0,2pl (2p) 




-108.5 


88.89 


111.6 


117.5 


119.6 


120.6 



As is evident from the tables, the numerical values of q for the transition ma- 
trix elements in the Lyman series are rapidly increasing functions of the upper- 
level principal quantum number n. All of them are positive and may differ from 
one another by a factor of several units for transitions from different diamag- 
netic sublevels (labeled by the diamagnetic quantum number A which orders the 
absolute values of their energy [1] represented by the susceptibility [4>8]) 

within a Zeeman manifold with fixed magnetic quantum number m = 0, 1 (we 
consider only positive values of m as the diamagnetic effects are independent of 
the m’s sign), in the shell of states with one and the same principal quantum 
number n. The factors q for the Balmer series transitions into 2s-state are quite 
similar to those of the Lyman series as one can see from comparison of numerical 
data of table 2 for q^g^ and q^g^ 2 «' the higher n the closer these quantities to 
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Table 2. The factors for magnetic induced corrections to the matrix el- 

ements of radiative 7r-transitions in the Lyman |nOA”) ^ |ls) and Balmer series 
|nOA“) ^ |2s) and |nmA^) ^ |2pm) with m = 0, 1. The upper level index A is 
determined by ordering the absolute values of diamagnetic susceptibility, i rop- 

resented in individual columns; {k) = 10*^ 



n 


A 




9nOA- ,1s 


9nOA-,2s 


^nOA+,2pO 


-x1\^a+/2 


^nlX+,2pl 


3 


1 


9.0 


1.368(2) 


9.107(1) 


5.171 -1.179(2) 


9.0 


6.609(1) 




2 


- 


- 


- 


1.958(1) 1.920(3) 


- 


- 


4 


1 


1.335(1) 


1.525(3) 


1.439(3) 


1.868(1) -1.014(3) 


3.60(1) 


6.293(2) 




2 


3.865(1) 


5.396(2) 


1.646(2) 


6.532(1) 1.044(4) 


- 


- 


5 


1 


3.425(1) 


4.451(3) 


4.158(3) 


2.834(1) 1.539(2) 


4.438(1) 


7.788(3) 




2 


1.095(2) 


2.776(3) 


1.701(3) 


6.875(1) -2.033(3) 


1.056(2) 


2.666(3) 




3 


- 


- 


- 


1.654(2) 3.579(4) 


- 


- 


6 


1 


5.215(1) 


2.070(4) 


2.025(4) 


5.759(1) -4.188(3) 


1.056(2) 


2.021(4) 




2 


1.150(2) 


4.168(3) 


3.098(3) 


1.710(2) -3.473(4) 


2.454(2) 


9.364(3) 




3 


2.513(2) 


8.941(3) 


6.529(3) 


3.519(2) 9.876(4) 


- 


- 


7 


1 


9.064(1) 


3.912(4) 


3.831(4) 


8.631(1) 5.290(3) 


1.396(2) 


8.490(4) 




2 


2.545(2) 


2.200(4) 


1.964(4) 


1.842(2) -5.906(4) 


2.507(2) 


3.762(4) 




3 


5.001(2) 


2.393(4) 


1.923(4) 


3.636(2) -1.142(5) 


4.918(2) 


2.571(4) 




4 


- 


- 


- 


6.643(2) 2.349(5) 


- 


- 


8 


1 


1.322(2) 


1.070(5) 


1.058(5) 


1.352(2) -6.683(3) 


2.444(2) 


1.468(5) 




2 


2.842(2) 


3.637(4) 


3.379(4) 


3.655(2) -1.145(5) 


4.992(2) 


8.790(4) 




3 


5.081(2) 


4.635(4) 


4.168(4) 


6.854(2) -3.249(5) 


8.885(2) 


6.056(4) 




4 


8.995(2) 


5.549(4) 


4.717(4) 


1.150(3) 5.003(5) 


- 


- 



one another. The values of in these transitions equal nearly twice the values 
of . That is why only the quantities for 7r-transitions are presented. 

Thus we may state that the matrix elements of the Lyman series transi- 
tions increase with the increase of the magnetic field. Similar increase is also 
characteristic of matrix elements for 7r-transitions to the state 2pl and tt- and 
cr-transitions to the state 2s of the Balmer series. However this property does not 
hold in general. E.g. for 7r-transitions to the state 2p0 from many states of the 
upper-level diamagnetic manifold the coefficient q^^x 2 p 0 takes negative values 
(see table 2). So the magnetic field action on the radiative matrix elements is 
rather selective and depends on the structure of initial and final states and on 
the type of transition (tt or a). 

We have also tested numerically the simple analytical formulae for the cor- 
rection factor qZlZ^y / transitions between nondegenerate states (circular and 
nearly circular orbits of the atomic electron) nlm n'l — 1 m' , where I = n — vi, 
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m = n — Vm, n' = n — Vn' with vi < 2, Vm < 3 and Vn' < 2; m' = m - for 
TT-transitions, m' = m — 1 - for cr-transitions. These formulae are presented ex- 
plicitly in table 3 together with factor , , which determines corresponding 

correction to the transition frequency according to the following equation 

where ujnn' is the free-atom eigenfrequency. The data for together 

with the matrix element (1), may be used to determine the total diamagnetic 
correction to the probability of transition Wif and to the intensity Iif{B) of a 
line emitted by an atom in field: 

Iif{B) oc uJifW.f oc ujf \diff . 



The numerical data for the factors q as calculated from expressions of table 3 
is presented in table 4 for the upper-level principal quantum number n = 4-7 10. 
As is seen from the table, the absolute values of q are rapidly increasing functions 
of n. Another interesting result consists in the change of sign for almost all 
the quantities from positive at n = 4 to negative for higher n. It means that 
with the increase of n the matrix element of radiative transition between nearly 
circular states is reduced by the magnetic field. This result also demonstrates the 
selective action of a magnetic field on the probabilities of radiative transitions 
in hydrogen. 

We have also calculated the numerical values of coefficients qnm\,n'i'm' for the 
terms of the Lyman and Balmer series corresponding to transitions from highly 
excited Rydberg states with the principal quantum number n 1 and deter- 
mined the distribution of this quantity over corresponding diamagnetic manifold. 
We have discovered some singularities in these distributions which are charac- 
teristic both of 7T- and cr-transitions. They are presented in figures 1-3 for the 
diamagnetic components of a Balmer line corresponding to rr-transitions from 
the state n = 50. The values of the correction factor q (given on the vertical axis) 
for the diamagnetic sublevels are plotted in the figures against the absolute val- 
ues of the upper level’s first-order diamagnetic susceptibility Xnm\ presented on 
the horizontal axis. 

The most important feature in the distribution is a strong relation between 
the general properties and irregularities of qnm\,n'i'm and those of Xnm\- So the 
jump in the monotone dependence between the quantities is observed exactly at 
the boundary between the degenerate (about one fourth of the total number of 
states) and equidistant parts of the diamagnetic spectrum [1]. The value g”’ for 
transition from one level at this boundary is negative while for transitions from 
all the other levels it is positive. It is useful to note that the quantities q„m\-, 2 s 
and qnm\- ,1s equal to one another with accuracy of 5 to 6 digit numbers. 
So Fig.l may be regarded equivalently as the plot for q^^^- is’ 
quantity 2 s describing the correction factor of cr-transitions may also be 

reproduced from Fig.l by doubling the scale of the vertical axis, in accord with 
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Table 3. Analytic expressions for the factors qZlZmv / wZlZ^v , for magnetic 
induced corrections to the matrix elements of radiative transitions tt- and o between 
nondegenerate states of the hydrogen atoms nlm n'l — Im' , where I = n — vi, 
m = n — Vm, n' = n — \ m' = m - for 7r-transitions, m' = m — 1 - for cr-transitions 



9i21 — 

7T 

Wi21 — 

7T 

9231 — 
ri’231 — 

7T 

9232 — 
W232 = 
9111 = 

Will = 
<7 

9121 — 
W121 = 

<7 

9221 — 
W22I = 

(7 

9231 — 
W231 = 

(7 

9222 — 
W 222 = 

(7 

9232 — 
W232 = 



(I8n®-112n'‘ + 76n®+4n^-9n+l); 



48(2n - 1) 

(n — l)®n®(3n — 1) 

4(2n - 1) ’ 

(n - 2) (36n'^ - 502n® + 1272n® - 2350n"‘ + 2698n® - 1677n^ + 521n - 64) 



48(2n - 1)2 



(n-l)^n^(n-2) 2 



4(2n - 1) 
in -2) 



(3n +7n-4); 



24(n - 1) 

n^in-"^? fr, 2 



(25n® - 210n® + 460n - 524n® + 400n^ - 168n + 32) ; 



8(n- 1) 
n 



48(2n - 1)2 



(5n -4n + 2); 

(48n'^ - 318n® + 445n® - 271n"‘ + 80n® + - 8n + l) ; 



n®(n — 1)^ 
4(2n- 1) 



(4n^ — 3n + 1); 



^ (48n® - 306n® + 381n"‘ - 154n® - 6n^ + 17n - 2) ; 



48(2n - 1)2 
in®(n- 1)®; 

(n - 1) (48n'^ - 486n® + 1385n® - 3170n"‘ + 4204n® - 2897n^ + 978n - 128) 

48(2n - 1)2 ’ 

i£^(2^' + 5n-4); 

48n® - 570n’’ + 2373n® - 5827n® + 9724n"‘ - 9799n® + 5552n^ - 1627n + 192 



48(2n - 1)2 



4(2n-^l) (4n^ + 3»'-25n + 12); 

57n® - 604n^ + 2233n® - 4469n® + 5708n^ - 4864n® + 2672n^ _ g64n + 128 



48(n - 1)2 



\n-2f 

16 



(lln® - 12n + 8); 



(n - 2) (57n'^ - 540n® + 1623n® - 2563n"‘ + 2550n® - 1612n^ + 584n - 96) 

48(n- 1)2 ’ 

n®(n-2)® 2 



16(n — 1) 



(lln — lln -h 6). 
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Table 4. The factors for magnetic induced corrections to the matrix elements of 
radiative tt- and u-transitions between nondegenerate states of hydrogen atom nlm 
n'l — Im' , where I = n — ui, m = n — Vm, n' = n — m' — m - for 7r-transitions 
given in the hrst three lines, m' — m — I - for cr-transitions presented in the last six 
lines of the table; {k) = 10^ 



Vm Vn' n = 45 6 7 8 9 10 



1 2 1 

2 3 1 

2 3 2 

1 1 1 

1 2 1 

2 2 1 

2 3 1 

2 2 2 

2 3 2 



1.910(2) 

5.252(2) 

6.293(2) 

2 . 121 ( 2 ) 

1.484(2) 

4.732(2) 

2.106(2) 

9.280(2) 

6.133(2) 



1.942(2) 

1.718(3) 

1.076(3) 

-1.606(1) 

-6.460(1) 

1.069(3) 

4.961(2) 

1.269(3) 

9.106(2) 



-6.434(2) 

4.113(3) 

-9.947(2) 

-1.784(3) 

-1.655(3) 

1.521(3) 

4.928(2) 

-2.106(3) 

-1.857(3) 



-4.026(3) 

7.908(3) 

-1.232(4) 

-7.743(3) 

-7.072(3) 

4.986(2) 

-1.083(3) 

-1.790(4) 

-1.544(4) 



-1.324(4) 

1.265(4) 

-4.687(4) 

-2.283(4) 

-2.093(4) 

-4.949(3) 

-7.057(3) 

-6.361(4) 

-5.579(4) 



-3.386(4) 

1.669(4) 

-1.295(5) 

-5.524(4) 

-5.101(4) 

-2.026(4) 

-2.264(4) 

-1.698(5) 

-1.513(5) 



-7.464(4) 

1.651(4) 

-3.005(5) 

-1.177(5) 

-1.094(5) 

-5.439(4) 

-5.646(4) 

-3.854(5) 

-3.479(5) 



the asymptotic (for n 1) relation 2 s ~ 2 s> ’'^^ich holds for all 

A, except for two or three at the above-discussed boundary: there is no negative 
quantity among the total set of q^^^~ 2 s- 

A similar jump in monotone dependence is also observed for the g-values 
of transitions to the 2pl-state as may be seen in Fig. 2. All q are here posi- 
tive and the energy dependence for the degenerate part of states (one fourth 
of the total number) is similar to that of transitions to 2s-state (see Fig.l). 
For the equidistant part of the diamagnetic spectrum the energy dependence 
differs qualitatively from that of the Fig.l: the q^^^+ decrease with 

energy in contrast with the increase for q^^^~ 2 s- absolute values of the 
factors are ranging within one order of magnitude ((1 4- 12) x 10® atomic units) 
whereas corresponding values of the energy factor Xnm\ variate within two orders 
((0.2 4-19) X lO^a.u.). 

Quite a different kind of the energy dependence is observed for transitions 
to the 2p0-state presented in Fig. 3. Here only a small oscillation appears at the 
boundary between the degenerate and equidistant parts of the diamagnetic spec- 
trum on the smooth background of slightly decreasing dependence of q^^^+ 2 po 

on X^nmX-^- ^ jump from a large negative (~ —1.7 x 10^^ a.u.) to a large 
positive value (~ 1.4 x 10^^ a.u.) appears approximately at one fifth part of states 
from the high-energy end of the diamagnetic manifold. 
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Fig. 1. Numerical values for the coefficients 2 s diamagnetic components of the 

Balmer line corresponding to the radiative decay of the level n = 50. The susceptibility 
~l^nOX- represents the energy on the horizontal axis 




2 4 6 8 10 12 14 16 18 



Fig. 2. Numerical values for the coefficieuts 2 pi of the diamagnetic components 

of the Lyman line corresponding to the radiative decay of the level n — 50. The energy 
on the horizontal axis is represented by the susceptibility 
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5 Conclusion 

In a sufficiently strong magnetic field, together with complete splitting of atomic 
lines, the probability of emission and absorption of radiation may be redis- 
tributed dramatically. The intensity of almost all diamagnetic components of 
the Lyman series increases with field strength. In the Balmer series the same 
increase in intensity is observed for 7r-transitions to 2s- and 2pl-states. For tran- 
sitions to the state 2p0 there is a redistribution of intensities in favor of the decay 
lines of a small number of states from the low- and high-frequency parts of the 
diamagnetic states of positive parity. On the other hand, the intensity of the 
lines of decay of the positive parity states from internal part of the diamagnetic 
spectrum decreases with increasing field strength. 

Our calculations show that the changes in the radiative properties of a 
hydrogen-like atom in a magnetic field can be described analytically by using 
spherical Coulomb basis. This way we have arrived at a complete solution of the 
problem of the hydrogen atom in magnetic field with allowance for diamagnetic 
corrections not only for the energy but also for the wave functions. The method 
of determining the corrections of optical characteristics of degenerate states of 
the atom in a field by solving the system of algebraic equations can be useful 
in solving other problems of the interaction between atoms and electromagnetic 
fields and in the theory of atomic collisions. 

The analytic expressions and quantitative data listed in the tables 1-4 and 
figures 1-3 provide information about changes in the intensity of atomic lines. 
They can be applied not only to hydrogen but also to many-electron atoms in 
Zeeman states with large magnetic quantum number (m > 3) and can be used to 
describe the spectral characteristics of Rydberg atoms in moderate and strong 
magnetic fields, generated in laboratories and produced in stellar plasma. 
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Abstract. It is expected that the next generation of (g — 2) experiments will pin down 
the error below the Ippb (parts per billion) level; to cope with such a precision, the 
current error on the theoretical value of the 4 loop QED contribution must be reduced 
by at least a factor ten. To avoid the rounding problems which affect the numerical 
calculation, we developped and implemented as computer code various exact algebraic 
algorithms for reducing the very many integrals appearing in the calculation to a much 
smaller number of master integrals. 



1 The Current Status of the Theory 

The electron magnetic anomaly Oe, related to the gyromagnetic ratio ge through 
the relation Oe = {ge — 2) /2, is experimentally known with an error of 4 ppb 
(parts per billions), which is expected to be reduced by at least an order of mag- 
nitude in the next generation experiments (see the review paper by Kinoshita fP 
in this book for more details). The current theoretical error is of the order of 
1 ppb, and is dominated by the error in the numerical evaluation of the 4 loop 
QED contribution. To avoid the rounding problems which affect the numerical 
evaluation we are developping an algebraic approach to the problem, whose 
basic idea is to reduce, as a first step, the very many integrals (perhaps a few 
dozens of millions) occurring in the calculation to a much smaller number (hope- 
fully a few hundred, but the exact number is not yet known) of socalled “master 
integrals” by means of exact, algebraic manipulations free of any rounding error. 
As any set of linearly independent integrals can be choosen as master integrals, 
the freedom which is left in their choice can be exploited to pick up the numeri- 
cally best behaved integrals for the a fast and precise numerical evaluation - or 
even for attempting the exact analytic integration of some of them (a completely 
analytic evaluation is a much more difficult task). 

The next theoretical error will then be the 5 loop QED contribution, expected 
to be a few units times 0.06 ppb; while nothing is known of the convergence of the 
perturbative expansion of QED, there is sofar no evidence for a bad convergence 
in the case of ae(th) . Finally, the error in the hadronic contribution is still 
somewhat smaller (less than 0.03 ppb). 
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2 Feynman Amplitudes for the g — 2 and the Integration 
by Parts Identities 

The basic ingredient of our approach is the systematic exploitation of the In- 
tegration by Parts Identities (IBPI’s jSj) for the reduction of all the occurring 
integrals to the master integrals. In a previos paper 0 (carrying the same title as 
the present paper) we have presented a highly automatized procedure for solving 
the IBPI’s for any given “topology” (in practice any combination of Feynman 
propagators). We will discuss here the algorithms developped and implemented 
for the automated generation of all the relevant topologies and the corresponding 
IBPI’s; the algorithms apply, practically without changes, not only to the mag- 
netic anomaly but also to any other static quantity, such as the renormalization 
counterterms and the slope of the charge form factor. 

Automated procedures are needed because the number of vertex Feynman 
graphs (and hence also of all their substructure or “subtopologies”) which must 
be evaluated in perturbative QED for obtaining Oe(th) grows quickly with the 
order of perturbation theory (or, which is the same, with the number of loops) 
and is too large to be evaluated by hand. For the computer processing of the 
algebra we rely on the algebraic program FORM, by J. Vermaseren 0; for writing 
the FORM code relevant to the various subtopologies we developped a number of 
ad hoc programs (written in C) which read in input a concise description of any 
of the subtopologies and then write in output a piece of the FORM code which 
corresponds to that subtopology. 

The 7 Feynman graps for the QED vertex with 2-loop are shown in Fig. Q 
They correspond to a process in which the external electromagnetic field ex- 



ad 5 82) I 83) I 




Fig. 1. The 2-loop vertex graphs 



changes a momentum with the electron. The Oe(th) is extracted from the 
vertex amplitude by means of a suitable projector (whose explicit expression will 
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not be given here) in the static limit ^ 0. Once the static limit is taken, one 
is left with a combination of self-mass like amplitudes {i.e. an amplitude for the 
electron-electron transition) in which has disappeared. It is then natural to 
group together in a single self-mass like amplitude all the vertex graphs corre- 
sponding to a same self-mass in the static limit; the 3 vertex graphs ai,a 2 ,a 3 
of Fig. for instance, correspond to the self-mass graph of Fig. |2^) below, and 
the whole set of 7 2-loop vertex graphs correspond to a total of 3 self-mass 
amplitudes, shown in Fig. |21 



Ep1 Ep12 Ep2 

a) 





Fig. 2. The 2-loop self-mass graphs 



In all the above 2-loop graphs one has the external momentum p, which 
satisfies the mass-shell constraint me being the mass of the electron, 

and 2 loop momenta, ki and k 2 ] with them one can form the 5 scalar products 
k\,k 2 , (p.fci), (p-k 2 ), {ki.k 2 ). Any of the occurring graphs involves a subset of 
the following Feynman propagators (more exactly: inverse Feynman propagators 
in the momentum representation) 



' Kl =kf , 

El = kf + ml , 

Epl = {p- ki)'^ + ml , 

K2 =kl , 

E2 = kl + ml , 

E12 = {kl - fc2)^ -h ml , 

Ep2 = (p- k2)^ + ml , 

^ Epl2 = {p- kl - fe)^ -h ml . 



( 1 ) 



After the projection, ae(th) has the form of a sum of many integrals (of the 
order of one hundred for any graph at 2-loop, perhaps 10* at I loops), each 
integral being a product of powers of the scalar products divided powers of the 
propagators occurring in the graph; note that the projection involves also some 
differentiation with respect to the momentum transfer A, so that the actual 
powers of the propagators can be higher than in the original graph. 

It is clear that propagators and scalar products are not linearly independent, 
so that one can express some of the scalar products in terms of the propagators 
which are present in the graph (this procedure is sometines calles trivial tensor 
reduction). To make a simple example, if Kl and Epl are present, one can write 
the obvious identity 

jp-ki) _ 1_ 

Kl Epl ~ 2 Kl 2 Epl ■ 



(2) 




Electron {g — 2) at 4 loops 779 



In so doing, some of the propagators can disappear; in the case of the double 
cross graphs of Fig. 12^^), the disappearance of a single propagator leads to the 
appearance of the five substructures of Fig. 0 




d) e) 



Fig. 3. The substructures of the double cross graphs 



It is clear that not all the substructures are independent: the substructure of 
Fig. 0 l), for instance, goes into Fig..0;) with the exchange of the loop variables 
k\ k 2 - and the same is true for the substructures of Fig. 01 ) and|5^). But 
also the structure of Fig. 0 d) is easily seen to be identical to the structure of 
Fig. 0) - indeed, it involves exactly the same propagators Kl, Epl, K2, Epl2 (the 
powers of the single propagators don’t matter). Similarly, the third selfmass 
graph, Fig.Efc), which involves the propagators Kl, Epl, E2, E12, has a structure 
equivalent to Fig.0), which involves Kl, Epl, Ep2, Epl2, as shown by the shift of 
the loop momentum /c 2 — > p — ^ 2 . It is so apparent that what really matters is 
not the set of the separate Feynman graphs but the set of all their substructures, 
which are somehow the “building blocks” of the calculation. Continuing in the 
process of the trivial tensor reduction also for the substructures of Fig. 0 one 
finds the further independent substructures (or topologies) shown in Fig.0 note 
the appearance of the vacuum amplitudes 0) and m). 



a) b) c) 

oo 

d) e) f) 



Fig. 4. The completion of the independent 2-loop substructures 



For each 2-loop substructure, having say p propagators, one has then to ex- 
press p of the 5 scalar products in term of the propagators, selecting at the same 
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time 5—p scalar products as independent (there can be some arbitrareness in the 
choice, but the number is fixed). When the choice is made, one can write down 
explicitly the most general Feynman integral for that substructure/topology, 
having in the denominator any (integer) power of the occurring propagators, 
and in the numerator any (positive or vanishing) power of the independent scalar 
products. In the case of the topology of Fig. 2t)i for instance, the propagators 
after a suitable shift of the loop momenta can be choosen to be El , E2 and Epl2, 
and the independent scalar products (p.ki) and (j>.k2), so that the correspondent 
Feynman integrals can be written in the form 



F(4a; oi, 02 , 03 ; 5i, 62 ) = (-*)^ 



47r^ 



d!^k2 (p.fci)*'! (p.fe)^^ 
47t2 E1“i E2“2 Epl2“3 ’ 



with Qi > 1, bi > 0. Note that for other 2-loop topologies the number of the 
denominators (the a-indices) can vary, but the sum of the a-indices and the b- 
indices is always equal to 5 (the number of the independent scalar products at 
2 loops). 

Once the Feynman integrals are properly defined, one can run for them the 
IBPI-algorithm described in |3| for expressing all of them in as few as possible 
master integrals. It can be convenient (but by no means necessary) to proceed in 
two steps, first expressing integrals with 6^ > 1 in terms of integrals with all the 
6-indices equal to zero (socalled non-trivial tensor reduction), then expressing 
integrals with higher values of the at in terms of integrals with lower values. 
Some cases are trivial, as the topology of Fig. EJl), which vanishes as it contains 
as a factor the massless tadpole 



(-*) 



1 

47t^ kf ’ 



some cases are simple, as Fig. 03) which factorizes into two 1-loop amplitudes; 
other topologies, such as for instance Fig.Et^), have no master integral of their 
own, i.e. all their integrals can be expressed in terms of integrals of simpler 
topologies (involving less propagators). As a final results, one finds that all the 
2-loop integrals can be expressed in terms of just 3 master integrals at two 
loops, corresponding to the amplitudes of Fig. 0iEb)> with Ui = 1 and bi = 0, 
and Fig. B) ; the last case is particularly simple, as it corresponds to the square 
of the 1-loop massive tadpole 



T{d,me) = {-i) 



d^fci 1 

47T^ k\ + TOg 



C{d) 



m 



d-2 



{d-2){d-4) 



where C{d) is a normalization constant satisfying C{4) = 1 but whose explicit 
expression is otherwise irrelevant for physical quantities, finite in the d ^ 4 limit. 
It is to be observed, however, that the tadpole has a polar singularity l/(d — 4); 
when it appears as a factor in some substructure, as in Fig. B): the amplitude 
which multiplies it must be expanded in {d — 4) to get the required finite result. 
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3 Feynman Graphs, Subtopologies and Master Integrals 

One can try to organize the calculation along the same pattern also for the 
3 and 4 loops, in which case however the number of Feynman graphs and re- 
lated substructures (or topologies) is much greater: there are indeed 72 Feynman 
graphs at 3 loops, 891 at 4 loops. Especially in the 4 loops case, it is therefore 
mandatory to automatize strongly the reduction of all the integrals to the master 
integrals. To that aim, we begin by preparing (by hand) a first file, whose content 
is equivalent to Eq.(l) at 2 loops, containing the description of all the possible 
propagators which will appear in the calculation. Another file, also written by 
hand, contains the description, in terms of the propagators of the first file, of all 
the “complete” self-mass graphs, i.e. of those graphs which have the maximum 
allowed number of propagators for the given number of loops and are not sub- 
structures of other graphs: at 2 loops Fig. 2a), with 5 different propagators, is 
the only complete graph, at 3 loops there are 4 complete graphs with 8 different 
propagators, at 4 loops 25 complete graphs with 11 different propagators. 

A first program peforms the simple task of reading the two files and gen- 
erating a file with the list of all the substructures (or topologies) obtained by 
the complete graphs by removing, in all possible ways, one of the propagators. 
A second program, the bulk of the procedure, reads the list generated by the 
first program and checks, one by one, whether any of the topologies is equiva- 
lent to some of the topologies already encountered in the list, as 2-loop example 
is given by the equivalence of Fig. Eb) and Fig. Eb), or to the product of two 
(or more) simpler topologies with a lower number of loops, such as the 2-loop 
examples Fig.EbOb)- For any of the topologies found to be equivalent to some 
previously encountered reference topology, the program writes a portion of FORM 
code performing the suitable change of loop variables which makes the equivalent 
topology identical to the reference topology, while the non equivalent topologies 
are listed in another file. 

A last program reads the file of the reference topologies and for each en- 
countered topology writes a portion of FORM code performing the trivial tensor 
reduction. 

In so doing, starting from the complete structure, having say n propagtors, 
one obtains among the rest the list of all the independent topologies with n — 
1 propagators; the procedure is iterated starting again from the independent 
topologies with n—1 propagators, obtaining the list of the independent topologies 
with n — 2 propagators and so on, till the topologies with the minimum number 
of allowed propagators (which is the number of loops; correspondingly one has 
only the graph consisting of as many tadpoles as the number of loops) . 

The numbers of the various topologies occurring in the 3-loop case is given 
in Table n It is to be observed that even if there are alltogether 60 indepen- 
dent topologies, the IBPFs reduce all the corresponding integrals to 18 master 
integrals only. 

As already said, at 4 loops there are 25 complete graphs with 11 different 
propagators, 17 of which without internal electron loops. The numbers of all 
the generated and independent topologies encountered when processing that 
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Table 1. 3- loop topologies 



number of generated 
propagators topologies 


independent 

topologies 


8 


4 


4 


7 


32 


15 


6 


105 


25 


5 


150 


12 


4 


60 


4 


total 


351 


60 



significant subset of 17 complete graphs are shown in Table Q (we expect that 
most of the subtopologies generated when processing the remaining 8 complete 
graphs with electron loops will overlap with the subtopologies of the complete 
graphs without electron loops, as in the 2 and 3 loop case). 



Table 2. 4 loop substructures 



number of generated independent 
propagators topologies topologies 


11 


17 


17 


10 


187 


93 


9 


930 


235 


8 


2115 


252 


7 


2016 


128 


6 


896 


28 


5 


168 


5 


total 


6326 


758 



The reduction of the Feynman integrals to the master integrals with the 
method described above has just started, so that the total number of the mas- 
ter integrals in the 4 loop case can’t as yet be guessed - one can only say that 
for those 17 complete graphs it is less than 758 ! As preliminary results, we find 
that all the 5 5-propagator topologies (two of them being actually vacuum ampli- 
tudes) give rise to independent master integrals, while some of the 6-propagator 
topologies do not. To give some examples of simple (but not trivial!) reduction 
to master integral at 4-loop, let us consider the graph of Fig. 0 which we identify 
with the label #40501 (standing for: 4 loops, 05 propagators, 01 in that class of 
graphs). 

Defining, for short 



m(#40501) 






1 

( 4 ^ 



d<^k2 

kf k1 k1 \{p — ki — k2 — ks — ^ 4 )^ -|- ml] 
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Fig. 5. The 4-loop graph #40501 



we find, among the many others, the equations 



m(#40501) 



(fci-fcs) 

[{p -ki-k2-kz- kiY + ml] 



4d — 0 f 

J Pfc(#40501) , 



and 

J m(#40501) (k^.ki) = ml / 2?fc(#40501) . 

Similar (but in general much more complicated) formulae have been found for 
several other cases, but is is still too early to try to estimate how long it will take 
for obtaining the completion of the reduction of all the integrals to the master 
integrals. 
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Abstract. A novel closed- form exact analytical expression for the linear response rela- 
tivistic wave function of the hydrogenic nsi/2-level exposed to external dipole radiation 
is reported. This result is derived using the method due to Podolsky, that is, by means 
of direct analytic solving of the appropriate systems of inhomogeneous differential equa- 
tions, thus requiring no prior knowledge of the relativistic Coulomb Green’s function. 
As an important application of the formulas obtained, new expression for the relativis- 
tic dipole dynamic polarizabilities of lowest hydrogenic nsi/2-levels are calculated. 



1 Introduction 



Dipole dynamic polarizability (DDP) is a fundamental atomic characteristic 
which enables, in the first non- vanishing order of the perturbation theory, various 
physical phenomena involving second order “atom-photon” or “atom-electron” 
interactions to be conveniently described and analyzed. Among such phenom- 
ena are, for example, quadratic AC- and DC-Stark shifts, splitting, ionization 
power broadening and two-photon (de)excitation of atomic levels exposed to 
external laser radiation (see [lfi:^i;ij and references therein), elastic (Rayleigh) 
and inelastic scattering cross sections of light by atoms 0 , as well as two- 
photon bremsstrahlung | 5 |. Not surprisingly, therefore, that the problem of the 
DDP calculations for various states of single and many-electron atoms (and 
molecules), in a wide range of frequencies tu, attracted considerable attention 
over the years |dlBI7l8| . Particular theoretical progress has been made in stud- 
ies of hydrogenic states, where exact analytic expressions for the nonrelativistic 
DDP of an arbitrary nClevel have been recently obtained |^. In contrast with 
most work on the subject, however, the present article is focused on the analytic 
study of the DDP outside the nonrelativistic approximation. In particular, we 
derive an exact and yet unknown closed-form analytic expression for the linear 
(i.e., first-order) response relativistic wave function S\['ns{f’ , to) of the hydrogenic 
nsi/2-level subject to a linearly polarized electromagnetic field of the angular fre- 
quency oj. In addition, as an interesting and important application of this result, 
a new formula to define the relativistic dynamic dipole polarizability (RDDP) of 
the lowest hydrogenic nsi/2-states, 018^^2(0;) and 028^^3(0;), is reported. 

Although interesting in its own right, the present study acquires additional 
strong motivation due to its direct applicability to highly accurate numerical 
simulations of (de)excitation and ionization probabilities as well as line pro- 
files in various resonant multiphoton processes occurring with nsi/2-states in 



S.G. Karshenboim et al. (Eds.): LNP 570, pp. 784—799, 2001. 
(c) Springer- Verlag Berlin Heidelberg 2001 




Relativistic Dipole Dynamic Polarizability 785 



simplest atoms. Currently, such processes are of conspicuous interest for ultra 
high precision Doppler-free spectroscopy of the fundamental bounded systems 
such as hydrogen and its isotopes |l(lllll2ll3ll4llb| , positronium denoted 

(e“^ — e“), muonium |l8ll9llVl20l2ll22| . denoted {pL^ — e ), and the helium atom 
m- In many instances, newly available experimental data pose a significant chal- 
lenge to theory, thus urging further developments intended to describe the well 
established photon-induced processes with much higher precision than theoreti- 
cal technology used so far was able to provide. In particular, the new formula for 
the RDDP reported here can be used efficiently for a very accurate calculation of 
the 2-1-1 resonant 3-photon ionization process with muonium, IS" 2S eP 
(see m and the paper m by V. Yakhontov and K. Jungmann in this volume). 
Alternative conceivable applications of the new expressions for the RDDP and 
S'Pnsi'T , uj) comprise a wide class of physical processes involving El-transitions, 
real or virtual, in the presence of the Coulomb field. 

To introduce necessary notations and to recapitulate briefly the underlying 
physics, it is instructive to revisit the process of inelastic (Raman, Stokes or 
anti-Stokes) photon scattering by a hydrogen-like atom residing in the state |i). 
As a most general situation, we assume that the atom is formed by two 1/2-spin 
particles with the charges — |e| and Z\e\ and the masses m and M, e = — |e| 
being the charge of the electron. The total amplitude Mf^i of this reaction can 
be readily obtained by taking into account the “atom-photon field” interaction 
V to the second order of the conventional perturbation theory This results 

in the sum of two amplitudes and that are shown diagrammatically 

in Fig. m:a)-(b). Apparently, the whole class of the aforementioned two-photon 
phenomena can be described by just considering different channels of the process 
in question, while possibly allowing for u' = uj and |/) = |i). Furthermore, let 
us assume that the electric component E{r,t) of the photon field acting on the 
atom has the form of a standing wave: 

E{r,t) = Eo^{eexp{i{k-r — ut)} , (1) 




(a) (b) 

Fig. 1. “Time-direct” - (a) - and “time-reverse” - (b) - diagrams describing the 
process of inelastic scattering of a photon with the energy hui and the wave vector k 
by an atom residing in the state |i): {u!,k,\i}) — > {uj' , k' ,\f)). Solid lines stand for 
atomic states, dashed lines denote photons in the initial/Hnal states, and Hlled circles 
designate the vertices of the “electron-photon” interaction V 
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|fc| = w/c , e k — 0 , e-e* = 0 , 



where Eq, e, uj, k are the field’s amplitude, polarization vector, angular fre- 
quency, and wave vector, respectively, and c is the speed of light. The amplitudes 
and can be cast in a form known as the Kramers-Heisenberg matrix 
element (23, i.e. expressed in terms of the RDDP, if k r ~ wAchar/c 1, Achar 
being a characteristic spatial size of an atom in the state |i). The latter condition 
constitutes the dipole approximation pg, and it is well satisfied unless photons 
of high frequencies iv, uj' and/or highly excited (Rydberg) states |i), |/) are 
involved: 



to 2 

u>i aZ 2n^ Oq 



( 2 ) 



Here, aj = is the reduced Bohr radius (m* = n is a principal 

quantum number of the hydrogenic state |i), and a = e^j{hc) « 1/137 is the 
fine structure constant. In the following discussion, (2) will be the only restric- 
tion imposed on values of physical parameters. In particular, no distinction will 
be made as to whether the photon energy fvjj is less or greater than the ion- 
ization potential li of the state |i). Note that li = tnoi holds true only in the 
nonrelativistic approximation, whereas in general It ^ hujj. 

In the dipole approximation, the relativistic “atom-photon field” interaction 
V{r,t) takes the form ^ 



e c , 



V(r, t) = -ea-A(r, t) = ihdIifoQ:-ee‘“* -I- c.c. , 

2oj 



( 3 ) 



to result eventually in the following expression for the amplitude M f^i (cf. IHHI): 



Mu = MfJ + Mf} = - t ; 2 (/| q ( 2 )(^,^')|*) , 






LOLO' 



4 

e*a.- 



1 



1 



Ej — hiu — Hn 



-ea + eoL- 



Ei + huj' — E{( 



( 4 ) 

■e* a. ^ . (5) 



Here, a is the Dirac a-matrix, A(r, t) is the vector potential of the field (divA = 
0), and E[q is the Hamiltonian of an isolated atom whose energy in the initial 
state of the reaction is denoted by Ei: Ho\i) = Ei\i). Equation defines the 
effective two-photon operator which has the dimension of Li^ and is a 

straightforward relativistic generalization of its nonrelativistic counterpart that 
has been first introduced in PHI to describe the process of two-photon absorption. 
Generally, the matrix elements of {uj, uj') can be expressed explicitly as 






eV {f\e*-a\r){r\e-a\i) 

Ei — hu — Er 



(/|e-g|r)(r|e*-Q|^) ) 
Ei hw' — Er -\-i0 j 



( 6 ) 



where the summation spans all Coulomb eigenstates of the Hamiltonian Hq 
which are allowed by the selection rules, including those belonging to the positive 
(Er > mc^) and negative {Ej. < —mc^) continuum. Equation (6) takes especially 
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simple form if u' = uj, that is, for elastic two-photon scattering, in which case 
the diagonal matrix element 

{i\Q^'^\uj,uj)\i) = - ^(o!fc/(w))i,iefee* (7) 

k,l 



defines the RDDP Here, Cfc and e* are the Cartesian components of 

the polarization vectors e and e*. Following the standard prescription the 
infinitesimal positive imaginary constant has been added in the denominator of 
the second term in (6) to prevent the occurrence of a singularity at the sim- 
ple pole Er = Ei + tujj' , provided that huj' > li = m*c^ — Ei > 0. For such 
uj' , Q'j: acquires a non-zero imaginary part, w'), whose sign is 

determined uniquely by the (positive) sign of the infinitesimal constant. In the 
nonrelativistic limit (a — *■ p/m*c), {u , ui) can be shown ^ to be identical 

with the Kramers-Heisenberg matrix element 

Despite its considerable age, there have been quite few attempts to eval- 
uate the sum (6) with u^ui' ^ 0 analytically, even in the simplest case of a 
hydrogen-like atom considered here. In particular, the majority of accurate rel- 
ativistic calculations of the DP mmmmmm, both analytic and nu- 
merical, have been performed for the ground state of hydrogen-like ions and 
in the static limit only, i.e. a,t uj = uj' = 0 (see also EZEBEHI). This is unlike 
the nonrelativistic version of (6) where the use of the closed-form expression for 
the nonrelativistic Coulomb Green’s function [41141 14 2| enabled exact formulas 
valid for arbitrary states /, i and in the whole range of uj to be obtained P (see 
also I4dl44i45l4til and references therein). In the relativistic case, however, the 
utility of the appropriate Coulomb Green’s function 14714818(1491 is hampered 
by considerable technical difficulties, often requiring alternative analytic and/or 
numerical methods to be used instead. Thus, for example, the RDDP 

of the ground state of a hydrogenic ion has been calculated analytically in 
using a new algebraic representation for the relativistic Coulomb Green’s func- 
tion. The final result of PI has a form, however, of a many-fold infinite series 
involving T-functions, thus making it hardly suitable for accurate numerical 

evaluation both a,t hw < /is = m*c^(l — Vl — and huj > lu- In what 

(‘ 2 '\ 

follows, Qj:-(uj,uj') and {aki{uj))i^i will be calculated for the lowest nsi/ 2 -levels 
by a direct method [oqiPPlPtilPYlj requiring no prior knowledge of the Coulomb 
Green’s function. Similar to our nonrelativistic result EH. this enabled us to 
cast the final expression for the RDDP of such states in a form which admits 
error-free numerical evaluation at photon energies lying both below and above 
ionization threshold L . 



2 Theory 

2.1 Basic Equations 

As s starting point of our consideration, we rewrite (6) in terms of the linear 
response wave function (the reduced atomic system of units, h = = m* = 1, 
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is used throughout this section) , 



S<F,{r,E) = -- ^ 



aE-H, 



-ex. 



0 



^ 1 y^ \r){r\ex\i) 
a 4;:^ E-Er 



( 8 ) 



as 

if\Q(^Hu;,u;')\z) = (9) 

aujLj' 

X [{f\a^\6W^{r,Ei - Hu)) + {f\a^\6Wf,{r,E^ + Hu'))] , 

where and 5E^{r,E) denote the spherical components of e and SEi{r,E). 
Hereafter, the subscript i of the function SEi{r, E), indicating the reference state 
|z), will be dropped to simplify notations. 

According to im . (f\Q^‘^'>{u,u')\i) is determined uniquely by the function 
SE{r,E). In the following discussion, S'E{r,E) is found analytically using the 
relativistic version of a method first suggested by Podolsky as far back as 1928. 
As was shown in his original paper |M|, the nonrelativistic function S'E{r, E) can 
be constructed by solving a certain partial inhomogeneous differential equation. 
Later, this idea was extended on a wider, mostly nonrelativistic, class of prob- 
lems by Sternheimer Dalgarno and Lewis and Schwartz |E3- Despite 
the seeming simplicity of the Podolsky’s method, there still remains in many 
cases a formidable problem of obtaining analytic solution to the appropriate 
differential equation in a practically useful form. This is evidenced by the use 
of numerical rather than analytic methods in most DDP-calculations employing 
this approach 1611621631641 . To appreciate the complexity of this analytic prob- 
lem, it is worthwhile recalling that the nonrelativistic closed-form expression for 
6'Eis{r,E) has been first derived by Luban and Nudler-Blum m only 20 years 
ago. A generalization of their result on arbitrary hydrogenic nLstates has been 
obtained, in the static limit, in m. whereas for arbitrary ns-states and w fy 0 
the problem has been recently solved in inn. Until now no successful attempts 
were made, to our knowledge, to derive the relativistic counterparts of these 
results. 

In the spirit of the Podolsky’s method, we act with E — Hq on both sides of 
(8) to get the equation obeyed by E^{r,E)-. 



{E - Ho)'P^{r,E) = a^\i) . 



( 10 ) 



In the following discussion, we restrict ourselves to the case of the nsi/ 2 -states: 



K) 



|n,/ 




( /n.-l(?’)12i/2,0,m(«) \ 
\iagn-i(r)fii/2,i,rn{n)J ’ 



( 11 ) 



where /„__i(r), gn,-i{r) and are the usual radial and spin-angular 

parts of the bispinor Pj. To separate the angular variables in (10) we write: 

E^{y,E)=E^^\v,E)+E(^\v,E) , 



( 12 ) 
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where 



\^a?7i(r)l7i/2,o,-^-m(«)y ’ 

(r,E) = i (^ _J_ ^ 1 1 ) (14) 

Va%(^)^3/2.2.-M-m(«)y ’ 

with (:::) being the 3j-symbols. Auxiliary functions ■Ci(’')) Vi(^) ^ 2(^)1 ^ 2 (^) 

entering (in|) -ca satisfy the following system of inhomogeneous differential 
equations of the first order: 



^'i(r) + ^Ci(0 + (^2 + a^e+ ? 7 i(r) = 3r/„,_i(r) (15a) 

V'i(r) - -Vi(r) - fe + -) Cl W = rg„,-i(r) (15b) 

r \ ^ / 

C 2 W - -C 2 W + (2 + a^e+ r/ 2 (r) = 0 (16a) 

r \ r / 

r/'^ir) + ^r/2(r) - C 2 W = -rgn,-i(r) . (16b) 

This can be readily shown by acting on if) and E) with E — iig, 



where Hq is given by 



Eln = —an 



d 1 



1 . 






f^_Z 
2 ^ 



a 



(17) 



Here and above, e = E — \jo? and /?, cr are the Dirac and Pauli matrices. By 
taking into account the following explicit form of the final state wave function, 



l/> 



\n',l = 0, j 




f fn'-l{r)i2l/2,0,m'{n) \ 
\iagn'-i{r)ni/2^i^m'{n)J ’ 



(18) 



and assuming for simplicity the linear polarization e of light, we arrive at the 
relation: 



(/|(e*-a)e|<5i'(r, E)) = ^(-l)fyte_^(/|a.|<5i'^(r, E)) (19) 

= g Jo ^NiW/n'.-i(0 - CiW5n',-i(r) + 8C2(r)gn'.-i(r)]dr . 

Plugging this identity into (D3 immediately yields a desired expression for 
{f\Q^'^\iu,u;')\i) in terms of Ci(^)i ^i(^)j ^ 2(^)1 r] 2 {r). In the following sec- 

tion, the system (II OaJl - lll 6hll will be solved to find these four functions explicitly 
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for n = 1 , 2 , in which case the radial parts fn^~i{r), gn,-i{r) are of the form: 



fn,-i{r) 

9n-i{r) 



— j.'To 1 0xp 



( -) 


Fqo + PoiT" 


1 N^) 


Goo + Goi7'_ 



( 20 ) 



where Jq = -\/l — (Za)^, Ni = 1 , y^ 2 (l + Jq) for n = 1 , 2 , respectively, and the 
coefficients Fq,Fi,Go, Gi are given, in accordance with our definition ill ill . by 0 



fFoo Foi] _ 2 ^oZT'°+i/^ /^1 + 7o0^ 

VGooGoi/ v^(l + 7 o)r( 27 o + l) V 

f Foo Foi \ 

V ^00 Goi J \/ {Ni + 1)(1 + 7q + Ni)F(2"ffj + 2) 

f + 1)(1 + 7o + -^*) —2^(1 + 7o + + 1) 

V -ZN,{N, + 2 )( 27 o + 1 ) 2Z\N, + 1) 



ifn = l ( 21 ) 
( 22 ) 



if n = 2 . 



As will become clear from our treatment, a generalization of the final expressions 
(see (p^ - lfCT l on n > 3 appears to be straightforward. Appropriate results will 
be the subject of a separate publication. 



2.2 Solutions to Equations (15a) (16b) 

Equations III ha.Il - lll 6bll can be uncoupled using the substitutions: 

^^(r) = (Pi(e) + gi(e)) (23a) 

Viir) = e-^/2 (P,(^) _ Q,(^)) (23b) 

Ur) = (24a) 

V2(r) = {P2{g) - Q2{g)) , (24b) 

where 

g = 2Xr , A = \/— e (2 + a^e) , 7 ^ = ^4 — (Za)^ . (25) 



Some details of the derivation are provided below only for the system 111 6 all - 
dins), since for (I15al) - (ll5bl these are quite analogous. Final formulas to deter- 
mine ■Ci(p) 3.nd gi(g) are constructed from that for ^ 2 ( 0 ) 772 ( 0 ) by setting 

73 = 0 and a trivial change of notations. 
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A substitution ll:i4all - (l24bll for ^2(^)1 ^2(^) lllbail - IIKibll yields the following 
coupled system of equations for ^2(0) and Q 2 {q)- 



~ 0^2(0) + ( 1" 7i + 2^ ^2(0) + { Q -\ 7i ~ 2 ) Q 2 {, q ) (26) 



2GooA + Goie ({\N,-Z) 

= ^ — — — 0 '3 exp I — — T — 



QP2i.Q) + £*<32 (e) 



27o+2A'^« + ^£ 

eZa^ \ \ 

7i -2 ^ P 2 {. q ) 



V 2AiV, 



-Q- 



\ 

eZc? 



+ 71-2 Q2(£?) = 0 



(27) 



where 73 = 7i — 7o > 1- By adding and subtracting ®-(E3) term by term one 
finally ends up with the following uncoupled system of inhomogeneous differen- 
tial equations of the hypergeometric type: 

QP'i^Q) + (02 -g)P2{&)- b2P2{g) = + c[^^g+cP) ( 28 ) 

gQ 2 ig) + ( 0-2 - g) Q 2 <yg) - (&2 + i)Q2(£i) (29) 

= g^ + . (30) 

Here, 



02 = 1 + 27^ , 

Z{1 + a^e) 



62 = 7i - 



A 



(3 = 



^(2) _ 

^ “ k-e2^o+4AT'o+2 ’ 



XNi - Z 
2XNi ’ 

(Z + XN,)Goi 



q( 2) _ Ni{eZa^ + A7 q)Gqi — X{Z + XNi)Goo 

1 “ A^i£2^o+3A'^o+2 

(2) _ {sZa'^ - A(1 - 7 o))Gqo 

° “ lVi£A^o + ^2'ro+2 

„(2) _ {Z — XNj)Goi 
^ ~ iV,e2^o+4AT'o+2 ’ 




B 



( 2 ) 

0 



N,{eZa‘^ - A7o)Gqi + XjZ - XN,)Gqo 

Nie2'^o+3\'ro+^ 

(^eZa^ + A(1 — 7 o))Goo 

£A'l'o + l2T'o+2 



(31) 

(32) 

(33) 
(34a) 
(34b) 
(34c) 
(35a) 
(35b) 
(35c) 



Similar algebra shows that the corresponding equations obeyed by Pi{g) and 
Qi{g) can be inferred from by means of the substitutions: 



7i ^ 7o 



02 



Oi 



61, G 



( 2 ) 



g: 



(1) 



B 



( 2 ) 



B 



( 1 ) 
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SO that 



73 = 7i - 7o ^ 0 . 

ai = 27 o + 1 , 

, Z(l + a^e) 

A ■ 

and the coefficients k = 0, 1, 2, are of the form: 



Cf ) = - 



^(1) 

^ “ Nie2^o+^X^o+^ _■ 



{Z + AAfi)(3ei^oi ~ AC?oi) 
A^i£2T'o+4A'>'o+3 

1 



r^(i) _ 

Oq — 



Ni{eZa^ + A(3 + 7o))Gqi 

+ (AAfi + Z){SsFqq — AGqo) ~ 3-/Vi(e(7Q + 1) — A^)-Foi 
3 (AZ^ — £70)^00 + {sZa^ + A (2 + 7 o))^oo 



£A')'o + l27o+2 



J^{1) _ ~ Z){3£Fqi + XGqi) 

^ ~ iV,£2^o+4AT'o+3 



5(4) = 

^ Nie2'yo+3\'ro+2 



1 



iV,(£Za2_A(3 + 7o))Goi 



+ {Z — XNi){3eFoo + AGqo) — 3-/Vi(£(7Q + 1) + A^)i^oi 

^( 1 ) _ 3(AZ + £7o)Foo + (A(2 + 7g) — eZa^)Goo 

0 “ eAT'o+^2^0+2 ■ 



(36) 

(37) 

(38) 
(39a) 

(39b) 

(39c) 

(40a) 

(40b) 

(40c) 



To choose the proper solutions uniquely, Pk{Q),Qk{o)^ k = 1,2 must be 
subject to the following boundary conditions: 

As in the nonrelativistic case IS71551 . (41) follows directly from (I23al - (l24bll and a 
natural requirement that 113) should remain finite for all e ^ £„. Here, l/o;^ + £„ 
are the eigenvalues of the Hamiltonian Hq, i.e. the values of E whereupon the 
poles of the resolvent in (8) occur. This argument as well as (41) are consistent 
with a pair of orthogonality relations resulting directly from (ll5alG(ll6bll : 



ifp 
ifp ■ 



00 



(41) 



pOO 

/ r{^^{r)fn,i{r) - a^T]j^{r)gr^.i{r))dr (42) 

Jo 

poo 

= {Sn,! / r‘^{ 3 fn-i{r)gn,i{r) gn-i{r)fn,i{r))dr , 

^0 
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/ r{^2{r)fn,-2{r) - a^V2{r)9n,-2{r))dr (43) 

Jo 

poo 

= {e- Sn-2)~^ / r^gn-i{r)fn- 2 {r)dr . 

Here, fn,i(r), gn,i(r) and /„__2(r), g„__2(r) are, respectively, the radial parts of 
the “big” and “small” components of the Coulomb Dirac wave functions with 
j = 1/2 and j = 3/2; Sn,i and En ,-2 are the energies of these states 0. 

Due to the apparent similarity in the mathematical structure of both equa- 
tion (I2bll -(I29 |I . it is only the first one that needs to be considered. The solution 
Q 2 {q) can be obtained then from P 2 {q) by the trivial changes: 62 ^ b 2 + 1, 
C/ ' ^ Bj_ . Similar replacements have to be applied in order to generate Pi{q) 
and Qi{g) as well. To simplify notations, P 2 {o), 02, 62, and C^\k = 0 ... 2, are 
denoted below as simply P{g), a, b, and Ck- 
The general solution to (I2bll has the form: 

P{g) = Di^{b, a; g) + D 2 U{b, a; g) + Po{g) , 

where 'P{b, a; g) and U (6, a; g) are the regular and irregular Kummer functions |66|. 
and Po{g) denotes a particular solution to the inhomogeneous hyper geometric 
equation (12 SI) . Together with the constants Di and D 2 , Po{g) must be chosen 
so as to satisfy (41) for the entire solution. Using asymptotic representations for 
the confluent hypergeometric functions jfitij . it is easy to show that the required 
behavior at p — > 00 cannot be met unless we set D\ = 0 in order to remove 
<P{b, a; g) oc e® from P{g). This leaves us with the general solution, 

P{g)=D 2 U{b,a;g) + Po{g) , (44) 

involving only one indeterminate constant ZI2. To this end we note that any 
particular solution Po{g) to (EHI is related to Pst{g, P), a solution to the equation 
with a “standard” right-hand side, 

qPsJq^P) + {a- g) PLis^P) - bPst{g,P) = , ( 45 ) 



as 



2 



P^{g) = Y,Ck 



d'^Pst{g,P) 

dp^ 



(46) 



The extra argument is explicitly introduced in Pst{g,P) to indicate its depen- 
dence on the parameter P (E3, the exponent in the right-hand sides of (EHJ and 
(45). Accordingly, we will first solve (45) and then use (46) to construct Po{g) 
and to fix D 2 in (44). 

We seek Pst{g,P) in the form 



Pst{g,P) = ^ 

J c 



(47) 
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where the integral is taken along some path C in the complex t-plane such that 
q{t) returns back to its initial value after passing along C . The equation for g(t), 

t(l - t)q'(t) + (l - 6 + t(a - 2))q{t) = r(l - ^ ( 43 ) 

can be deduced by plugging (47) into (45) and using the Hankel’s contour integral 
representation for the T-function m to represent the right-hand side of (45): 

j eB\t - . 



Here, the path Ch runs from t = —00 along the lower edge of the cut t G (— 00 , /3], 
encircles the point t = f3 in the counterclockwise sense, and runs back to t = — 00 
along the upper edge of the same cut. The contour C in (47) was assumed to be 
topologically equivalent to this path Ch • This is permissible because Ch complies 
with all above requirements imposed of C' and enables, at the same time, (41) 
to be satisfied by solutions obtained thereby (see below). 

Equation (48) can be readily solved to result, after setting the appropriate 
integration constant equal to 0 , in 

Pst{g, /?) = (49) 

27H 7ch 

/ oo 

s-fc(l_s)fc-«(s_/3)73-ids 

where the integral . . . dt is implied to be taken along any path in the s-plane 
connecting s = t ^ {0, 1} with s = 00 . For the contour Ch in question, Pgt (q,P) 
of (03 can be simplified further. This is achieved by formally reducing the con- 
tour integrals to the ordinary ones and interchanging the order of integration: 

1 

Pst{g,P) = J,r-^ s-'(l + s)«— (s + /3)7a-lds (50) 

^(73) J-f 3 

poo 
J s 

To enforce the boundary condition (41) at p — > 0 and/or for the general 

solution (44)-(45), we must set in (44) 

D 2 = r s-\l + sf-%s + /3)'^3-ids . (51) 

^ (is) J-g 



This choice is unique, and it can be readily established by removing the sin- 
gular part of Pst(g,P) in ll^ using the integral representation for the function 
U{b, a; g) liTHl . By rewriting the resultant expression again as a contour integral, 
we finally get (a = 02 , b= 62 ): 



P2(q) = 






17T73 



27ri 




X (f s-'’(l-ks)^"“(s-k/3)3'3-Ms [ e-BH^-\l + t)‘^-^-^dt , 

Jc Jo 



( 52 ) 
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Fig. 2. Path of integration in (52) 



where the path C is shown in Fig.|3 As was noted above, Q 2 {q) is obtainable by 
setting Similarly, expressions for P\{q), Qi{q) can be established by 

putting, respectively, C'^'^ equal to or a = ai, 6 = &i, and 73 = 0. The 
latter condition enables (15211 to be simplified further, since the contour integral 
reduces in this case to (— 27ri) times the residue of the integrand at the simple 
pole s = —(3. The final result for P\{g) reads: 



Pi{q) 



f-0 

X / + 

Jo 



ai —bi — 1 



dt 



( 53 ) 



So far it was implicitly assumed that 3?(5i), 3 ^( 62 ) > 0, in which case no modi- 
fications of (I52D -(I5,SI are necessary. An analytic continuation of these formulas 
on 3?(5i), 3 ^( 62 ) < 0 is effectuated by the replacement: 

+ ( 54 ) 

where the contour starts at t = s lying on the lower edge of the cut [ 0 ,-|-oo), 
encircles t = 0 in the clockwise sense, and ends at t = s lying on the upper edge of 
the same cut. The nonrelativistic limits of (E21)-(E3 formerly obtained in 
can be retrieved by taking 73 — > 1 , calculating analytically the derivatives with 
respect to /3, and finally putting a = 0 for all variables involved. 





2.3 Relativistic Dipole Dynamic Polarizabilities 

In this section, (|2.‘-ialD (l24hl) together with 1 .5211 - (1,5 .‘-ill and appropriate formulas for 
Qi{g) and Q 2 {g) are applied to calculate RDDP of the lsi/ 2 - and 2 si/ 2 “lcvels. 
The use of (11 Dll and ( II 91 make these calculations quite straightforward, requiring 
only a one-fold trivial integration over g. Appropriate details will be published 
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elsewhere, and we present here only the final results. For the lsi/ 2 -state (n' = 1), 
for example, the part of (cni involving can be cast into the form: 



1*00 

/ t-(377i(r)/i,_i(r) - ^^{r)gi,_i{r))dr 

Jo 

= A 2 F 1 f oi + 1, 1*1 + 1| bi + 2; 



(55) 



A-Z 

x + z 



+ D, 



where 2 F'i is the hypergeometric function ^ and A, D are certain constants, 
such that in the nonrelativistic limit 16,611 reduces to 



384- 



2 F 1 4, 2 - 3 - V] 



1 - V 



The following parameterization is assumed here: 

l-7o 



e = £i 



«l/2 






l + 7o 



_ Z\v^ - 1) 
2u^ 



(56) 



(57) 



so that vq = 1 and vi = \'/2/{l — 7 g) correspond to the static limit (a; = 0) 
and the exact ionization threshold (w = Z "^ / (1 -|- 7 q)). Note that if a ^ 0, then 
vi 00 , £ — .Z^/2, and u> Z"^ j2^ the nonrelativistic ionization potential. 

The expression for eisj /2 obtained by replacing v in (57) with v !\/2v'^ — 1 so 
that oj — > —O’. The corresponding result for the 2si/2-state can be recovered from 
(E3 by changing the constants A^ D appropriately and using the substitution: 



A-Z Av'2(l-k7o)-^ 2-v _Z‘^{v‘^-A) 

X + Z Aa/2(1 -|-7q)-|-Z q.^0 ^ + ^ 



Although the ^ 2 “depending part of (O appears to be not so compact as 
yet its form is very tight as well. For the lsi/ 2 -state, for example, appropriate 
contribution can be expressed as: 



poo 

8 / r^2ir)9i-i{r)dr 

Jo 



4G, 



00 



(2A)6o(2A-kZ) 



Za^s 

X 



(1 — P)Ii + (^1 — 7o ~ 
r( 27 g+ 2 )Ggg 

£(2A)27o( 2A -k Z){1 - 2/3)270+2 
where Jfe, A: = 0, 1, are defined as 

_ F{'Jq + 7l + 1 + ^) f ^( 2 ) ^( 2 ) 



Ik = - 



-(1-/3)- 



Fhi -7o) 

/ oo 

(l-ks)-“^(s-k/3)T'i-^«-Ms 

-0 



_i_ /^v 



X / ( 1 - 



st 

1 -I- s 



7 o- 7 i+fc 



1-k 



(3st 



(l-/3)(l + s) 



-7o-7i-l-fc 



(58) 



(59) 



( 60 ) 



dt . 
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Fig. 3. Static RDP of the hydrogenic lsi /2 - (a) - and 2si/2-state - (b) 



If desired, the two-fold integral here can be further reduced to a one-fold one by 
introducing the hypergeometric function F\ of two variables m- Expression dSHl) 
is already convenient, however, both for the investigation of general properties 
as well as for the accurate numerical evaluation. In particular, the nonrelativistic 
limit of (EHl) reads: 



768 



{l + v)S{u-2) 



2 F 1 4,2-iz;3- 




(61) 



to result eventually, after adding with (56) and multiplying by l/(9o;^), in the 
well known expression first obtained by Gavrila m for the DDP of the hydro- 
genic ground state. In addition, by expanding all quantities in powers of (aZ)^ 
and taking the limit w — > 0, we retrieve the following expansion for the static 
RDP of the lsi/ 2 -level originally derived in j2Dl (conventional units): 



ai 



«l/2 



im 28 , 2,^ + 

U “ +^32 



31 



(aZy 



(62) 



The 2s]^/2“State, for which the counterpart of (62) is currently unknown, can be 
treated similarly. The new results of these calculations will be published else- 
where. We close our discussion by presenting in Fig. El numerical results of our 
calculations of the static RDP of the lsi/ 2 - and 2si/2-levels for nucleus charges 
Z = 1 . . . 100. For the lsi/ 2 -state our data are in excellent agreement with the 
RDP calculations by Szmytkowski ED and Le Anh Thu et al. |b2lb;-ij using rela- 
tivistic Sturmian expansion and the (algebraic) Coulomb Green’s function. This 
sensitive test strongly supports the utility of our current approach which can be 
efficiently used for much more sophisticated numerical calculations. In partic- 
ular, the formulas derived above have been employed in our study to simulate 
the 2-1-1 resonant photoionization of muonium by a GW laser signal of high 



798 



Victor Yakhontov 



intensity, where the photoionization widths of lowest ns]^^ 2 “l 6 vels are needed to 
be calculated (see paper m by V. Yakhontov and K. Jungmann in this volume). 
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Abstract. We investigate the loop-after- loop contribution to the second-order Lamb 
shift for the ground state of hydrogenlike atoms with low nuclear charge numbers Z. 
The calculation is carried out in the Fried- Yennie gauge and without an expansion in 
Za. Our calculation confirms the results of Mallampalli and Sapirstein and disagrees 
with the calculation by Goidenko and co-workers. A fit to the numerical results pro- 
vides a detailed comparison with analytical calculations based on an expansion in the 
parameter Za. We confirm the analytic results of order ct'{ZoLf‘ but disagree with 
Karshenboim’s calculation of the c?{Za)^\v?{ZoL)~'^ contribution. 



Introduction 

In the present work we investigate a part of the two-loop self-energy correction 
to the Lamb shift in hydrogen, namely the irreducible part of diagram Fig. Ha), 
referred to as the loop-after-loop correction. This contribution has been the sub- 
ject of a recent debate in the literature. Analytic calculations of its Za-expansion 
coefficients were carried out by Eides and co-workers H and Pachucki j2] in order 
a‘^{Za)^ and by Karshenboim |3j in order a^(Za)^ln^(Za)~^. A direct numer- 
ical calculation of this correction to all orders in Za in the low-Z region was 
reported by Mallampalli and Sapirstein ^ . A fit to the data in Ref. P| is consis- 
tent with the analytical result in order a'^(Za)^ but it is in a significant disagree- 
ment with Karshenboim’s calculation of the leading logarithmic contribution. As 
a consequence, a question was raised in Ref. about the breakdown of the Za 
expansion for the two- loop self-energy correction even for hydrogen. The subse- 
quent calculation by Goidenko et al. 0, also nonperturbative in Za, shows to 
be compatible with the analytical results. A recent evaluation by Manohar and 
Stewart |EI also confirms Karshenboim’s value of the leading logarithmic contri- 
bution for the total two-loop self energyQ. However, our recent nonperturbative 
(in Za) calculation P| exhibits a good agreement with the results of Ref. ^ 
and yields the corresponding logarithmic contribution which is approximately 
3 times larger than Karshenboim’s result. In this paper, we present some addi- 
tional details of our calculation and investigate possible reasons for the existing 
discrepancy between different studies. 

^ We note that it is not clear whether this result can be directly compared to our calcu- 
lation since the authors do not specify the gauge which was used in their derivation. 
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a be 

Fig. 1. One-electron self-energy Feynman diagrams of second order in a 



1 Loop-after-loop contribution 

The energy shift corresponding to the irreducible part of diagram Fig. ^a) (the 
loop-after-loop contribution) is given by 

filial = {o.\Eii{ea)GredSR{£a)\o) (1) 

where is the renormalized self-energy operator, Gred denotes the reducible 

Dirac Coulomb Green function, and a indicates the initial state. Since the present 
investigation is aimed to an evaluation of this correction in the low-Z region, we 
use the fact that the loop-after-loop contribution is invariant in any covariant 
gauge and perform our calculations in the Fried- Yennie gauge. It is known (see, 
e.g.. Ref. |5|) that in this gauge the potential expansion does not lead to any 
spurious gauge-dependent terms of order Za, as is the case in all other covariant 
gauges. This choice of the gauge makes the numerical evaluation of the self- 
energy matrix elements much easier for low-Z systems. The basic numerical 



Table 1. The loop-after- loop contribution to the second-order Lamb shift of the ground 
state of hydrogenlike atoms expressed in terms of the function Gia,i{Za) defined by 
Eq. (2) 



z 


This work 


Ref. [4] 


Ref. [5] 


0.5 


-1.56(7) 


-1.5(1) 




1 


-2.75(4) 


-2.87(5) 




1.5 


-3.449(9) 


-3.47(2) 




2 


-3.919(7) 


-3.965(15) 




3 


-4.476(3) 


-4.50(1) 


-2.101 


4 


-4.772(3) 


-4.77(1) 


-2.311 


5 


-4.927(2) 


-4.931(5) 


-2.485 


7 


-5.015(1) 


-5.016(3) 


-2.694 


10 


-4.902(1) 


-4.9016(14) 


-2.601 


20 


-4.122(1) 


-4.1217(3) 


-2.568 
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Fig. 2. The function Gu\{Za) in different studies. The solid line indicates a fit to our 
numerical results 



procedure can be found in Ref. [ 7 |. In Table Qand Fig. 0 we present the results 
of our calculation of the loop-after-loop contribution to the second-order Lamb 
shift of the ground state of hydrogenlike atoms, expressed in the standard form 

= ( 2 ) 

Vtt/ nr 

The results of two previous nonperturbative calculations of this correction are 
also presented in Tableland in Fig. |3 A comparison exhibits a good agreement 
of the present calculation with the results of Mallampalli and Sapirstein Q and 
a strong deviation from the results of Goidenko et al. p|. One of the possible 
reasons for this discrepancy may be, to our opinion, a noncovariant renormal- 
ization procedure used by Goidenko et al. which could provide some spurious 
contributions in this case. We discuss this topic in more detail in Appendix I. 

In order to compare our results with calculations based on an expansion in 
Za, we approximate our data for the function Giai by a least-squares fit with 
five parameters 050 , 053 , ae 2 , oeii and ogo (the first index of the coefficients 
Oy indicates the power of and the second one corresponds to the power of 
ln{Za)~^). The fit yields 

050 = 2.33 063 = —1.1 ■ (3) 

This is in a good agreement with the fitting coefficients from Ref. S (050 — 2.3 
or 2.8 for different sets of data, 053 = —0.9) but deviates significantly from 
Karshenboim’s analytical result 0 053 = —8/27 ~ —0.296. 
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a 



b(2) 



c 



<■ 





-T- 

- 0 - 




d 



e(2) 



f 



Fig. 3. Diagrams obtained from Fig. 1(a) by expansion of the inner electron propaga- 
tors in terms of interactions with the nuclear binding potential. A double line denotes 
the electron in the field of the nucleus. A single line indicates the free electron. A dashed 
line denotes a Coulomb interaction with the nucleus. Some diagrams are counted twice, 
as is denoted by ” (2)” 



In order to investigate the discrepancy between different methods in more 
detail, we note that the analytical calculations of the loop-after-loop correction in 
Refs. |1 1‘2l3j have been performed in the Fried-Yennie gauge similar to the present 
work. Therefore, it is possible to compare all calculations on intermediate stages. 
Aiming this, we expand the inner electron propagators in diagram Fig. D)a) in 
terms of interactions with the nuclear binding potential. While the potential 
expansion of electron propagators inside the loops is straightforward, some care 
should be taken for the middle propagator from which the contribution of the 
initial state a is subtracted. We discuss the potential expansion of the reducible 
Green function in Appendix II. 



Table 2. Fitting results for the first coefficients of the Za-expansion of the diagrams 
Fig. 3 in comparison with the analytical calculations [1-3] 



^ Fig. 3(a) 


Fig. 3(b) 


Fig. 3(c) 


Fig. 3(d) 


Fig. 3(e) 


Fig. 3(f) 


Fig. 3(a-f) 


Analytical results: 

U 50 0 9.284 


-6.984 


0 


0 


0 


2.300 


as 3 0 


0 


0 


0 


0 


-0.296 


-0.296 


Fitting results; 


U50 0.000 


9.284 


-6.985 


0.000 


0.000 


0.001 


2.300 


U 63 0.000 


0.001 


-0.658 


0.002 


-0.003 


-0.304 


-0.963 
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The Feynman diagrams corresponding to the first six terms of the poten- 
tial expansion of the loop-after-loop diagram are shown in Fig.0 Each of these 
diagrams as well as the nonperturbative remainder are calculated separately. 
The sum of all contributions is in good agreement with the results of the direct 
calculation of the diagram Fig. QJa). For the evaluation of the middle electron 
propagator in the diagrams of Fig. 0 we use the analytical momentum-space 
representation of the Dirac Green function with zero and one Coulomb interac- 
tion. This is essentially different from the method employed in the calculation 
of the diagram Fig. Ea), where the Green function was first constructed with 
B-splines in coordinate space and then numerically transformed into momentum 
space. The resulting agreement shows that the B-splines basis set method is very 
reliable in this case. To provide an accurate fitting of the numerical results which 
behave nearly singularly in the vicinity oi Z = 0, we extend our calculation up to 
very low fractional Z, namely Z = 0.1. This appeared to be technically possible 
since the diagrams under consideration contain only free electron propagators 
which are known in a closed analytical form. 

The results of the least-squares fit of our numerical results are presented in 
Table El The fitting was carried out with eight parameters 050, oei (z = 3, . . . , 0), 

(z = 3,2, 1). In order to reduce the statistical uncertainty of the fitting pro- 
cedure, a large number of points (twenty or more) was used. We note that the 
fitting results are remarkable stable with respect to the number of fitting param- 
eters, number of nodes and to the choice of the minimal and maximal nuclear 
charge numbers. The same fitting procedure was applied to all diagrams Fig. El 
As one can see from the Table E the fitting results for the coefficients 050 and 
063 are in a very good agreement with analytical calculations for all diagrams ex- 
cept one. We can deduce that the existing discrepancy between different methods 
originates only from diagram Fig. Etc). While this diagram should not contribute 
to order a^{Za)^ ln^{Za)~'^ according to Karshenboim, our calculation shows 
the presence of the cubed logarithm with a coefficient 053 = —0.652(30). The 
reason for this disagreement is not known at present. 

Although our analysis does not explain the existing discrepancy, we local- 
ized its origin. A conclusion can be drawn already that this disagreement can 
not be ascribed to any nonperturbative effects, as was originally surmised by 
Mallampalli and Sapirstein Still, the existing discrepancy looks to be quite 
surprising since the diagram under consideration is relatively simple both for 
the direct numerical calculation and for the analytical evaluation of the leading 
logarithm. Moreover, the derivation method for the leading-logarithmic contri- 
butions used by Karshenboim |3j is considered as a standard tool for this type 
of calculations at present. In the next section, we perform a similar calculation 
for the combined self-energy vacuum-polarization diagram and demonstrate an 
agreement achieved in that case for the leading-logarithmic contribution. 

Gonsidering the loop-after-loop diagram Fig.Q(a), one should keep in mind 
that the corresponding contribution is not completely gauge invariant. It is in- 
variant in any covariant gauge but not, e.g., in the Goulomb gauge. This means 
that, strictly speaking, the loop-after-loop contribution has no well-defined phys- 
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Fig. 4. Combined self-energy vacuum-polarization diagram 



ical meaning when considered separately. Therefore, if any ’’physical” assump- 
tions are made in analytic evaluation of the leading-logarithmic contribution, 
one could expect the correct result only for the whole gauge invariant set of 
diagrams but not for the loop-after-loop contribution alone. 

2 Combined self-energy vacuum-polarization diagram 

In this section we report a numerical evaluation of the combined self-energy 
vacuum-polarization diagram Fig. 0 in the low-Z region without an expansion 
in Za. Analytical evaluation of its leading logarithmic contribution of order 
{Z a)^ {Z a)~^ was carried out by Karshenboim 0. This diagram can be 
considered as a good ’’test case” for an investigation of the leading logarithm. 
While it is significantly easier for the analytical analysis than the loop-after-loop 
diagram, at the same time the derivation of the leading logarithm for these two 
diagrams is very similar. 

Numerical results for the diagram Fig. E| are presented in Table 01 for several 
values of Z. The calculation was carried out in the Fried- Yennie gauge similarly 
to that for the loop-after-loop diagram. A least-squares fit to our numerical 
results yields 

050 = 0.611(4) 062 = 0.15(4). (4) 

This is in a reasonable agreement with the Karshenboim’s result for the leading 
logarithmic contribution 052 = 8/45 « 0.178. A detailed analysis similar to that 
for the loop-after-loop contribution shows that the diagram corresponding to 
diagram Fig 01(c) does not contribute to order (Z a)^ {Z a)~^ in this case. 



Table 3. The contribution of the combined self-energy vacuum-polarization diagram 
for the ground state of hydrogenlike atoms expressed in terms of the function G{Za) 
defined by Eq. (2) 



Z123457 10 

G{Za) 0.67 0.691 0.704 0.712 0.718 0.723 0.722 
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Conclusion 

In the present investigation, we reported the numerical evaluation of the loop- 
after-loop contribution to the Lamb shift of the ground state for hydrogenlike 
low-Z ions. The calculation was carried out in the Fried- Yennie gauge and with- 
out an expansion in parameter Za. Our study confirms the results of Mallampalli 
and Sapirstein ^ and disagrees with the calculation by Goidenko and co-workers 

A fit to our numerical results confirms the analytical result of Refs. |liz!) for 
the coefficient a^o but deviates significantly from the Karshenboim’s value of 
the leading logarithmic contribution aes |H|- A detailed analysis shows that the 
existing discrepancy originates from one diagram in the potential expansion of 
the loop-after-loop contribution. While the reason for this discrepancy remains 
unknown, we concluded that it can not be ascribed to any nonperturbative ef- 
fects. 

I would like to thank V. M. Shabaev, S. G. Karshenboim, L. N. Labzowsky, 
M. I. Eides, G. Soff, G. Plunien, K. Melnikov, and K. Pachucki for many interest- 
ing discussions. This work was supported by the Russian Foundation for Basic 
Research (Grant No. 98-02-18350) and by the program ’’Russian Universities. 
Basic Research” (project No. 3930). 

Appendix I: Partial Wave Renormalization 

The partial wave renormalization (PWR) approach has been introduced by Pers- 
son and co-workers m and by Quiney and Grant HD as a convenient method 
for the numerical evaluation of diagonal matrix elements of the first-order self- 
energy operator. In this approach, the truncation of the partial-wave expansion 
fulfills the role of the regularization parameter. Obviously, this regularization is 
noncovariant and, therefore, some correction terms are likely to appear due to 
a noncovariant nature of the procedure. While it is not the case for the diago- 
nal matrix elements of the first-order self-energy operator, such spurious terms 
have been observed in numerical calculations of the screened self energy if the 
screening potential contains a magnetic photon (see Ref. ^21 and a conclud- 
ing remark in Ref. lEl). An analytic evaluation of the correction terms for the 
self-energy correction in the presence of an additional Goulomb-like screening 
potential Vc{r) was reported by Persson et al. H3|. The corresponding Feynman 
diagrams are presented in Fig. 0 It was shown that the PWR scheme being 
applied to the irreducible part of diagram Fig. El)a) provides a spurious term 
which can be evaluated to be 

5i“ = -^(a| [K(r) - Uc] ln(r)|a) , (5) 

where V c = (Q|Rc(?')|a)- For Goulomb-like potential Vc{r) this correction term is 
exactly cancelled when considered together with the remaining contribution of 

Fig. El 

A direct numerical calculation of the diagrams presented in Fig.Elwas carried 
out in our recent work 0 using both the PWR scheme as well as the covariant 
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Fig. 5. Feynman diagrams representing the self-energy correction in the presence of an 
additional screening potential 14 (r) (dashed line) 



Table 4. Comparison of the correction terms obtained by a direct numerical calculation 
of the diagrams Fig. 5 with Vc{r) = —ajr and using the analytical expression (5), in 
atomic units 





Ref. [7] 


Eq. (5) 


20 


-0.01190 


-0.01187 


30 


-0.01832 


-0.01830 


50 


-0.03350 


-0.03349 


70 


-0.05501 


-0.05500 


92 


-0.09726 


-0.09726 



approach. The spurious term for the irreducible contribution calculated in that 
work is listed in the second column of Table 2] In the third column we present 
the correction term evaluated according to Eq. (5). An excellent agreemenlQ 
is found. While the cancellation of the spurious contributions does not hold 
anymore if the potential 14 (r) contains a magnetic photon, it is possible to 
derive a corresponding expression for the correction term for that case m as 
well. 

However, another opinion exists in the literature about the correction terms 
in the PWR method. In the recent work by Goidenko and co-workers m the 
authors argue that the derivation of Ref. ini is erroneous and the corresponding 
correction terms should be identically zero. 

This fact was first pointed out to the author by G. Plunien and I. Goidenko. 



2 
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Appendix II: Potential expansion of the reducible Green 
function 



Here we examine the potential expansion of the reducible Green function Cred- 
it is defined by 



Cred(^l5 ^ 2 ) 



lim 



G(£,Xi,X2) - 



V'n(xi)V'!L(x2) 



Sn—Sa 



S-Sn 



( 6 ) 



where G denotes the full Dirac Coulomb Green function. The analytical proper- 
ties of G(e) in the complex e-plane are well known. In a vicinity of a single pole 
e = £q we can write the Laurent expansion of G(e) 

G(e) = h Co -l- (e — Sa) ci + ■ ■ ■ . (7) 

The reducible Green function is then given by the coefficient cq in the Laurent 
expansion of the full Green function 

Gred = co = :^(f de-^ , (8) 

2m Jp e- Ea 

where the contour F surrounds only the pole e = Sa and is oriented counter- 
clockwise. Now we can use the standard potential expansion of G(e) into zero-, 
one-, and many-potential terms (see, e.g.. Ref. IRt) ! 

G(e) = G(°) (e) -k G^^) (e) -k G^^^^ (e) (9) 

to build the corresponding expansion for G''®'^. Since both G*^°^ (e) and G*^^^ (e) are 
regular at e = Cq, we have G^^\ = G^^\ea) and G^^j = G^^^(ea). To derive the 
expression for we use the spectral representation for the function 

^ (e-£c)(e-e„)(e-e^) ’ 




where we use a, (3 for the summation over the free Dirac states, n for Dirac states 
in an external field, and V is the nuclear binding potential. Let us evaluate the 
contribution of the initial state n = a in Eq. (10) to the reducible Green function: 



1 

27TZ 




de ^ |Q)(a|V|a)(g|y|/3)(/3| 

e - Ea ^ {e - e„)(e - Eo){e - Ep) 

|a)(a|R|a)(a|R|/3)(/3| ^ |a)(a|R|a)(a|F|/3)(/3n 
{Ea - EaY{Ea- Ef}) (Ca ~ £a) (^a ~ J 

|a)(a|a)(a|/3)(/3| \a){a\a){a\P){P\ \ 



^(3 



( 11 ) 



Loop-after-loop contribution. . . 



809 



In the last step we employed the following identity 

{a\V\a) = {a\{-Tio + H)\a) = {Sa - £a)(a|a) , (12) 

where Tig and Ti. are the free and the full Dirac Hamiltonian, respectively. Finally, 
we obtain 

Gred = , (13) 

where 

M2+) ^ |a)(g|y|n) {n\V\P){(3\ 

^ (£a - £a)(£a - £n)(£a - £/?) 

enT^ea 

|n)(n|a)(a| ^ |a)(a|n)(n| 

^OL 
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